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Multi-clones and super-clones are considered in this paper. They are generalizations of clones. To get
a super-clone one need to add to a multi-clone the closure condition with respect to solvability of the
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Introduction

Clones are studied most actively in the theory of functional systems [1]. Clones are sets
of operations that are closed with respect to superposition, and they contain all projection
operators. Recently interest in generalizations of clones, namely, hyperclones, multiclones and
superclones has been raised [2].

Multi-clone is a set of multi-operations which are closed with respect to superposition, and
it contains all complete, empty and projection operations. A super-clone is obtained from a
multi-clone by adding the closure condition with respect to solvability of the simplest equation.
It is known that super-clones are closely related to clones. Complete Galois connection between
them was established [3]. Condition of the equality of multi-clone and super-clone is obtained in
this paper.

Let A be an arbitrary finite set, and B(A) be the set of all subsets of A including &.

A mapping from A™ into A is described as an n-ary operation on A (the case n = 0 is
possible). The set of all n-ary operations on A is described as P}, and the set of all operations
on A is described as

Py=J Py
n=0

A mapping from A™ into B(A) is described as an n-ary multi-operation on A (the case n =0
is possible). The set of all n-ary multi-operations on A is described as MY, and the set of all
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multi-operations on A is described as

My = U MY,
n>=0
Multi-operation 8™ of dimension n is described as empty operation if for all elements aq, ..., a,
of A relation
9”((11,. .. ,an) =g
is true.
Multi-operation 7" of dimension n is described as a complete poperation if for all elements
ai,...,ay, of A relation
7" (ay,...,a,) = A
is true.
Multi-operation e}’ of dimension n is described as a projection multi-operation with respect
to i-th argument if for all elements a1, ...,a, of A relation
er(ay,...,an) = {a;}
is true.

Let us note that multi-operation e’ can be also considered as operation on A.
Superposition for f € M} and f; € M}, (i =1,...,n), described as

(f*flv“wfﬂ)a

is defined as follows

(F* froees fu)(an, .o am) = U f(b1,...,by)

bi€fi(ai,...,am)

for all ay,...,a,, of A.

If f, f1,..., fn are operations then we have definition of operation superposition.

Every subset K C P, is described as a clone on A if it contains all projection operations,
and it is closed with respect to superpositions.

Every subset R C M4 is described as a multi-clone on A if it contains all empty, complete
multi-operations, projection multi-operations, and it is closed with respect to superpositions.

1. Super-clones

Solvability with respect to i-th argument for an m-ary multi-operation f is such a multi-
operation (u;f) that for all ay,...,a, of A relation

(/Jif)(ala' . ~aan) = {a|ai € f(alv sy A1, Ay Qg 1y - - '7an)}

is satisfied.
Substitution of a multi-operation g into the place of i-th argument of a multi-operation f is
such multi-operation (f *; g) that relation

(f*ig)(al,...,an+m_1): U f(al,...,ai_l,b,ai+m,...,an+m_1)
beg(ai, ., aitm—1)
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is satisfied.
Identification of i and j arguments of a multi-operation f is such a multi-operation (A; ;f)
that for all a1,...,a;-1,aj+1,...,a, of A relation

(Aiif)(ar, ... aj-1,a541,...,an) = f(@1,...,0j—1,0i,Qj41,...,an)

is satisfied.
Intersection of multi-operations f and g from M7 is such a multi-operation (f N g) that for
all ay,...,a, of A relation

(fng)ar,...,an) = flar,...,an) Nglas,...,an,)

is satisfied.

Let us note that by analogy with clones multi-clone can be defined as any subset R C M4 [4].
A multi-clone contains all empty, complete multi-operations, projection multi-operations, and it
is closed with respect to substitutions and identifications.

Lemma 1. For a set of multi-operations A that contains all empty, complete multi-operations,
projection multi-operations the following conditions are equivalent:

1) A is closed with respect to superpositions and solvabilities;

2) A is closed with respect to substitutions, solvabilities and identifications;

3) A is closed with respect to substitutions, solvabilities and intersections.

Proof. Equivalence of 1) and 2) follows from representation of superposition in terms of
substitutions and identifications of arguments, and permutation of arguments ¢ and j of a multi-
operation f is expressed as

pi (g (i f))-
Equivalence of 2) and 3) follows from equality
Aif = ("1 (ef Nef)) N ™) 5 7).

Equivalence of 3) and 1) follows from identity

(fNg) = (fo = f.9),taefn = (e x el (u2el)).

O
A set is described as a super-clone if it satisfies one of the equivalent conditions of Lemma 1.

2. Semi-identity of superposition solvability

To prove the equality of super-clones and multi-clones one should transfer solvability operators
through superposition. However, the possibility of such operation is still not proved. In the
following lemma we give only the identity inclusion (semi-identity) and show that the identity is
not satisfied.

Lemma 2. The following semi-identity is satisfied:
n
wi(f g gnt) C m (magy *el"s e, (i frxm™, o m™ et  m ™ m )l e
=1 ~

If f is unary multi-operation then the following identity is satisfied:

m

Mi(f*gm) = (:uigm*el 7~--aeﬁp(Mf*er)aeﬁw-w@ﬁ)-
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Proof. Let a € p;i(f™ g7, ...,g™)(b1,...,bn). It follows from the definition of solvability
that

b’i S (fn *gT7 ... 7g:1n)(b17 .. abi—laa‘abi-i-l) .. abnz)-
Then it follows from the definition of superposition that there are z1,...,z, such that
bi S fn(xla s axn)a
Tj € g;n(bl, sy b1, a, bi+1, R ,bm),
forj=1,...,n.

Using solvabilities with respect to various arguments, we obtain

a < Mig;n(blw'~7bi717xjvbi+17"‘7bm)7

n
mjelu’jf (mlw"7xj717bi7xj+17"‘7$’n)7
forj=1,...,n.
Then
m m m n m m m m m m m
a € (pigi * e, . ey, (uifrxm™, o mm et m o m)el s em) (b, b)),
~—
J
for every j=1,...,n.
Thus we have
n
m m m n m m m m m m m
a € ﬂ(uigj wel', ety (i frem™ w6, e ) (b, ).
j=1 ~~

Obviously, when n = 1 all reverse consequences are satisfied, and hence the identity holds. O

The following example shows that the reverse inclusion is not always true. Let us use vector
representation of multi-operations [3].
Let f2 = (501042013), g1 = (465), g3 = (736). Then

i (f? * g1, 93) = (752),
(gt * (paf? = e, 7)) N (1 gs * (paf?*, 7' e})) = (756).

‘We obtain

pi(f%* g1, 93) C (gt * (paf?*ef, 7)) N (prgs = (paf2*, 7' e])).

3. [Equality of multi-clone and super-clone

Below identities for the transfer of the solvability operator inside the term are found. This
is appropriate for terms over intersection and substitution. In what follows brackets that are
uniquely recovered are removed.

Lemma 3. The following identities are satisfied:

1) pi(fNg) = pifNpig;

2) /u’l(fn *j gm) = (N’an *j gm) fOT’i € {17 7] - 13.7 + m,...,n +m — 1};

3) wi(f™ % g™) = " T (uig™ xi i f) for i € {j,....j +m — 1}, where a™t™"1 is some
transposition of arguments.
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Proof. 1) Let for all ay,...,a, relation

a€pi(fng)a,...,an)

is satisfied. According to the definition of ;, there is a relationship

a; € (f N g)(ala sy Q1,05 Qg 15 - - an)
Then we have a; € f(a1,...,a;-1,0,08;11,...,0,) and a; € g(a1,...,a;-1,a,0;41,...,a,), and
also a € p;f(ay,...,a,) and a € p;g(ay,...,a,). Thus, we obtaine the following condition

a € :uif(a’lw"va'n) muig(a17~-~7an)-

This condition is equivalent to the original condition, and equality 1) is proved.
2) Let for all ay, ..., an+m—1 relation

a & p’l(fn *5 gm)(ala o 7an+m—1)

is satisfied, where i € {1,...,5 — 1,7+ m,...,n+ m — 1}. According to the definition of y;,
relation

ai € (f"*;9™) (a1, @i-1,8,Qi41;5 - Gnym—1)
is also satisfied. According to the definition of *;, there is an element ao such that ag €
g™ (@, ., 0j4m—1) and a; € f(a1,...,8j-1,00, Qjtm,- - Anim—1), Whered € {1,...,5—1,5+
m,...,n+m — 1}. These conditions are equivalent to the following conditions:

ap € gm(aj, . 7aj+m,1) and a € uif"(al, ey A5—1,00, Gj4my - - - 7an+m,1).

Thus, we obtain

a € (uif" *j g") (a1, ..., angm—1).
This condition is equivalent to the original condition. Equality 2) is proved.
3) Let for all aq,...,antm—1 relation
aec Ml(fn *j gm)(ala cee 7an+m71)

is satisfied, where i € {j,...,5 +m — 1}. According to the definition of y;, relation

a; S (fn *] gm)(G/l? v 7ai71)a7a’i+1a .. -7an+m71)

is also satisfied. According to the definition of *;, there is an element ao such that ag €
gm(a’j7 s 7%7 ce 7aj+m—1) and

a; € f"(a1,...,4j-1,00, Gjtm, - Angm—1)-
Hence we have a € pig™(ay, ..., ao,...,aj4m-1) and
i
ap € pif(ar, .. Qj—1, i, Gjtmy - oy Apgm—1)-

Then

a € (g™ i i )@, o 3 Qim1, 81, s QG—1, Giy Qjgmy - - + G5 Qi 1y« -+ 5 Qjpm—1)-
Thus, we obtain

a € (g™ *i )@, oy Qim1, 81, - o s Q1 Biy Qg - o G5 Qi 1y« « + 5 Qjpm—1)-
This condition is equivalent to the original condition for transposition of elements ay, . .., Gpipm—1-
Equality 3) is proved. O
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Theorem. Let us assume that a set of multi-operations R contains multi-operation €2 and it is
closed with respect to solvabilities. If multi-clone and super-clone are generated by R then they
are equal.

Proof. In what follows we use standard concept of term over the set {*;, u;,N}. The notation
®[fy,..., fr] means that term ® depends on fi,..., fk.

Let us assume that an arbitrary multi-operation g is represented by term ®[f1,..., fx] in a
super-clone, where fs € R, s =1,...,k. Using identities of Lemma 3, we transform term & into
term W[hi,...,h,| in which p; can occur only for h;, where h; € R, j = 1,...,7. According to
conditions of the theorem, u;h; € R. Since (u2e?) € R the intersection is expressed by a term
because (f Ng) = (fn * f,g), where fn = (e? * €7, (uze?)). Thus, we obtain representation of g
by the term over R without the use of the condition of closure with respect to solvability. O

The work of the second author was supported by the grant of the Buryat State University.

References

[1] D.Lau, Function Algebras on Finite Sets, Springer-Verlag, Berlin YeideWater Resourses
Research, 2006.

[2] N.A.Peryazev, Clones, co-clones, hyperclones and superclones, Uchenie Zapiski Kazan.
Univer. Ser. Fiz. Matem. Nauki, 151(2009), no. 2, 120-125 (in Russian).

[3] N.A.Peryazev, I.K.Sharankhaev, Galois theory for clones and superclones, Diskr. mat.,
27(2015), no 4, 79-93 (in Russian).

[4] A.I.Maltsev, Iterative algebras and Post varieties, Algebra i Logika, 5(1966), no. 2, 524 (in
Russian).

OO0 o/THOM AOCTATOYHOM YCJIOBUM PABEHCTBA MYJIbTUKJIOHA
U CyIIepKJIOHA

Hukomnaii A. IlepsizeB
CanxkTt-IleTepOyprekuit ToCy1apCTBEHHBIN JIEKTPOTEXHUIECKUIT YHUBEPCUTET
[Tonosa, 5, Cankr-IleTepbypr, 197376

Poccus

NBan K. IlTapanxaeB

MNucrutyT MaTreMaTuku u MHQOPMaTUKN
Bypsarckuit rocyiapcTBeHHBII YHUBEPCUTET
Cwmounna, 24a, Ynau-Yu, Pecu. Byparus, 670000

Poccus

Paccmampusaromes MysbmuKkaons U CYnepraoHdl, KOMOPHLE ABAAIOMCH 0006UEHUAMY MAKUT CMAH-
dapmnoixr 06sexmos, kax Kaonv.. CYneprion NOAYHAEMCA U3 MYALBMUKAONG 000GBAEHUEM YCAOBUA 3G-
MEHYMOCTU 0MHOCUMEALHO PA3PEWUMOCTIU Npocmeliwezo YypasHerus. B cmamve dokasarno ycrosue,
NPU KOMOPOM MYALMUKAOH U CYNEPKAOH COBNAJAI0OM.

Karouesvie ca06a: MYysomuonepayus, MYyAoMUuKiOH, CYNEPKAOH, CYNEPNo3uUYUs, ONepatus, noocmaros-
Ka.
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