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Salah Benyoucef*
Department of Mathematics
Faculty of sciences University Badji Mokhtar-Annaba

Algeria

Ahmed Bendjeddou!

University of Setif 1, department of Mathematics, 19000
Algeria

Received 07.08.2016, received in revised form 10.01.2017, accepted 06.02.2017

A class of Kolmogorov differential system is introduced. We show that under suitable assumptions on
parameters, an algebraic hyprbolic limit cycle can occur, the explicit expression of this limit cycle is
grven.

Keywords: Kolmogorov differential system, Invariant curve, Singular point, Periodic solution, Algebraic
limit cycle.
DOLI: 10.17516/1997-1397-2017-10-2-216-222.

Introduction

The analysis of the existence, number and stability of limit cycles of the non linear differential
system:

i =2 = Pa.y),

gt (1)
)= o = Qlay)
y dt 7y7

where P and @) are polynomials, has long been a topic of interests.
Many mathematical models in biology science and population dynamics, frequently involve
the systems of ordinary differential equations having the form

o d
b= = aF (2,y),

ar (2)
. Y

y=— =yG (),

where z(t) and y(t) represent the population density of two species at time ¢, and F(z,y) ,
G(x,y) are the capita growth rate of each specie, usually, such systems are called Kolmogorov
systems.

Kolmogorov models are widely used in ecology to describe the interaction between two pop-
ulations, and a limit cycle corresponds to an equilibrium state of the system.

When F(z,y) and G(z,y) are polynomials of degrees > 2, limit cycles can occur and there
is an extensive literature dealing with their existence, number and stability (see for instance
May [13], Lloyd, Pearson,Saeéz and Szdnté [11,12], Huang [8], Huang, Wang, Cheng [9], Huang,
Zhu [10], Bogian and Demeng [4], Cheng [5], and references therein), but to our knowledge, the
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exact analytic expressions of the limit cycles for a given kolmogorov system is still unknown
except in simplest and specific cases.

This paper is a contribution in that direction, motivated by the recent publication of some
research papers exhibiting planar polynomial systems with one or more algebraic limit cycles
analytically given (see for instance Bendjeddou and Cheurfa [1,2]|, Benyoucef, Bendjeddou [3],
Chengbin, Bogian [4], Peng Yue-hui [15] and references therein), we will prove the existence of a
limit cycle of a class of Kolmogorov system, and give its explicit form.

1. Some useful notions

Let us recall some useful notions.
For U € Rz,y], the algebraic curve U = 0 is called an invariant curve of the polynomial
system (2), if for some polynomial K € R [z, y| called the cofactor of the algebraic curve, we have

ou ou
F — — = KU.
xF(x,y) o +yG(z,y) 9y U (3)
The curve I' = {(z,y) € R* : U(x,y) = 0} is non-singular of system (2) if the equilibrium
points of the system that satisfy
xF(z,y) =0,
{ _ (4)

are not contained on the curve I'.
A limit cycle v = {(z (¢),y(t)),t € [0,T]}, is a T-periodic solution of system (2), isolated
with respect to all other possible periodic solutions of the system.
Let v (t) be periodic orbit of system(2) of period T, then 7 is an hyperbolic limit cycle if
T

/ div(y)dt is different from zero.
0
We construct here a multi-parameter Kolmogorov system admitting a limit cycle if some

conditions on the parameters are satisfied.

2. The main result

As a main result, we have the following theorem,
Theorem 1. The polynomial differential system
{ rT=x ((ax”+1 +bx" +x (cym +dy™ 4 h)) —(z+vy) (mcym +d(m—-1) ym’l)) , )
¥ =y ((y(az™ 4+ bz" "t 4+ h) + cy™ ' +dy™) + (x +y) (naz™ + b(n — 1)z" 1)),

where a, c are positive real, b, d are negative real, and h satisfied
_1 n—1 n 1 m—1 m
e () () o () () s
a n c m
n—1 n m—1 m
< (P2)(3) s (22) (L) azzmse
a n c m

admits an hyperbolic limit cycle in realistic quadrant. The limit cycle is represented by the closed
trajectory of the curve I'.

I'={(z,y) € R?:az" +bz" L4 ey +dy™ P +h=0, (n=2,m> 2)}. (7)
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Proof. We will prove that I' is composed of closed trajectory, it is nonsingular and an invariant
T

curve of system (5), and / div(I")dt # 0 (see for instance Perko [14]).

0
i) The curve I' is composed of closed trajectory.
We consider U(x,y) as a function

fz(?J) _ Cym +dym—1 =+ ax™ =+ bxn—l 4 h7

where z is a real parameter, a, c positive real, b, d negative real, % Yy 2 (dm — d + emy),
Y
df —d(m —
i =0=y=0o0ry= L, f2(0) = az™ + bz "1+ h, and
dy cm
—d(m—1 _ —1\" fa\"
fI(L) = (- (m ) () +ax™ +bz" "t + h.
cm c m
—d(m—1) . .
Let p(x) = fz(0), and ¢(x) = fo(———=). We distinguish the following cases.
m

1. Numbers m and n are even.

—d(m—1
Function y — f.(y) is decreasing for y € ]—oo,(m){ and increasing for y €
cm
—d(m -1
(m-1)
cm

If p(x) is positive and g(x) is negative, by applying the theorem of intermediate values we
conclude that the equation f,(y) = 0 admits two solutions,

nire 0. 2D ana ooy e [, ).

cm m
d —b(n—1
Function —p = g2 (b(n - 1) + anx), x — p(x) is decreasing for z € | —oo, “bn=1) { and in-
an
e . —b(n—1)
creasing for x € +oo |, for p(x) to be positive it is sufficient that p | ——= | > 0,
an

(m et () (1) e
P(_b(zn_l)> >0=h> (—1)" (n;1>”1 (z>n

d —b(n—1
Function d—q = 2" 2(b(n — 1) + anz), = — q(z) is decreasing for = € ]—oo, (n)[ and
x an
. . —b(n —1)
increasing for x € | ——= 00| .
—b(n—1 —b(n—1
If ¢(0) > 0 and ¢ ((n)) < 0, then there exist z; € }0,(71){ and xy €
an an
—b(n—1) .
———% +o0o| that satisfied q(z1) = q(z2) =0, and V = € |1, 22 ¢(x) <0,
an

4(0) > 0 (—1)" (mc_ 1>m1 (T‘i)mm S0 & h> (<™ (mc_ 1)m1 (i)m
() coen o () () e () ()
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We conclude that if h satisfies the relationship (6) then for x € [z1, 23], there exist y1(x) €

]O, _d(::n_l)] and yo(x) € [_d(:lm_l),—l—oo that satisfied yi(x1) = ya(z1) = w,
(o) = po(o2) = —22 Y and v € ol (@) £ (o).

Then I" is composed by closed trajectory in first quadrant, more precisely in domain

D= {(%Z/) €R?, 21 <z < 2o, yl(M) <y<y2(—b(n—1))}.

an an

2. Number m is even and n is odd number.
—b(n—1)

Function * — p(z) is increasing for z € ]—oo,0[U }
an

,+oo{ and decreasing for

—b(n—l)) > 0, and this is
n

—b(n—1
T € }0, L [, for p(x) to be positive it is sufficient that p (
an a

n—1 n—1 b n
verified if h > (—1)" < > (> :
a n

Function * — ¢(z) is increasing for x € ]—o0,0[ U

—b(n—1
(n),-ﬁ-oo[ and decreasing for

—b(n—1 —b(n—1 —b(n—1
T € }07(71)[7 when ¢(0) > 0 and ¢ ((n)) < 0, there exist x; € }O,W){
an an

an

—b(n—1
and xy € } b(Zn),—I—oo[ such that q(z1) = ¢(z2) =0, and V z € |z1, 22| q(z) <O0.
We have NP g
q0)>0s h>(-1)" (m_ > () ,
c m

b 1 1 m—1 d m 1 n—1 b n
o(Fa)<oerec () G) e () ()
an c m a n
As before we conclude that I' is composed by closed trajectory in first quadrant.

3. Number m is odd and n is even number.
—d(m —1)

Function y — f.(y) is increasing for y € |—o0,0] U}
cm

—d(m —1)

,Jroo[ and decreasing for
ye}&
cm
If p(x) is positive and ¢(x) is negative, by applying the theorem of intermediate values the
equation f(y) = 0 admits two solutions,

yi(z) € }0,%(2@_1)

—d(m —1)

{ and yso () e}

As before we conclude that if h satisfied the relationship (6), the curve I" represents a closed
trajectory in the first quadrant.

,—i—oo[.

4. Numbers m and n are odd.

Simply combine between the case 3, when m is odd number and the case 2, when n is odd
number, we conclude also, if h satisfied the relationship( 6), the curve I' represents a closed
trajectory in the first quadrant.

ii) The curve I' is nonsingular of system (5).
We recall that the curve I'is nonsingular of system( 5 ) if the following system has no real

solution
ax” +bx" L4 ey™m +y™ 1+ h =0,

2" Y (x +y) (anz + b(n — 1)) =0, (8)
y™ ! (z +y) (emy + d(m — 1)) = 0.
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Note that the closed trajectory of the curve I' is in realistic quadrant then it does not intersect

—b(n—1) —d(m—1
the axes, and does not intersect the line y = —x, the pair < (n ), (m )> cancels the
an cm

1 n—1 b n
second and the third equations but not the first, because h # (—1)" (n . ) (n) +

m—1 m

m -1 d . .

(-1) <m ) () , then the curve T is nonsingular.
c m

iii) T is an invariant curve of system (5).
ou . oU.

%w + 87yy =

the cofactor is K(z,y) = 2™ (naxz + b(n — 1)) + y™ (mey + d (m — 1)) .

(" (nax +b(n —1)) + y™ (mey + d(m —1))) U, (9)

T
iv) / div(T")dt # 0. Note that
0

/ div(I)dt = / K(z(t),y(¢))dt, (10)
0 0
see for instance Giacomini & Grau [12].
/ K(z(t),y(t))dt = / " (nax + b(n — 1)) dt + / y™ (mey +d(m—1))dt =
0 0 0
. "™ (nax + b(n — 1)) dy — y™ (mey +d (m — 1)) dr —
zy (z +y) (naz"=! +b(n — =) 7wy (z +y) (mey™ ! +d(m —1)y™?)

T dy — Yy
y(z+y) z(z+y)
by applying the Green formula,

T Y 1
r dy — dr = 2// ———dxdy, 11
y(z+vy) z(z+y) @ (z+1y)? (1

where int(I") denotes the interior of I'.

=T dl’7

1 T
As the factor ———— is positive then / K (x(t),y(t))dt is nonzero. a
(x+y) 0

3. Examples

Example 1. The system

{ :i:zx(:z:4—2m3—2xy2+2x—4y3+3y2),

12
y =y (32" + 423y — 423 — 622y + 2y° — 3y* + 2y), (12)

admits one limit cycle represented by the curve 22 — 222 42y% — 3y +2 = 0, and it has six singular
points, the limit cycle around a stable focus (Fig. 1).

Example 2. Let a =3,b=-5,¢c=1,d= -3, h =5,

) 27b*  —4d3 27b% 4d3
Note that, h satisfied max {25&13’ 2702} < 3603 37
The system

{ =z (3m5 — 5z — 22y® + 32y® + 50 — 3yt + 6y3) , (13)

y =y (122° + 152ty — 152 — 2023y + y* — 3y® + 5y)
admits one limit cycle represented by the curve 3z* — 523 + 3% — 3y? +5 = 0, and it has six
singular points, the limit cycle encloses a stable focus (Fig. 2).
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Fig. 2. Limit cycle of system (13) with singular points.

Conclusion

We proposed in this paper a polynomial Kolmogorov system, where just choose the parameters
satisfying the conditions of the theorem (1), we conclude directly that the system has a limit
cycle in the realistic quadrant, and we give it explicitly.
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Cucrema KosmoropoBa ¢ SBHbBIMU THHEPOOINIECKNMU
npeaeJbHbIMU ITAKJIaAMUI

Canax Benyced

JlenapraMeHT MaTEeMATUKK

daxynbreT HaykK, YHuepcurer bamkun Moxrap-Annama
Axup

Axmen Bemxemnmay

VYuusepcurer Cerud 1
Henaprament maremaruku, 19000

Asxup

Beodumcsa xaacc duppepernyuarvrnz cucmem Koamozoposa. Iloxazarno, umo npu nodrodauwur npeod-
NOAOAHCEHUAT OMHOCUMENBHO NAPAMEMPOS OAS AA2EOPAUNECK020 NPEIeABHO20 2UNEPOOAUMECKO20 UUKAG
MOHCHO MOAYHUMD ABHOE BVPAHCEHUE.

Karoueswie caosa: Koamozoposa duddepernyuarvras cucmema, WHBGPUAHMHAA KPUBAA, 0COOAA MOYKG,
nepuodureckoe pewenue, NPedesbrvlli an2edpauvteckut YUKA.
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