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We consider a non-coercive mixed boundary value problem in a bounded domain D
of complex space C" for a second order parameter-dependent elliptic differential op-
erator A(z,0,\) with complex-valued essentially bounded measured coefficients and
complex parameter A. The differential operator is assumed to be of divergent form
in D, the boundary operator B(z,d) is of Robin type. The boundary of D is as-
sumed to be a Lipschitz surface. Under reasonable assumptions the pair (A, B) in-
duces a family of non-coercive mixed problems and a holomorphic family of Fredholm
operators L()\) : HT(D) — H~ (D) in suitable Hilbert spaces HY(D) c H'Y*(D),
H~'2(D) ¢ H~ (D) of Sobolev type (here H*(D) are the Sobolev-Slobodetskii spaces
over D). If there is a Lipschitz function close enough to the (possibly discontinuous)
argument of the complex-valued multiplier of the parameter X in A(z,,\) then we
prove that the operators L(\) are continuously invertible for all A with sufficiently

large modulus |\| on each angle on the complex plane C where the operator A(z, 0, \)
is parameter-dependent elliptic. We also describe reasonable conditions for the system
of root functions related to the family L()) to be (doubly) complete in the spaces
H™ (D), H™ (D) and the Lebesgue space L*(D).

Keywords: parameter-depended elliptic operator, non-coercive problem, root
functions, holomorphic family.
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1. Introduction

It is well-known that the Shapiro-Lopatinsky conditions with parameter provide
the coercive estimates for mixed boundary value problems for parameter-dependent
elliptic operators, see, for instance, [1] (cf. also some recent generalizations in [2]).
It is important at least for two reasons: first, because the notion of a parameter-
dependent elliptic operator provides a useful link between the theories of boundary
value problems for parabolic and elliptic operators and second, because it provides
a justification for application of Galerkin type methods and numerical solution of
the problem in the case where one succeeds with finding an information on the com-
pleteness of the system of eigenfunctions related to the problem (see, for example,
(3], [4], [5], [6], [7] for the corresponding base fact in functional analysis and [§],
[9], [10], [11] for the realization for problems over smooth domains. It is worth to
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note that the spectral theory in non-smooth domains usually depends upon hard
analysis near singularities on the boundary (see, for instance, [12], [13]).

On the other hand, the classical approach can be also adapted for investigation
of non-coercive mixed problems over domains with Lipschitz boundaries (see [14]
for the spectral problems and [15] for parameter dependent-elliptic operators). An
essential part of the approach is the analysis in spaces of negative smoothness.
We use this method to prove that under reasonable assumptions the non-coercive
operator pencil L(\) : HY(D) — H~(D) has almost the same properties as a
coercive one. Actually the present results are generalizations of the ones published
n [15]. In contrast to [15] we do not assume the continuity of the argument of
the complex-valued multiplier of the parameter in the parameter-dependent elliptic
operator under the consideration.

2. Mixed problem for parameter-depended elliptic operator

Let D be a bounded domain with a Lipschitz boundary in the complex space C" =
R?" with the coordinates zZj =x;+ lexn+j, j=1,...,n,x € R?" ie., the surface
0D is locally the graph of a Lipschitz function. As far as is known, the Lipschitz
boundary 0D possesses a tangent hyperplane almost everywhere.

As usual we denote by 0 the Cauchy-Riemann operator in C”, i.e., the column of
n formal complex derivatives

éj:i 1(—Jrf

1< <.
0%; Oz, 8$n+]>’ =) ="

The formal adjoint 5* of Cauchy-Riemann operator is line of n formal complex
. . a*
derivatives 0; , thus 8 -3 <8x7 V- 8zn+7

We cons1der complex Valued functions defined in the domain D C C" and its
closure D. Denote by L%(D) the Lebesgue space, i.e. the set of all measurable
functions v in D, such that the integral of |u|? over D is finite. We also write
H*(D), s € N, for the corresponding Sobolev space of functions with all the weak
derivatives up to order s belonging to L?(D). For non-negative non-integer s we
denote by H*(D) the Sobolev-Slobodetskii space (see, for instance, [10]).

Consider a second order parameter-dependent partial differential operator
A(z,0, ) of a divergence form

A0 N u=— 3" 3 (ai;(=)d u+2aj );u + ao(z)u + N2al? (2)u,
ij=1
the coefficients a;;(2), a;j(2), ao(2), a(()2)(z) being bounded measurable complex-

valued functions in D. Assuming that a; j(z) are continuous up to the boundary of
D we can consider the first order Robin type boundary differential operator

B(z,0)u = b1(2)0,u + byu,

where 0, = > =1 @5i(vi() = V=1V (x z)) 2 5z, is the complex conormal derivative
and v(z) = (vi(x),...v2,(x)) is the unit normal vector to D at the point z (cf.
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with the usual normal derivative % = 2521 vj(x) %). The coefficients by(z),

b1(z) are assumed to be bounded measurable functions on 9D. We also allow the
function by (z) to vanish on an open connected subset S of 9D with piecewise smooth
boundary 95, and we assume that bg(z) # 0 for z € S.

Denote by H*(D, S) the subspace of H*(D), s > 1/2, consisting of those functions
whose restriction to the boundary vanishes on S. This is a Hilbert space under
the induced norm. It is well-known that smooth functions on D vanishing in a
neighborhood of S are dense in H'(D, S); then the space H'(D,dD) is usually
denoted H} (D). Since on S the boundary operator reduces to bo(z) and by(z) # 0
for z € S, the functions of H!(D) satisfying B(z,d)u = 0 on D belong to H(D, S).

We consider the following family of boundary value problems. Given data f in D
and ug in 0D, find a distribution v in D, which satisfies

5 (1)

A(z,0,\)u=f in D,
B(z,0)u = ug on 0D.

To study the problem we have to put some restrictions on the operators A(z, 0,))
and B(z,0). We suppose that, for each z € C", the matrix

(aij(2))i=1,..n
=1
is Hermitian and there is a constant m > 0 such that

n

> aij(2)wiw; > mlwl?, (2)
ij=1

for all (z,w) € D x (C™\ {0}).
Split now both ag and by into two parts

ap = ag,0 + dao,
by = bo,0 + dbo,

where ag o is a non-negative bounded function in D and by is a bounded function
on 0D satisfying bgo/b; > 0. Then, under negligible restrictions, the following
Hermitian form

n

(w,0) = Y (ai;05u,0i0) 2Dy + (@0,0u, v) L2(py + (booby 't 0) p2oprs)y  (3)
ig—1

defines a scalar product on H'(D,S) (see [14]). Denote by HT (D) the completion
of HY(D, S) with respect to the norm || - || induced by the scalar product (-,-).
Estimate (2) implies that

Jull+ > vm [|0ul| L2 (py (4)
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for all u € HY(D, S); however it does not provide the coercive estimate
[ull+ > cl[Vul rz(p)

for all w € HY(D, S) with a constant ¢ independent on .
However the following embedding theorem holds for the space H (D).

THEOREM 2.1 Let there be a constant ¢y > 0, such that

%ch on 0D\ S. (5)
1

with any € > 0. If, in addition, 0D € C? then the space H(D) is continuously
embedded into H'/?(D).

Proof. According to [14, Theorem 2.5], for the space Ht (D), defined as the com-
pletion of H'(D, S) with respect to the norm ||-||; coherent with the scalar product

() = (Ou, 0v)12(py + (a0,0t, v) z2(p) + (bo,0by 'u,v) 129D\ 5)s

the statement of the theorem holds true. Using (4) we see that the norm || - |4 is
not weaker than [ - ||z, and the statements follows. [ |

We note, that the space H*(D) can not be continuously embedded into H'(D)
in our case. Indeed, as a; j € L>°(D) we see that there is a positive constant ¢ such
that

n

Z (a; jOju, Diu)2(py < ¢ HEUH%%D)
ij=1

for all w € H'(D, S). This means that the norms || - ||+ and ||- || ; are equivalent. Ac-
cording to [14, Remark 5.1] H* (D) can not be continuously embedded into H'(D).
Thus Hermitian form (3) is non-coercive.

Let now H~ (D) be the dual space for the space H™ (D) with respect to the
pairing < -,- > induced by the scalar product (-,-) L2(D), See [10] and elsewhere.
More precisely, let H~ (D) be the completion of H™ (D) with respect to the negative
norm

. |(U7U)L2(D)‘
u - = sup ————""
veH+(D) v+

v#0

Then an integration by parts leads to a weak formulation of problem (1): given
f € H (D), find w € H"(D), such that

n 8 3
(u,v)++<(z;aj8zj+5a0+)\2a82))u,v)LQ(D)+(b1 Lsbou, U)L2(8D\S) =< f,v> (6)
=

for all v € H*(D). Note, that (6) induces a holomorphic (with respect to the \)
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family L(\) : HY(D) — H~ (D), X € C, of bounded linear operators, if

[ (070001, v) 2 o | < € Nl ol (7)

with a positive constant ¢ > 0 for all u,v € H(D).
The bounded linear operator Ly : H (D) — H~ (D) defined in the same way via
the sesquilinear form (-,-)4,

(u,0)4 = (Lou,v) (8)

for all u,v € HT(D), corresponds to the case A = 0, a; = 0 for all j = 1,...,n,
ap = ag,o and by = boo. Clearly (see for instance [14, Lemma 2.6]), the operator
Lo : HY(D) — H~(D) is continuously invertible and ||Lo|| = ||Ly || = 1.

Consider the sesquilinear form on H~ (D) given by

(u,v)_ = <L51u,v> 9)
for all w,v € H™ (D). This form defines the scalar product on H~ (D), which is
coherent with the norm || - || (see, for instance [14]).

LEMMA 2.2 Let the hypothesis of Theorem 2.1 be fulfilled and (7) hold true with
some constant ¢ < 1. Then {L(\)}xec is a holomorphic family of Fredholm operators
of zero indez.

Proof. Under conditions of the lemma, Rellich Theorem and Theorem 2.1 imply
that HT(D) is compactly embedded into L?(D). Therefore (see for instance [14,
Lemma 2.2]), L?(D) is compactly embedded into H~ (D).

It follows that operator dL(\) = (6.L + A*C) : HY(D) — H~(D), induced

by the summand (5@0 + Z?Zlaj 0 4 )\Qa(()z)), is compact. Indeed, the operator

9%,
(5@0 + Z?:Mj% + )\2aé2)) continuously maps the space H (D) into L?(D), be-
cause ao,aj,a(()2) € L>°(D) for all j = 1,...,n, and X\ is a constant. Since L?(D) is

compactly embedded into H~ (D), the operator dL()) is compact.

Further, denote by 6,L : H" (D) — H~ (D) the operator, induced by the term
by '6by. Under the hypothesis of the Lemma it follows, that ||6L| < 1. Since
operator Lo is continuously invertible and ||Lg|| = 1, the operator Lo + 0pL
is continuously invertible. So we conclude that for each A € C the operator
L(\) = Lo + 0, L + 6.L + X\*C is Fredholm. Thus we obtain the holomorphic family
{L(M\)}rec of Fredholm operators of zero index. [ |

Consider now the operator A(z,d,\). We suppose that A(z,d, ) is a parameter-
depended elliptic operator in an angle K = {a < @) < 8} on a complex plane C,
i.e.

n

37 aig(2)6E; + A 2a) (2) £ 0 (10)

,j=1

for all (2,£,\) € D x [(R" x K) \ {(0,0)}], where ) = arg(\) and «, 3 some con-
stant, 0 < a < 8 < 27. It is clear that K is a ray if a = 3.
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LEMMA 2.3 Let the matriz (a; ;(2))i=1,.. n be Hermitian and (2) be fulfilled. Then
_ J:]-v 1

A(z,0,\) is a parameter-depended elliptic operator in the angle K if and only if

\a(()2)(z)| > 0 for all z € D; (11)
cos(po(2) +2¢x) > —1 for all z € D and a < ¢y < B; (12)

where @o(z) = arg(a(o )( ))-

Proof. Let (10) holds true, if we take 5 = 0 then a(2)( ) # 0 for all z € D, in

particular (11) is fulfilled. If A # 0, as ao ( ) # 0 for all z € D and (2) is fulfilled,
then

IA2lal? ()] (cos(o(z) + 2x) + V=Tsin(wo(2) + 202)) Zam (2)6¢; =0 (13)

1,j=1
if and only if the following two conditions hold:
sin(go(2) + 2¢5) = 0, (14)
cos(po(2) +2¢x) <0,

which are fulfilled if and only if cos(pg(2)+2py) = —1forall z € D and a < py < 3.
Therefore ( 10) implies (12), too.

On the other hand, let (10) be not true for a triple (z9,&0,X0) € D X
[(C™ x K)\{(0,0)}]. Then A9 # 0 because of (2). If £, = 0 then (13) implies

]aéQ)(zo)] = 0. Finally, if £ # 0, it follows from (2), (13) and (14) that

|a[()2)(z)| > 0 and cos(po(2) +2py) = —1, (15)
i.e. or (11) does not hold or (12) is not fulfilled at the point zg € D. [ |

If ]a(()Q)(z)| € C(D) then in our case (11) is equivalent to the following
a$?(2)] > 6 > 0 for all z € D; (16)
similarly, if ¢o(2) € C(D) then in our case (12) is equivalent to the following
cos(po(2) +2¢y) > 01 > —1forall z€ D, p) € K (17)

where the constants 6y, #; do not depend on z. It is easy to see that operator C is
invertible, if

aé2) (z) # 0 for almost all z € D. (18)

LEMMA 2.4 Under the hypothesis of Lemma 2.2, if there is \g € C such that L()\p)
s continuously invertible, then the holomorphic family of bounded linear operators
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L(\) : HY(D) — H™ (D) are continuously invertible for all A € C except a countable
sequence {\,} of isolated points on the complex plane.

Proof. Under the hypothesis of Lemma 2.2, the holomorphic (polynomial) family
{L(\) = L(0) + X*C}
consists of Fredholm operators of zero index. Clearly
L(\) = LX) + (A2 = X3)C.

As L(\o) is continuously invertible we conclude that the operator L(\g) is contin-
uously invertible if and only if the operator

TN =T+ (N =X)L (\)C
has this property. Since the operator C' is compact and the operator-valued function
h(A) = (A2 =X)L (\o)C

is holomorphic in C, vanishing at the point Ao, it follows from ([4, Ch. I, Theorem
5.1]), that T'()A) is continuously invertible for all A € C except a countable sequence
{A,} of isolated singular points on the complex plane. [ ]

The next theorem is an analogue of [15, Theorem 3] with discontinuous argument
of function a[()Q)(z).

THEOREM 2.5  Let the hypothesis of Lemma 2.4 be fulfilled and (17), (18) hold true.
If either 01 > 0 and ||0,L|| < 1 or 61 < 0 and there exist a function o o(z) € CO1(D)
such that

1 — eV =Heomv00)|| oy <1~ |64] (19)

and [|&,L]| < /1= (1011/(1 = [[1 = e/ =To=e00) | 1 )))? then

1) there is Ao € K such that the operators L(\) : HY (D) — H~ (D) are contin-
wously invertible for all X\ € K with |\ > [Xo;

2) the operators L(\) are continuously invertible for all X € C except a discrete
countable set {\,} without limit points in C.

Proof. Let d=1—||1 — eﬁ(‘po_%'o)HLw(D) and

01 € [07 1])

17
= { VI=(0i/d) 61 € (-1,0).

Under the hypothesis of the theorem we have |01]/d € (0,1) if 6; € (—1,0). Then
following lemma holds true.
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LEMMA 2.6  Under the hypothesis of Theorem 2.5, there is kg € N such that for all
A € K with |\ > ko we have

I(Zo + &L + NC)ull— > (= |6L])[[ul|+

for all w € HT(D) and A\ € K, and there are positive constants p1 = p1(K),q =
q1(K) such that

I(Lo + &L + N C)ull— = prlull+ + a1 M| Cul| - (20)

for allu € HY(D) and A € K.

Proof. Given any u € H* (D), an easy computation with the use of formulas (8)
and (9) shows that

N2(Cu, i) = A2 / a8 (2)||u(z)[2eV 1o +200) gy, (21)
D

(Lo + N2O)ul|2 = (u+ XLyt Cu, (Lo + N2C)u)? = (22)
(u, Lou) + (\2Lg Cu, AX2Cu) + X~ {u, Cu) + A2(Lg ' Cu, Lou) =
lull2 + A ICul® + X% (u, Cu) + N2(Ly Cu, ) =
ull2 + A4Cul2 + X (u, Cu) + A2(Cu, u) =

ull2 + I Cull® + 2?R<)\2<C’u,u>).
For all A € K we have
R(X(Cu,u)) = w?/ 02 () ||u(2) 2 cos (po(2) + 2¢) do. (23
D

If 6; € [0,1] then n = 1 and for all u € H (D) we have:

I(Zo + X*Chul® > [lullZ + A Cull?

I(Zo + 0L + AChull— > [[(Lo + XN*C)ull- — |8y Lul|- >

VIlulZ + NI Cull?. — (16 Lul -
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Clearly, for o € [0, 7/2] and non-negative numbers a, b we have
Va+b> \acos(a)+ Vbsin (). (24)
As ||6pL|| < n =1, there is o € (0,7/2) such that
105 L|| < cos (ao)
In particular, this means that for all w € H*(D) and all A € K we have

I(Zo + 0L + NCull - > [[ull4 = & Lull— > (1= 6L ull+,
I(Zo + 8L + A*Cul| - > cos (o)||ull+ + sin (o) M| Cul| - — [|6p L] - >

(cos (o) — [15L1)[[ull+ + sin (o) AP [ Cul| -,

i.e. the desired inequalities are true if 6, € [0, 1].
If #; € (—1,0) then, by (23) and (17),

R(A(Cu,u)) = ~ 6] A1 /D lag” (2)][u(z)[? da. (25)

Let us prove that for any 6 € (|61]/d, 1] and «y € [0, 1] with /1 — v > |61]/d there
is kg € N such that

I(Zo +X°Chull* = (1= 62) [[ullZ + v IAH(|Cul? (26)
for all w € HT(D) and all A € K with |\| > k.

Indeed, we argue by contradiction. Let there are 6 € (|61]/d, 1] and y € [0, 1) with
0/T = > |01|/d such that for each k € N there are u;, € H'(D) with [Jug||+ = 1,
and a number A\, € K with |[\g| > k such that

(Lo + AZC)ug]” < 1= 6% + v X! Cug]2.

It follows from (22) and (23) that
0% + M| Cur |2 (1 = ) + 2|\ 2 /D cos (9o + 2¢x, )|l (2)|Jug(2)[? da < 0,

i.e.

(60— VT PlCul )+ (21)

(2) 2
cos (0 + 20, )| (2) () de
) (9\/(1 —y 4 Ao oy M2l <0,



November 15, 2015

Complex Variables and Elliptic Equations Paper2015N

for all k£ € N.
On the other hand, for all w € H" (D) with ||ul|; = 1 we have
[Cull- = lle2=1e% Cull = |(e¥ 71200 ju, w) .

In particular, we have

[ 08 (90 + o) |al (2)|Ju(2)[? da

<1 forall k€ N.
[Cug |-

Now, if the sequence {|\;|?||Cug||-} is unbounded then extracting a subsequence
{I Xk, 12| Cug, || -} tending to +oo, dividing (27) by |k, |*||Cu, || and passing to the
limit with respect to k; — +o0o we obtain 1 <0, a contradiction.

Let the sequence {|A\g|?||Cug||-} be bounded. As Ly is bounded it maps the
bounded sequence {uy} to the bounded sequence {Loug}. Now the weak compact-
ness principle for Hilbert spaces yields that there is a subsequence {uy,} weakly
convergent to an element wug in the space H* (D). Then {Cuy,} converges to Cug
in H- (D) because C' : H*(D) — H~(D) is compact and {uy,} converges to ug
in L?(D) because the embedding ¢ : H* (D) — L?(D) is compact, too. Since the
sequence {)\ij Cuy, } is bounded in H~ (D) and |\;| — oo we conclude that {Cuy, }
converges to zero in H~ (D). This means that Cup = 0 and then uy = 0 because
the operator C is injective.

According to compactness principle, we may consider the subsequences

Jpeos (9o + 20, g (2)lux, (2) 2 da
[Cur, I~

{7 BICus 1} and
as convergent to the limits & > 0 and 3 € [—1, 1] respectively. Now it follows from
(27) that

(0 —a) +2a(0—pB)<0. (28)

If « = 0 then we have a contradiction because # > 0. If « > 0 and 5 < 0 then
0 — B > 0 and we again have a contradiction.
Let a > 0 and 3 > 0. Since ueY 1900 € HT(D) we see that

(o 2
‘(eﬁ(% #00)|a )|U7U)L2(D)‘

Cul- >
= e

(= (=T W)

eV =Teno]], -

(1—1 - emw—%‘o)||Loo(D))(|a(()2)|U, u)r2(D)
JueV=Teoo| '

10
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Hence if ||1 — e\/jl(‘po_‘povO)HLoo(D) < 1 then

2 . —
(|a$? [ug, s ur,) p2py . limsupg, o [|ug, eV =100 |,

lim sup <
ke 00 [ Cug, || - 1—|1- eﬁ(sﬁofcpo,o)HLm(D)

On the other hand, as |eV~1#00(#)| = 1 we conclude that

e Tl =l + 32 (@ To00) w @) (29)
7,k=1

2% i ((gjeﬁ%*o)u, eﬁ%'ogku)

L*(D

for all w € HT(D).
Then, as ug, — 0 in L*(D) and ||luy, ||+ = 1, it follows from (29) that

lim sup Hukje‘/jl‘p“HJr =1 for all j € N.

k]' —00

Therefore, if § > 0 then, by (25),

— Jpcos (g0 + 205, )lag (=) [, (2)|? da_

= lim
p= Jim [Cur ]l =
. Il ()lur, (2)] dz_ |6y]
lim sup |0 . < —
oo d

This means that 6 — 8 > 0 if 6 > |6,]|/d and we again have a contradiction with
(28). Thus, (26) is fulfilled.

Finally, as ||6,L]|> < 1 — (|01]/d)? we see that there are g € [0,1 — (|01]/d)?) and
ag € (0,7/2) such that

NP 1/2
16, L] < cos (ozl)(l - (1|—17|0M2) .

Therefore, using (24), (26) we see that

9 2
(Lo + &L+ A2Cu > \/ (1 G2l + solAICal? 3Ll 2

6,2 \1/2 . 2
cos (@) (1= ) el +sin ()RR ICull- — 3Ll >

11
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0412 1/2 '
o )d2) - ||5bL||)||u”+ + sin (1) /Ao AP (| Cu -

(cos (1) (1 =0

for allu € HY(D) and all A € K. [

Further, using by Lemma 2.6 and arguments, analogous [14, Theorem 3.8, p.3322]
or [15, Theorem 3, p.7] we obtain the statement of the theorem.
|

Note that inequality (19) actually means that the function a(()Q)(z) can have the

discontinuous argument ¢g(z).

3. Spectral properties of the problem

Suppose Ag € C and F'()\) is a holomorphic function in a punctured neighbourhood
of A\¢p which takes on its values in the space L(H1, H2) of bounded linear operators,
acting from H; in Hy. The point )¢ is called a characteristic point of F'(\) if there
exists a holomorphic function u(\) in a neighborhood of A\g with values in Hj,
such that u(Ag) # 0 but F(A)u(X) extends to a holomorphic function near A\g and
vanishes at this point. We call u(\) a root function of F'(A) at A.

Denote by T'(A\) the unbounded linear operator H* (D) — H~ (D) with domain
Dr(ny = H* (D) which maps an element u € Dp(yy to L(A)u. For each A the operator
T'()) is clearly closed under assumptions of Lemma 2.2, because of inequality

[ell+ < (L) ull- + flull-)-

It is densely defined as H'(D,S) C HT(D) is dense in H~ (D). As well known the
null space of T'()) is finite dimensional in H* (D) and its range is closed in H~ (D).

In order to define root elements of the family 7'(\), we assume that there is at
least one point 7y where L(7p) is continuously invertible. Then, according to our
assumption,

T(A) = T(v0)(I + (3 = 78)L~ (3)C) on Dy = HY(D). (30)
As the operator L™!(vp) is continuously invertible, the family
{Fo(N) = (I + (A =29) L (10)C)}

consists of Fredholm bounded operators in the space H (D).

Since the operator T'(7p) is injective, it is natural to call the characteristic values
and the root vectors of the family {Fy(\) : HY (D) — H' (D)} of bounded operators
by the characteristic values and the root vectors of the family of the closed operators
{T'(\): H (D) - H— (D)}, respectively (see [15]).

Clearly, if A # o then Fy(A)u(A) = 0 if and only if

I

L' (%)C -

)u()\) —0.

Therefore the set of the root vectors of the family {Fy(\)} coincides with the set
of the root vectors of the compact operator L~!(v)C.

12
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To formulate the completeness results regarding to parameter-dependent elliptic
operators, we note that, under (18), the Hermitian form

ho(u,v) = (|a§” [u,v) 2(p)

defines a scalar product on L?(D) such that the corresponding norm is equivalent
to the original norm of this space.

THEOREM 3.1 Let (5) hold and 6by = 0, dag =0 and ar, =0 for all 1 < k < n. If
(18) is fulfilled and po(2) = @0 for all z € D with a constant g € [0,27) then

1) the operators T'(X) are continuously invertible for all A € C except a countable
number of the characteristic values {\,} where each X\, belongs to one of the rays
{arg(A) = (0,0 £7m)/2} and lim, o0 | Ay | = +00;

3) the root vectors {b,} of the family {T'(\)} are complete in the spaces H' (D),
L?(D) and H=(D);

4) the system {b,} is orthogonal bases in H*(D) and in the space L*(D) with

the scalar product hy(-,-); moreover the system { \a((f)\by} is orthogonal basis in
L?(D) and the system {|a(()2)|bl,} is an orthogonal basis in H— (D).

Proof. Denote by C : HT(D) — H~(D) the operator that is induced by the term
|a62) (x)]. The proof of the theorem is based on the following expectable lemma.

LEMMA 3.2 Let the hypothesis of Lemma 2.2 and (18) hold true. Then the operator
Ly'C HY(D) — H*(D) is compact, self-adjoint and its order is finite:

ord(Ly'C) = n.
Proof. Under the hypothesis of Lemma 2.2 the space HT (D) is continuously em-
bedded to H'Y?7¢(D) with any ¢ > 0. Then, according to Rellich Theorem, the
embedding ¢ : H*(D) — L?(D) is compact. Denote by ¢/ : L?(D) — H~ (D) the
adjoint to ¢ with respect to the pairing < -, >.

Note that the function |a(()2)| € L*°(D) induces a bounded self-adjoint operator

Co : L*(D) — L*(D). Then

Lalé’ = LalL/CoL

and hence the operator L 1C is compact. Moreover,

(Ly'Cu,v); =< 'Cotu,v >= (Coru, Ww)r2(py = / |a82)(z)]u(z)5(z) dr, (31)
D

(u, Ly 'Cv) 4 = (Ly ' Cov, u) 1 = (Cowwv, tut) 12(py = / ja? (2)|u(2)0(2) da,
D

for all u,v € H*(D), i.e. the operator Ly'C is self-adjoint.
As the operator ¢ is injective, we see that

(L' Cot — ulu =0

13
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if and only if

(1Ly '/ Co — pul)eu = 0.
Therefore

(Lo '/ Cot — ul)™u = 0
with some m € N if and only if

(1L '/ Co — puI)™u = 0.

Thus, the set of eigen-values of the operator L, LC coincides with the set of eigen-
values of the operator ¢L 1/Cy. Besides the multiplicities of the eigen-values coin-
cide, too.

According to [14, Corollary 3.5], the operator tLy s/ : L*(D) — L?(D) is compact
self-adjoint and its order is finite:

ord (tLy ') = n.

As Cp : L*(D) — L*(D) is bounded, the operators ¢Ly 't and tLy't'Cy have the
same orders (see [4, Ch 2, § 2], [3] or elsewhere) By the discussion above, the orders
of the operators LLO L C(] and Ly 1C coincide. [ |

Let us continue the proof of the theorem. As dby = 0, dag = 0, ax = 0 for all
1 < k < n and the operator Ly is continuously invertible, we may take y9 = 0. Then
(30) yields

T(A) = N2V Lo(LytC — A2V~ =200 ) on Dyyy = HY(D).
According to Lemma 3.2, operator Ly 1C is compact self-adjoint and
ord (Ly'C) = n.
By the Hilbert-Schmidt Theorem, there is an orthonormal basis {b,} in H*(D),

consisting of the eigen-vectors of the operator L 1C. Moreover, using (31) we see
that

ho(by, bi) = \/|a0 |b,,,\/]a02)|bk )20y = (Ly 'Cbuy i)+ = 0y

where 6, 1, is the Kronecker symbol. Hence, as p, > 0, we see that {b,} is orthogonal

with respect to ho(-,-) and {4/ |a(()2 b,} is orthogonal in L?(D). It is complete in
L?(D) because H (D) is dense in L?(D). Moreover, by the construction, the space
H™*(D) is dense in H~ (D) and hence the system {bu} is complete H~ (D). Finally,

(1021by, 1082 br) - = (L5 Cby, Ly Ci) s = piy iy

14
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ie. {]a(OQ)\bV} is orthogonal in H~ (D). It is complete because

Lytu =" (Ly'u,b,) by

v

for each u € H~ (D) by the discussion above and then

_ Lotu,by)y ~
U = Z(LO lu’ bzl)+L0b1/ = Z (Ouy)—i_Cbzu

v v

hence the system {]aéQ)]by} is an orthogonal basis in H~ (D).

As py = A, 2eV-1(m—000) > 0, we conclude that the characteristic values A\, =
:tu;l/Qe\/jl(WO*’T)/Q of the family T'(\) lie on one of the rays {arg(\) = (¢o0 £
m)/2}, respectively, and lim,_,o |Ay| = +00.

|

Now we can use the Keldysh’ Theorem about perturbation of compact self-adjoint
operators (see [5]).

COROLLARY 3.3  Let the hypothesis of Lemma 2.2 hold true and dbg = 0. If (18)
is fulfilled and ¢o(z) = o for all z € D with a constant po g € [0,27) then

1) the operators T'(X) are continuously invertible for all A € C except a countable
number of the characteristic values {\,};

2) lim, o |Ay| = 400 and for any € > 0 all the characteristic values A, (except
for a finite number) belong to the corners

{larg(A) = (w00 £m)/2| <e};

3) the system of its root vectors is complete in the spaces HT (D), H™ (D) and
L3(D).

Proof. First all we note that under the hypothesis of the theorem there is g such
that L(7o) is continuously invertible. Indeed, we can take - such that {arg(vy) =
—0,0/2}, then in this case §; = 1 and Theorem 2.5 implies that for sufficient large
|70| the operator L(7yp) is continuously invertible. In particular, the operators L(\)
and T'(\) are continuously invertible for all A € C except a countable number of the
characteristic values {\, };

On the other hand, as pg(z) = o for all z € D with a constant g € [0,27)
then (30) yields

T(\) = (78 — A2)eV 100 L(0) (LY (70)C — (78 — A2)Le™V=1¥00 ) on HT(D).

where, as before, the operator C' : Ht(D) — H~ (D) is induced by the term |a62) ()]
Thus, according to (30), the proof of the statements 2) and 3) of the theorem can
be reduced to the investigation of the properties of the compact operator L~! (’yo)é .
Under the hypothesis of the theorem the operator Lo = (L(9) — Lo) is compact
and then the operator LaléLoL_l(fyo) is compact, too.
On the other hand, easily we obtain

L™ (v0) = Ly' = =L 7' ()0 Lo Ly *

15
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Hence the operator
L7 (v0)C = Ly'C — L™ ()0 Lo Ly *C

can be considered as a weak perturbation of the self-adjoint operator L e,
According to Lemma 3.2 the order of the operator Ly LC is finite. As the operator

Ly 1 is injective, the statement of the theorem follows from Keldysh’ Theorem (see
[5]). [ ]

Using by Theorem about completeness of root functions for operators of highest
orders (see [4, Theorem 6.1, Chapter V, Section 6], or elsewhere), we can to perturb
operator L LC by ”small” perturbation. More precisely, we allow to argument ©o(z)

of function a(()Q)(z) to take its values from some bounded closed angle. Namely, the
following theorem holds true.

THEOREM 3.4 Under the hypothesis of Theorem 2.5, let

@ = sup (po(2) — po(w) < (32)

then

1) the root vectors {b,} of the family {T'(\)} are complete in the spaces HT (D),
L?(D) and H—(D);

2) all characteristic values {\,} (except for a finite number) belong to the corners

{

for any € > 0, where ®; = inf po(z), P2 = sup go(z), and moreover lim |A\,| =
z€D V—00

zeD
—+o0.

arg(A) +

LN 7
2 4

Proof. According to conditions of the theorem, there exist a constant 0 < 7 < 5
such that

@:@2—@125—27.
n

Then the operator L()) is continuously invertible for sufficiently large |A| in a sector

(33)

with arbitrary constant 0 < a < 1. Indeed, due to (32) the interval (33) is not empty
and in this case we have

0o+ 20) < Po+2p) <P+ 71— Py —ar <,
0o+ 20\ >P1+ 20\ >P — 1 — Py + a7 > —.

Then under (18), according to Theorem 2.5, there exist a point vy on any ray

—(m 4+ @1 —a7)/2 < arg(yy) < (7 — ®3 — a7)/2 such that the operator L(~p) is
continuously invertible.

16
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As under (18) the operator C' : HT (D) — H~ (D) is injective, then we have
(1= (8 = W)L (0)C) u =0
if and only if
(L)C™! — (4 = 32)) Cu =0,

Therefore u is a root function of the bounded operator L~!(yo)C if and only if Cu
is a root function of the closed operator L(7o)C~!. It means that the investigation
of spectral properties of the family of the operators T'(\) can be reduced to the
investigation of the properties one of the operators L™1(v9)C and L(y)C~1.

Note that the multiplication on the function eV=1¢0(2) induces a bounded operator
Sc : L*(D) — L*(D). By similar arguments as in Lemma 3.2 we see that the order
of the operator LalC = Lala’Co(ScL equals to n and then the order of the operator
CL (y): H- — H~ is finite and equals to n too. Indeed, the operator C L~ (7o)
can be presented in the following form

CL™ () = Lo(Ly 'C) L™ (70),
and hence CL71(vy) can be obtained from Ly L via the multiplication with the
bounded operators Lo and L~!(vp), therefore the order of CL™'(yy) and Ly'C
coincide (see, for instance, [4]).
Now we see from (20) that for any X satisfying
—(m4+ P —ar) <20\ <7 — Py —ar
we have
I(Z(70) = (%6 = A*)C)ull—- = ex|AP[|Cul|-,

with a constant cx > 0. Without loss of generality we can take 79 = 0, because the
operator 730 is compact. Then the hypothesis of Theorem 2.5 are fulfilled for the
operator

LX) = Lo+ 6L + 6.L + X>C

too, where A = A2 — 78 and 6cL = 6.L + 12C. Set u = —\2. Then for any arg(p)
such that

ar — &1 <arg(p) <27 — Py —ar (34)

the ray {¢ = arg(u)} is a ray of minimal growth of the resolvent of the closed
operator L(0)C~1:

_ _ C
ILO)C™ = )|l < ﬁl!w\l—-

According to (34) the angle between any two neighboring rays is less then 7. Finally

17
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we see that
(LO)C™" = )™ = (I — uLH(0)C) " CL(0).

Then there exist a point jo such that the resolvent of the operator L(0)C~! is
compact and its order equals to m. Then the statement of the theorem follows
immediately from [3, Chapter XI, Section 9, Corollary 31, p. 277] (see also [8]).

|

4. An example

Let D be a ball in C" of radius R with the center at the origin, D = B(0, R).

Under the hypothesis of Lemma 2.4, consider the following function a((f)(z) with
the discontinuous argument pg(z),

for all 0 < bt
(2)(z)_{]z\, orall 0 <|z] < 3, (35)

T 2eVTIET2D,) forall £ < 2| < R,

where 7 is a some constant, 0 < 7 < 5. For this function, condition (18) holds true
and moreover ®1 =0, &3 = 7 — 27. Then

T T
® = sup (po(z) —po(w)) = — =27 < —.
z,weD n n

As we have seen in the Theorem 3.4, for any A such that —(7 + ®1 —a7)/2 < @) <
(m — &9 — a7)/2 with some 0 < a < 1 we have

01 = mincos (pg — 2py) = —cos (a7) > —1.
zeD

(2)

Consider now the inequality (19) of Theorem 2.5. For our function a; (2) we have

P(pop) = [[1 — eV Heom@00) |2 ) = ess Sug@ —2cos(po — ¥0,0))
FAS

= esssup(2 — 2(:03(E — 27 — ¢0,0))-
zeD n

It is clear that

min _ I*(po0) =2 — 2(:08(1 —T).
©0,0€C%1 (D) 2n

Then (19) takes the following form:
2-2 Cos(i —7) < (1 = cos(ar))?
2n ’

and it follows that there exist a 719, close to zero, such that condition (19) is not
fulfilled. Hence we can not say anything about the rays of minimal growth. Note, that
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if the argument ¢o(z) of a(()2)(z) is a continuous function, then under the hypothesis

of Lemma 2.4, if (18) and some additional restriction on operator 0, L are fulfilled,
[15, Theorem 5] guarantees that the system of root vectors of the family L(\) is
complete in the spaces H (D), H= (D) and L?(D).
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