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On One Integral Representation of the Potential Type
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Abstract. In this article, we consider some integral representation of the potential type (Cauchy—
Fantappie) for a smooth function defined on the boundary of a bounded multidimensional domain.
Derivatives of this integral representation are found and their boundary behavior is studied. An analogue
of the Bochner—Martinelli formula for smooth functions is proved.
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The method of integral representations is one of the main constructive methods in the study of
holomorphic functions of several complex variables (see, for example, [1-4]). One such representa-
tion is the classical Bochner—Martinelli representation. Although it does not have a holomorphic
kernel, its versatility has allowed it to be used in matters of analytical continuation of functions
and other analytic objects. It has been studied in detail in the monograph [5].

The integral representation considered in the paper is close to the Bochner—Martinelli rep-
resentation. The aim of the work is to study the properties of this integral representation for
holomorphic functions (Cauchy—Fantappie type), the kernel of which consists of derivatives of
the fundamental solution of the Laplace equation.

We consider n-dimensional complex space C™, n > 1 with variables z = (z1,...,2,). Let us
introduce the vector module |z| = /22 + ...+ 22 and the differential forms dz = dz; A ... Adz,
and dZ =dzZ; A ... AdZ, and also dz[k] =dz1 A ... Adzk—1 ANdzgr1 A ... Adz,.

We shall consider bounded domains D C C™ with a smooth boundary 0D of class C', that
is D={z € C": p(z) <0}, where p is real-valued function of class C* on some neighborhood
of the closure of domain D, and the differential dp # 0 on 0D. Let us denote the "complex"
guiding cosines

1 ap 1 ap

PR = k=1,...,n.

o | grad p| 0z

" Jgrad p| 9z,

Consider the Bochner-Martinelli kernel, which is an exterior differential form U((, 2z) of type
(n,n — 1) (see, for example, [5, Ch. 1]), given by

U(c.z) = B DI Cppeen S B ey g

@iy 2= =z

This kernel plays an important role in multidimensional complex analysis (see, for example, [1-6]).
It is a closed differential form of type (n,n—1). For n = 1 this kernel turns into a Cauchy kernel.
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Let g(¢, z) be the fundamental solution to the Laplace equation:

(n —2)! 1
Gy [C— P

g((az) = -

n>1,

then

n

U6.2) = S (-1 5 dclh] A,
k=1

For the function f € C*(9D) we introduce the Bochner-Martinelli integral (integral operator)
/ FQUG2), = ¢ oD,

and also the single-layer potential (integral operator)

2

Blf1(:) =~ [ f(Qa(c.aotc) = B2 HO) =Tz 2 E 0D,
oD oD

where do is the Lebesgue surface measure on 9D.
Let us define the differential form p for the function f € C'(8D) as follows [5, Ch. 1J:

_ . n+k— 18f =
w—é( DM g Atk A d

In the monograph [5], the problem of holomorphicity of the harmonic function f € C*(D) satis-
fying condition (23.5) in [5] of the following form is posed

tlop= > ara(2)df Adz[k, 1] Adz,,, (1)
k>1

where ay,; are some smooth functions on dD. Here, the differential form dz[k, ] is obtained from
the differential form dz = dz; A - - - A dZ, by removing the differentials dzy, dz;.

This is related to the problem of holomorphicity of functions represented by the Bochner—
Martinelli integral (see [5, Ch. 15]) (in this case, all functions ay; = 0). Some special cases of
this problem are considered in [5, Ch. 23]. In [5, Ch. 23], the problem 1 is rewritten in integral
form.

Recall Green’s formula (in complex form) for the function f (corollary 1.2 of [5]).

Theorem 1 (Green’s formula). Let D be a bounded domain with a piecewise smooth boundary,
the function f is harmonic in D and f € C1(D), then

/f /(c, s ={ 7% 25D (2

From the equality of (1) and Green’s formula (2), we obtain that

= [ 10U~ [ 965 Y anOdr ndllinde, e D. 3)
oD

9D k>1

Applying the Stokes and the Green’s formula (2), in [5, Ch. 23] it is shown that the equality (3)
for functions f € C*(D) and harmonic in D is equivalent to the condition

()= [ rovte, /f )3 d(ari(Q)g(C, ) ATk, A, ze D, (4)
oD

k>1
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The first integral is a Bochner—Martinelli integral (integral operator) of the function f, i.e.

/f C2), 2¢0D,

and the second integral (integral operator) is denoted by

G = [ 1O Y dlana©a(c.2) ndilinl] nde, = 0D,

9D k>1

For n =1 this integral disappears.
Let us introduce the kernel of the second integral operator

= d(ax1(¢)g(¢, 2)) AdS[k, 1] A dG,

k>1

we obtain that for holomorphic functions f an integral representation of the Cauchy—Fantappie
type is valid (see, for example, [4, Ch. 26])

/f 2)+W((, 2), ze€D. (5)

Thus, the problem (1) transforms into the problem of holomorphicity of the harmonic function
f satisfying the equality (5) in the domain D (see |5, Ch. 23]).
Let us denote the operator M + G by

QU1(=) = MIf](2) / FOWUC2) +W(C,2), =¢oD. (6)

In this paper, we will study the properties of this integral with the kernel U((, z) + W((, 2),
calculate its derivatives and their boundary behavior.
1. Derivatives of the integral operator

Let the domain D have a boundary of the class C? (i.e., the function p is twice smooth in
a neighborhood of the closure of the domain D). The function f € C?(dD), and the functions

ai1 € C2(8D), kil=1,....n
We introduce, as in the article [8], the following differential operators

Lm(f) aCm szpk

Z 0 0 0 0
En(f)=i"2""1 ) {pkac<pmpkag> —pmack<pmpkag)],

s,k=1
accordingly,
0 - 0
Lm(f)—acf—pm pkaéf
el e o) of o) of
Km N n2n 1 [ < " _> - m( " _):|
(f) ' ngzzl pkaCS r pkaCs r 3<k p pk@CS
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Then, according to Corollary 1 of [8], we get

OM|f
UL = ML)~ @[ (1), @
OM|f
M) ML)~ @[], Q
These formulas are derived from the formulas of the classical potential theory [7] and formulas

from [5, Ch.1].
Similarly, we introduce the operators

f/m(f) = —fpm,

" 0 0
K (f) = +i"2"! kz::l {Pkagm(fpk) - Pmack(fpk)} )

accordingly,

Ka(f) =im2" ! zn: [pka(fp) — P a(fp)] :
" —1 3<7h F m6<k k

Then, according to Corollary 1 of [8], we get

Al ML) - 2[R, o)
L] = ML ()] - B[R ()] (10)

Lemma 1. Let D be a bounded domain with a boundary of the class C?, a function f is harmonic

in D and f € C3(D), and ax; € C3(0D), k,l =1,...,n, then G[f] = —®[h], where

of of
h¢) =) (1) ara(Q)
Z; o (ac ~ag” )

Proof. Tt follows from formulas (3) and (4) that

Q) d(ari({)g )/\dC[kl]/\dC——/ (¢,2) > ana(Q)df A dC[k, 1] A d.

oD k>l 5D k>l

Therefore, transforming the differential form df A d([k, 1] A d¢, we get

: _ 11 9f k Of _
ar nacik g = (-0 S acp + (-1 2L acin ) g -
_ (_1\l-1 af n—1n/_ 1\k—1 _ o _ kaf n—1;: i -1, _ o=
= (-1 75@2 i"(=1)"" " prdo + (=1) 3Ck2 (=) pydo =
__on—1;:n lkaf _1\k+i-1 8f _ _on—1n/_ 1\k+i-1 8f 8f
=21 (( 1)t ac p (=DFF agkpl)dJ—Q i"(—1)F (ag ~ a3’ )d

where do is the Lebesgue surface measure on 9D. Then

Gl =2t [ S0 a0 g - 2o )alc ) ao(0)

ap k>l
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Therefore, from the form of the integral operator ®, we get that G[f] = —®[h].

We formulate a theorem on the form of partial derivatives of the function f.

Theorem 2. Let D be a bounded domain with a twice smooth boundary and a function f is
harmonic in D and f € C'(D) and ay,; € C'(0D), k,l=1,...,n, then

L B ML (1) + Eon()] = B [Kon() + Ko (1],
% - agf] = M[La(f) + Ln(h)] — ®[Kn(f) + Kan(h)].

Proof. From Lemma 1 and formula (6) we get that

QL] = M[f] + G[f] = M[f] — ®[n].

Now, using formulas (7)—(10), we obtain expressions for partial derivatives of the function f, and
hence the operator Q[f]. Then

of _ 0Qlf] _ oM[f]  0%[h]

8zm  Ozm  Ozm 0Zm
= M[Ln ()] + @ [Kun(H)] + M [Lin(R)] = @[Kpn(h)] =
M[Lm(f) + Zm(h)] - (I)[Km(f) + I?m(h)]

Similarly
of _ 0Qlf] _ OM[f] _ o2[h]

0Zm  0zZm 02y 0z,
= M[La(f)] = ®[Kn(f)] + ML (h)] = [Kn(h)] =
M [Lin(f) + Lin(h)] = @[Km(f) + Km(h)].

O

The boundary behavior of the potential of a simple layer and the Bochner-Martinelli integral

operator is well known (see, for example, [7], [5, Ch. 1], [6, Ch. 1]). Therefore, from these
properties of potentials, we obtain the statement

Theorem 3. If D € C*™ and f € C*(9D), ax; € C*(ID), k,l = 1,...,n, then the integral
Qf1(z)(z € D, z € C*\ D) continues on D and on C" \ D, respectively, as an infinitely
differentiable function.

For the Bochner—Martinelli integral, this property is noted in [8].

2. Integral representation for smooth functions

For the integral representation of (5), an analogue of the Bochner—Martinelli formula for
smooth functions is valid (see, for example, [5, Ch. 1]).

Theorem 4. Let D be a bounded domain with a smooth boundary and a function f of class
CH(D), then

f(z) = / FOUG2) - / Bf(Q)AU(.2), z€D. (11)
oD D

_ o -
where the operator 0 = f d(y, and the integral of the domain in (11) converges absolutely.
k=1 9Ck
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We will now prove an analogue of this formula for our operator Q.
Theorem 5. Let D be a bounded domain with a smooth boundary and a function f of class

CY(D) and a, € C}(D),k,l =1,...,n, then

/f z2)+W((, 2) /Bf ¢, 2)+W((,2)), z€eD, (12)

and the integral of the domain in (12) converges absolutely.

Proof. Since the theorem is true for the operator U((, z) (Theorem 1.3 in [5]), it remains to show
that

/ FOW(C,2) — / BIC)AW(C,2) =0, zeD.
oD D

Let z € D, by B(z,¢) denote a ball of radius € > 0 centered at z, and its boundary by S(z,¢).
For sufficiently small ¢, using the Stokes formula, we obtain

/3f(g)AW(g, / AF(Q) AW, 2) /6f JAW(( 2) =
D )

D\B(ze) B(z,e

— / FOW(C.2) - / FOW(C.2) + / FF(C) AW(C. 7).
0D

S(z,e) B(z,¢)

According to Green’s formula (2), for the modulus of the integral, we get

— NI
| e [ oo < gt [ msl<ce
S(z,e)

S(z,e) S(z,e)
then lim FOW((,z) =0.
e—+0
S(z,e)
Since the singularity of the integral / 0f(¢) AW(C, 2) is equal to (2n — 1) < 2n, then
B(z,e)

111110 / df(¢) A\W(C, 2) = 0. From here we get the necessary equality.
e—

B(z,
(2:¢) O
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O6 ogHOM MHTErpaJJibHOM IIPEACTABJIEHUN TUIIA IIOTEHINAJIA

Anekcanap M. KbitmaHnoB

Cumona I'. MbiciinBers
Cubupckuii deepaibHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas @emeparms

Annotanmsa. Ilegp paboTbl COCTONT B HMCCIIEJOBAHAN CBOWCTB OJHOTO MHTErPAJIBHOIO IIPEICTABIIEHUS
Jst rotomopdubix dyakuuit (Tuna Komu—®@anranmnse), siipo KOTOPOro COCTOUT U3 IPOU3BOJHBIX (yH-
JaMEeHTAJIbHOIO pellleHns ypasHeHus Jlamaca.

KirroueBblie ciioBa: uHTEerpaJi BOXHepa-M&pTI/IHeIIJII/I, Or'paHUYCHHaA O6JI&CTI:, I'PaHUYIHOE IIOBE/IEHUE.
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