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Introduction

Equations of linear elasticity theory were presented in the works of A.Cauchy, L. Navier,
B. Saint—Venant and others as early as in the 19 century. Since then, attempts have been made
to build solutions of the initial and boundary value problems. General solutions for equations of
elasticity theory in a dynamic were built by G.Lame, P.F.Papkovich, H. Neuber, M. Yakovak,
N.I. Ostrosablin and some others [1-3]. But according to the words of S.L.Sobolev " ...the
knowledge of general solutions, with rare exception, gives nothing for solving important particular
problems, ..., because we get, while solving these particular problems, a system of so complex
functional relations for arbitrary functions that their finding is practically impossible [4]". To
solve the elasticity theory problems a greate variety of contemporary mathematical methods are
used. Thus, methods of group analysis of differential equations were used [5-8 and the references
therein|. The theory of symmetries allowes one to build vast classes of invariant and partially-
invariant solutions which describe stress-strain state of elastic medium.
Symmetries, by virtue of their locality, are not appropriate for solving initial and boundary value
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problems. Here, conservation laws are more suitable for solving boundary value problems [9, 10
and the references therein]. In fact, conservation laws were used for solving linear equations
by B.Riemann and V. Volterra [11]. It is known [12] that equations of elasticity theory can be
presented with the use of group fibration in the form of a combination of two solution-equivalent
systems of first-order differential equations: resolving system and automorphic system. This fact
turned out to be very useful for constructing conservation laws and solving Cauchy problems
with their use.

In this article the conservation laws are built for the resolving system of differential equations
of elasticity theory which gave an opportunity to solve Cauchy problem for this system in the
form of surface integrals over the boundary of an elastic body. Further, Cauchy problem for the
automorphic system is solved. This allows one to build the solution of the initial problem for
the equations of elasticity theory in a dynamic case.

1. Preliminaries
Let us consider the equations of elasticity in a plane case

wiy = (A + 2p)wy, + pwy, + (A + pwl,, ”
wyy = A+ 2p)wy, + pwg, + A+ pwy,,

where ),y are Lame constants, w', w? are components of displacement vector, density is equal

to one. On the plane ¢t = 0, the Cauchy problem is set

wl\t=9 = f1($7y)aw2|t=9 = fQ(x,y).

wili=o = 9" (z,y), wi|i—o = ¢*(x,y).

(2)

If functions f?, ¢* are continuous together with their derivatives on the plane ¢ = 0 then all
derivatives of functions w', w? in any direction are known on this plane. It is known that system
of equations (1) is of hyperbolic type and it has characteristic surfaces defined as w(t, z,y) = 0

which satisfy the following equation [10]
[+ 20) (wp +wy) — willp(w; +wy) —wi] =0. (3)

It is known [4, 5] that system of equations (1) allows a group of point symmetries generated by
operators
X1 =0,, Xo=0,, Xo=0,
Z = y0y — 20y + w20y — w2, (4)
Py = w0yt + w?0y2, Py = h'Oyr + h20,2, R =20, + yOy + 0,

where h!, h? — arbitrary solution of equations (1). The presence of operator P, = h'0,1 +h?0,,2
allows one to perform group fibration of system of equations (1) [4, 11], that is, to present
it in the form of automorphic and resolving systems of equations. Let us consider operator
Py = hyOyr + hyOy2, where h is arbitrary harmonic function. Invariants of operator P, are
t,x,y.

Let us extend operator P, on the first-order derivatives [4]

Pw = hOy1 + hOy2 + hm(aw; - awz) + hy((')wl + 811;2)-
1 y E y z
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Differential invariants of the extended operator are

1 2

1 2 2 1
Wiy Wy, Wy + Wy, W

e — Wy

Assigning differential invariants to be functions of invariants, one can obtain the automorphic
system

w} =u(t,r,y), w?=ov(tz,y), 0t z,y)=w+ wz, w(t,z,y) = wi’w;. (5)
Conditions of compatibility of equations (5) lead to the resolving system
U = (A+20)0; — pwy, ve = (A4 20)0y + pwe, 0 = uy + vy, Wi = vy — Uy. (6)

Solution of Lame system of equations (1) is equivalent to solution of systems (5), (6) [5,6]. Using
initial conditions for equations (1), it is not difficult to obtain initial conditions for the functions
included in equations (5) and (6):

9|t:0 = 3xf1 + ayf27 W|t:0 = 8If2 - 6yf1, U|t:0 = 917 U|t:o = 92- (7)

2. Problem formulation

Let us find the conservation laws for the resolving system of equations. This allows one to
solve Cauchy problem (7) for equations (6). Further on, using (5), one can solve Cauchy problem
(2) for equations (1).

3. Conservation laws for resolving system
Let us consider system of equations (6) in the form
Fi=u — (A 20)0y + pwy =0, Fo =v, — (A4 2p)8, — pwg =0,
F3s=0,—u; —vy, =0, Fy =wp — vy +uy =0.
Definition. Expression of the form
4 .
A+ B+ Cy =Y p'F, 9)
i=1

is called the conservation law for system of equations (8). Here p’ are some linear differential
operators that are simultaneously not identically zero. Vector (A, B,C) is called conserved
current for conservation law (9).
More general definitions of conservation laws can be found in [8,9 and the references therein].
Let us assume that conserved current is written as
A=od'u+plo+~0+ 6w,
B = ou + B*v + 420 + 6w, (10)
C =ad3u+ B3v+~30 + 53w,

where o, 8%,~%, §° are smooth functions that depend only on ¢, z, y.
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Note. System of equations (8) also has other conservation laws by virtue of linearity. However,
for our purposes it is sufficient to have conservation laws with conserved current in form (10).
Let us substitute (10) into (9). Then a first-degree polynomial with respect to derivatives
Uty Ug, - - ., wy and required functions u,v, §,w is obtained. Setting coeflicients at these variables
equal to zero,one can obtain

al = pla 042 = _pza Oé3 = _p47 /61 = p2a ﬁz = _p4, 63 = _1)37 (11)
Y =05 P =—(+2pw)pt, P =—(+2u)p?, 8 =pt, 6 =—pp?, &° = —pp.

o} — L +5) = 0,60 — 8L~} =0,
Y — A+ 2p)a, — (A +2u)8, =0, (12)
8¢ — 1By + pay, = 0.

It follows from (10)—(12) that conserved current is written as

A=olu+plo++410+4 5w,
B=—y'u— v —(A+2u)at0 — pblw, (13)
C=8u—~yv—(\+2u)p"0 + po'w.

It follows from (12) that (y!,d') is an arbitrary solution of equations of elasticity (1).
Let us find the solution of equations (1) in the form of Lame

V=0, +V,, 5=, -V, (14)
where ®, U are arbitrary solutions of equations
(A +20)(Paz + Pyy) — it =0, (15)

First, let us find the solution of equations (1) in the form
V=, 6=, (17)
Then it follows from (12) that
af =0, B =@u/(A+2p).
Further on, it is assumed that
al =0, B'=d,/(\+2pu). (18)

Let us find the solution of equation (15) in the form of Kirchhoff

®= %(G1<t ~to (M)_l )+ Gao(t —to — (\/ﬂ)_l ),

where r = \/(ac —20)° 4+ (y—0)®,  (to, o, y0) is some point such that to # 0. Let us assume

that
Gi=(t—to+ (VATZ) ' )", Go=—(t—to— (VAF2m ), (19)
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wheren € R, n > 1.
Then

= TR~ to + (VAH20) ) = (=t — (VA + 20) 7))
_(1 +n)(x —x0) (VA +2p) ((t—to + (M)_lT)n =ty — (M)_lr)”),

6 = IR (t—to + (VAF20) )M (= to — (VA 20) M) ) (20)
-1

A w0 AR (4 4 (/3T 20 (¢t~ (VAT 20) ),

= Dty (VAT 0+ et~ (VAT ol =0

Now let us find the solution of equations (1) in the form

V=T, §=-1,. (21)
Then from (12) it follows

Bi =0, af=Ty/p.
Further on, it is assumed that

ﬂl = 07 al = \I/t/:u‘ (22)
Let us find the solution of equation (16) in the form of Kirchhoff

1
o = ;(Gg(t —to+ (Vi) )+ Galt —to — (Vi) r).
Let us assume that

Gz=(t—to+ () ' r)'*™, Ga=—(t—to— (vVu) 'r)*, (23)

where m € R.
Then
1 r — X

= =B~ b+ (V) I = (E— to — (V) )M )
(14 m) (@ — ) (V)"

- > ((t—to + (VI )" + (L~ to — (V) ™')™)

61 = — IR~ to + (VAT = (= to — (V) T') )= (24)
L OV (4 gy 4 )™+ (2= to — )™

ot = Pty + (V)™ + (= t0 = (VR B =0,

4. Solving Cauchy problem for resolving system
of equations

Characteristic cones with the origin at the point (o, o, yo) are shown in Fig. 1. The lateral
surface of the outer cone is given by the equation

S (A F2u)(t —to)? = (x —x0)* — (y —10)* =0, (25)
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and the lateral surface of the inner cone is given by the equation

Syt p(t—to)* = (z—20)® — (y — y0)*> = 0. (26)

(%o, Yo, to)

X

Fig. 1. Characteristic cones

Intersections of cones (25) and (26) with the plane ¢t = 0 are circles S5, S4. Initial conditions
on functions u,v, 6, w are given inside these circles.
Let us consider domain V; bounded by surface S; and by plane ¢ = 0. Then it follows from (9)
that

/// (A; + B, + Cy)dzdydt = 0. (27)
Vi

Let us consider cylinder T. of radius (x — x9)? + (y — yo)? = &2 inside the outer cone as shown

in Fig. 2.

(%o, Yo, to) (X0, Yo, to)

2>
|

Fig. 2. Solving the Cauchy problem to find 6(xq, yo, to)

Functions o', 8',~4', 8! have no peculiarities inside the domain bounded by surface Si, by
cylindrical surface T, and by plane ¢ = 0. Using the Gauss—Ostrogradskiy formula, one can
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obtain from (27) that
/// (Ay + By + Cy)dzdydt = // Adzdy + Bdydt + Cdtdx+
VI\T - S1

+ // Adzdy + Bdydt + Cdtdz+ // Adzdy + Bdydt + Cdtdx = 0.
S3

T

(28)

By virtue of choosing function ® the integral [[ Adzdy + Bdydt + Cdtdz = 0. It is not difficult

S1
to see that the integral [[ Adzdy + Bdydt + Cdtdz has no peculiarities. That is why, it is
S3

necessary to calculate only the integral
// Bdydt + Cdtdx (29)
T

on the assumption that e is small. Assume that © — xg = €cos¢d, y — yo = esin¢g. Let us
substitute these expressions into (29) and obtain

/ Bdydt + Cdtdx =

T
to

27
:/sdt/((—'ylu—élv — (A +2u)at0 — pBrw)cos ¢ — (61u — yto — (X +2u) B0 4+ patw) sin ¢)dg.
0 0

Since
1 2cos ¢

T et 24
gl __2sné
evVA+2u

0! = <+ 1)t = 1)+ 0(e). 6 =0,

(2n+ 1)(t —to)" + o(e),

(2n + 1)(t —to)" + o(e),

it follows that

// Bdydt + Cdtdx =
T

to 27 27
= —(A+2u)/0 (/0 0(alcos¢+ﬁlsin¢)d¢—u/(J w(Bcosgp —al singb)dgb)dt—

to
=2m/A+2u(2n + 1) / (t —t0)"0(z0, yo, t)dt.
0

The last expression is obtained with £ — 0.
Finally, it follows from (28) and (29) that

to
2m/ A+ 2u(2n + 1) / (t —t0)"0(xo, yo, t)dt = // Adzdy.
0 4
Differentiating the last expression with respect to ¢y, one can obtain that
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1 0
(20, po.to) — [ Adady, 30
(0, Y0, t0) 27m(n + VA +2u 9to // o v
S3

where A = atu + v+~ + 6w,

"2 () (o) )
Care (o) (o am))

te () (o) )
L (o) (o))

o e () (o)) e

Now let us perform the same procedure for the inner cone but for solutions (20), (21) and obtain

1 0
w(xo, Yo, to) = 27r(n+1)\//78to/ Adzxdy, (31)
S3

where A = a'u + Bl + 40 + 6w,

-2 ((Ge) () )
2 (o) ()
e () () )
(o) (o))

e (RO R DI

Now, taking into account (30)—(31) and initial conditions (2)

up = (A4 20)05 — pwy, v = (A +20)0y + pwy

, one can obtain from (6) that

t t
wi =u= / (v +21)05 — pwy)dt + g' (z,y), w; =v = / (v 4 20)8y + pwz)dt + g*(z,y).
0 0

Taking into account (5) and initial conditions (2), one can finally find that
w' = / udt = / (/ (v +2u)0, — ,uwy)dt) dt + g' (x, y)t + fL(z,y),

w2:/0 vdt:/o </0 (()\+2,u)ﬂy+uwz)dt>dt+gz(:c,y)t+f2(x,y). (32)
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Relations (32) provide the solution of Cauchy problem for system of equations (1).

Note. The method of solving Cauchy problem stated in this paper can be used with some
modifications to solve three-dimensional dynamic problems for equations of elasticity. This will
be performed in the following works.

This paper was carried out by the team of the scientific laboratory “Smart Materials and

Structures” within the state assignment of the Ministry of Science and Higher Education of the
Russian Federation for the implementation of the project "Development of multifunctional smart

materials and structures based on modified polymer composite materials capable to function in
extreme conditions"” (Project no. FEFE-2020-0015).
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Pemenne 3amaun Konm ajiss ypaBHEeHMT yIIPyTrOCTH
B ILJIOCKOM JIMHAMMYECKOM CJIydae

Cepreii . Cenairion

Npuna JI. CaBocTbsiHOBa

CI/I6HpCKHﬁ FOCyﬂapCTBeHHbeI YHUBEPCUTET HAYKH U TEXHOJIOTUI UMEHU aKaJleMHuKa M. ©. PemeTHeBa
Kpacnosipck, Poccuiickas @eneparnus

Ouapra H. YepenanoBa

Cubupckuii desepaibHbIi yHUBEPCUTET

Kpacnosipck, Poccuiickas @eneparnys

Awnnoranusi. PaccMOTpeHBl ypaBHEHUsI YIPYTOCTH B IJIOCKOM JUHAMHUYECKOM CJIydae. ITa CHCTEMA
3aMeHeHa PAaBHOCHUJIBHON cucTeMOil numddepeHInaIbHbIX YPAaBHEHN IePBOr0 MOpsiaKa. PaBHOCHIbHAS
CHCTEMA €CTh I'PYIIIIOBOE PACCJIOEHHE UCXOHOM CUCTEMbl ypaBHEHUU, OHA SIBJISIETCs O0beIMHEHNEM Pa3-
pemratorieit u aBroMopdHBIX cucrem. st pa3periatorieil CHCTeMBbl YpaBHEHUI HalIeHbI ClienrabHbIE
KJIACCBhI 32aKOHOB COXPaHEHMsI, KOTOPbIE TTO3BOJIMIN HAUTHU pelleHre NCXOIHBIX YPaBHEHUI B BUJIE TOBEPX-
HOCTHBIX MHTEerpaJIoB 110 TPpaHUIle YIPYIroro Tejaa.

KirodeBrbie cioBa: ypaBHeHHsT yIPYTOCTH B IIJIOCKOM JWHAMHIYECKOM Cilydae, 3a1ada Ko, 3aKoHbI
COXPaHEHHA, TOUYHbIE DEIIeHUS
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