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Abstract. The spectral problem for a third-order operator with an integral perturbation of one of the
boundary value conditions are considered in the paper. Conditions are regular and at the same time
strongly regular. A feature of the problem is that the conjugate operator is a loaded third-order differ-
ential operator with regular (strongly regular) boundary value conditions. Characteristic determinant
of the spectral problem is constructed, and conclusions about eigenvalues of the perturbed operator are
drawn.
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Introduction and problem statement

In the functional space W3 (0, 1), let us consider the following differential operator L;

l(u)=—u" () =X u(z), 0<z<1 (1)

with the "perturbed" boundary value conditions

Uy (u) = u (0) = /0 Plaju(z)de, Us(u)=u (0)=0, Us)=u(l)=0, (2

where A is a spectral parameter, U (u), Uy (u), Us (u) are linear homogeneous independent
forms that are regular by G.D.Birkhoff [1,2], P (z) € L2 (0,1). It was noted by M. A. Naimark
([3], p-67) that all differential operators of odd order with strongly regular boundary value
conditions are also with regular boundary value conditions. A third-order linear differential
operator with nonlocal boundary value conditions under integral perturbation was studied [4].
Eigenvalue problems with periodic boundary value conditions, which are regular boundary value
conditions, were studied [5-7]. The questions of regularity and strongly regularity of boundary
value conditions for the Sturm—Liouville operator are related to the questions of basis property
of the system of root vectors. In this case, when boundary value conditions are strongly regular
the results of V.P.Mikhailov [8] and G.M. Keselman [9] imply the Riesz basis property of the
systems of eigen and associated functions of the Sturm-Liouville operator in Lo (0,1). For
regular boundary value conditions, A. A. Shkalikov [10] proved unconditional basis property with
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brackets. A. M. Minkin [11] proved the opposite statement, namely, unconditional basis property
of a system of root vectors implies regularity of the operator. The issues of stability and instability
of the basis property of systems of eigen and associated functions of the multiple differentiation
operator with regular, but not strongly regular, boundary value conditions were studied [12-17].

Calculation of eigenvalues and eigenfunctions of third-order equations of composite type is
described in [18]. The spectrum of the boundary value problem with shift for the wave equation
was studied in [19].

The characteristic determinant of "perturbed" spectral problem (1)—(2) for operator L; will
be constructed. Conclusions about eigenvalues of operator L are established on the basis of the
obtained formula.

Conjugate problem

L(w)v (z)dx —

Ct— =

Let us define operator Lj. Using Lagrange formula (Lq,u,v) — (u, L}, v) =

1
Ju(z)l* (v)dz for all functions u € D (Ly) and v € D (L3) and boundary value conditions (2),
0

one can find

—u' (0) v (0) —u (1) v” (1) +/0 u(z)dz {P (z) -v"(0) + 0" ()| .

Due to linear independence of forms Uy (u) , Uz (u) , Us (u) and Vi (v), V2 (v), V3 (v) operator
L7 is given by the loaded differential relation

Liv=10*(v)=v" (x) + P(z)v" (0) = v(z), 0<xz<1, P(z)€ Ly(0,1) (1%)
and boundary value conditions
Vi(wv)=v(0)=0, Va(v)=v(1)=0, V3(v)=12"(1)=0, (2%)

which is one of the features of considered spectral problem (1)—(2).

Construction of the characteristic determinant of spectral
problem (1)-(2)

The general solution of equation (1) has the form
U (x) = 0162pw + (02 - COS \/gpx + C3 - sin \/§p$+> e P (3)

where C1, Co, C3 are arbitrary constants and

(4)

Putting (3) into boundary value condition (2), one can obtain the linear system with respect
to coefficients Cy, Cs, Cs:
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1 1
( — [P (x) Zmdaz) +Cy (1 — [ P(x)e™" cos ﬁpxdx) -
o 0
—Cng( e f’xsm\fpxdx—o

207 — Cy + C3V/3 =
C'1~e3p+C’gcosfp+Cgsin\/§p: 0.

Determinant of this system is the characteristic determinant of spectral problem (1)—(2):

1 1 [
1— [P (x)e**dx 1— [P(z)e " cosv3prdr — [P (z)e P*sinv/3pxds
0 0 0
Ay (p) = 2 -1 V3 =
e3P CcOoS \/gp sin \/§p

— (7 sin \/gp — V3 cos \/gp) (1 — /01 P(x)emdx> —
- (2 sin v/3p — \/§e3p) (1 - /1 P (x)e "% cos ﬁpxdm) =

0

= (— sin v3p — v/3 cos \/gp) (1 — /01 ]3(1:)62””’(133) — (2 sinv/3p — \/§e3”) X
X (1 - /0113(;1:)6”“’ cos \@pxdm) — <2 cos V3p + 63p) /1 P (x)e " sinV3pxdz.  (5)

0

When P(z) = 0 it is characteristic determinant of the "unperturbed" spectral problem for
operator Lg given by differential relation (1) with boundary value conditions

w(0) =0, o' (0) =0, u(1) = 0. (6)

Let us denote it by Ag (p) = —3sin V3p —V/3cosV3p + V3.
Following the previously obtained results [5,6] and setting determinant Ag (p) to zero, one
can obtain the condition for existence of non-trivial solutions u (z):

V3sin v3p + cos V3p = e**. (7)
Equation (7) has a solution if p < 0. Equation (7) is reduced to the form
2 cos % sin \/gp + 2sin % cos \/gp =%

ie.,
sin( —|—\fp> fesp,p<0 (8)

Eigenvalues of "unperturbed" operator Ly are roots of this equation. These roots are defined
as the abscissa of the intersection points of the curves

1
y:sin(%+\/§p>, yzie?””, x < 0.

1
When x = 0 both curves have common point y = 2 Zero points of function sin (% + \/gp)

are [ = — —(k—=1)m, k=1,2,.... Then eigenvalues pj of operator L, are

T
6v/3
pr =t + (1) e, k=1,2,... 9)
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and lim e = 0.
k—o00

Eigenfunctions of operator Ly are
uy (r) = e*+* — (cos V3prx + V/3sin \/gpkx) e PrT, (10)

Function (10) satisfies all conditions of problem (1)—(6).

Conjugate operator L§ has the form

Liv=1§(v) =v" (z) = M (x) =0, v(0)=0, v(1)=0, v'(1)=0. (11)

Eigenvalues of operator L§ coincide with eigenvalues of operator Lo, and corresponding eigen-
functions of operator L{; are

v, (z) = e72PRT — (cos V3prz + N sin \/§pkx) ePre, (12)

cos \V/3py — e3Pr

sin \/gpk '

Function P (x) under the integral in (5) is represented in the form of a bi-orthogonal expansion
in Fourier series by the system {vj (x)}:

where N =

P(z) = Z apvg (). (13)
k=1

Calculating integrals in (5) and taking (12), (13) into account, one can obtain the following
form of determinant A (p):

A (p) = (f sinv/3p — v/3 cos \/§p) + (sin V3p — V3 cos \/§p> X

y i o e2(p—pk) B 1 N 20 + pr B e2P+pk y
=200 —p) 200-pK)  Qp+p) +302 (204 pi)’ + 32
V3pr,

(2p+ pi)? + 303
((2ﬂ + pi) sin V3py — V3 cos \/gpk)] > —

X (\/gpk sin V3py, + (2p + pr) cos \/gp/g) +N
20+ i

(20 + pi)” + 30}

— (2 sinv/3p — \/§e?’p) + (2 sinv/3p — \/563”) <§: Qg

k=1

+N

2p + pi
(206 +p)* = (V3p)®

e~ (2p+pr) ) 1
s (G e " ) S
e cos _ sin _ _ . Pk — P
18 = p(p\/ﬁ(pk p) +V3sin V3 (py, p)) 2 or 2 13 1 o) +
e (\/ﬁ(pw p)sin V3 (p+ p) + (px— p) cos V3 (px+ p)) +
N Bt N e " .
T e P43t 02 2 (oe— ) Blon 1 p) ((pk +e)sin 3 o+ 0)
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1 N 1 N
_\/g(pk+p)005\/§(pk+p))+,. +o.

—cos V3 (pi —&—p))D — (2cos \/§p+63p) . <i ay

k=1
1 V3(p+p) N 1

) + 1 . pk — p 6_(2pk+p)
4 p+20 8 pr—p 2 3(pp+p)’+ (o —p)

27 o o 2 5 <
(207 +p)" +3p
1 ePk—P
><(\/épCOS\/gp+(2pk+p)sin\/§p>+Z~p p(\/?:cosx/g(pkfp)+sin\/§(pk—p)>+
. —
1 efr? 1 ePrp
= inv/3 V3 3 °N 3sin /3 (pr —
+4 P (sm\f(Pk—f'P) \[(Pk“‘P)COS‘[(Pk‘*‘P))—Fg pkfp(fsm\[(pk p) +

+cosx/§(pk—,o)) —;-3(pk+p’;§15pk_p)2 ((pk—p)COS\/g(karp) +

+V3 (pk + p) Sinﬁ(pkﬂLp))D, (14)

eﬁk*p . (Sin\/g(pk _ p) _
V3p 1 V3

202 +p)° +3p2 4 pp—p

Ccos \/§pk — e3Pk
sin \/gpk '
because it has poles of first order at the points p = pi. Determinant Ag (p) is equal to zero at
these points.
Therefore, the following statement is proved

where N = This determinant is an entire analytical function of variable p

Theorem 1. The characteristic determinant of "perturbed” spectral problem (1)—(2) is repre-
sented in form (14), where determinant Ag (p) is the characteristic determinant of "unperturbed"
spectral problem (1)-(6), ay are Fourier coefficients of bi-orthogonal expansion (13) of functions
P (z) in terms of the system of eigenfunctions {v ()} of conjugate unperturbed spectral problem

(1)-(2).
Remark 1. The "perturbed" spectral problem (1)—(2) is reduced to the study of zeros of entire
analytic function A; (p). The issue of finding zeros of this function remains open.
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XapaKTepUCTUIECKUIA ONpeaeuTe/ b BO3MYIIEHHOTO

peryagapHoro auddepeHnnaJIbHOTO olepaTopa TPeThero
Mmopsiika Ha OTpe3Ke

Hypaan C. Umanbaen

IO>xno0-Kaszaxcranckuil nmegarorndeckuii yausepcureT umenn Aanubekosa,
IIIemvkenT, Kazaxcran

WHCTUTYT MaTeMaTUKI U MATEMATHYECKOIO MOAEINPOBAHUS

Amvater, Kaszaxcran

Awnnoranusi. B pabore paccmarpuBaeTcst CeKTpasbHas 3aa4da /I OlI€PATOPa TPETHErO MOPSIIKA IPU
WHTErpPaJIbHOM BO3MYIIEHUHA OJTHOTO U3 KPAEBBIX YCJIOBUM, SIBJISIIONIUXCS PEryJISIPHBIMU, OJITHOBPEMEHHO
YCUJIEHHO PEryJISPHBIMHU, T7e OCOOEHHOCTBIO 3a[a4M SABJISIETCS, UTO COIMPSIKEHHBIM OIEPATOPOM OyIeT
HArpy»KeHHbIH TuddepeHIMaNbHbI OEPATOP TPETHErO MOPSKA C PEryJIspPHbIMA (yCHJIEHHO DEryJsisip-
HBIMH) KPAeBbIMU yCJIOBUAMHE. [I0CTPOEH XapaKTEpUCTUYECKUI OPEJEIUTeIb CIIEKTPAILHON 3a1atH, Ha
OCHOBAHWUM KOTOPOH CJIeJIAHBI BBIBOIBI O COOCTBEHHBIX 3HAYEHUSX BO3MYIIEHHOTO OMEPATOPA.

KarouyeBble cioBa: guddepeHalbHbIil OIIepaTop, HHTErPAJbHOE BO3MYIIEHUE, COIPSI?KEHHBIN OIle-
paTop, HArpy»KeHHbIi, COOCTBEHHbIE 3HAYEHHE, COOCTBEHHBbIE (DYHKINN, XapPAKTEPUCTHIECKHI OIIPEe/IeIIN-
TeJlb, 1esas QyHKIH.
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