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Abstract. The aim of this paper is to obtain some integral formulas involving products of two incomplete
beta functions in terms of general triple hypergeometric series and Kampé de Fériet function. Some new
particular integral formulas involving the incomplete beta function are also calculated as an application
of our main results with the help of Whipple, Dixon and extension of Dixon summation theorems.
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1. Introduction

The generalized hypergeometric function , F;, with p numerator parameters and g denominator
parameters (p and ¢ are positive integers or zero and z is complex variable) is defined by (see

[10,11])
a1yesty; | xem (@)oo (ap)y 2"
”Fq{bi,...,bq Z];) Binr (o) 1 (1)

where (), denotes the Pochhammer’s symbol defined by

()\)n:{l , (n=0)

AA+1)(A+2)...(A+n—1) , (neN)
~ I'(A+n) _
=TTy (A e C\Zy) (2)
and T'()) is the gamma function defined by
P(A)= / Ple=tar, RS0, 3)
0
The classical beta function B(a,b) is defined by (see [11])
1
/ Pt A— e, R(a)>0, R(B)>0,
0
B(a,b)= (4)
I'(a)T'(b)
Tatb) o ab£0,-1,-2,... .

*ah-a-atash@hotmail.com
(© Siberian Federal University. All rights reserved



Ahmed Ali Atash Certain Integral Formulas Involving Products of Two. ..

The incomplete beta function is defined as follows [8]:

Bz(a,b):/ Pl 1—)Pldt, 0<2<1, a,b>0. (5)
0
Further, the substitution t=sin*(f) gives
arcsiny/z
Bz(a,b):2/ sin?*~1 () cos®*~1(6)db. (6)
0
The hypergeometric representation of incomplete beta function is given by [§]
B.(a,b)=a 2 Fi[a,1—b;a+1;2]. (7
Also, we recalling the following formulas for the incomplete beta function [7]:
B.(a,b)=B(a,b)—Bi_.(b,a), (8)
B.(1,1)=2, B.(a,1)=". 9)
a

The Kampé de Fariet function of two variables F}, ﬂ(fb n[:z:,y] is defined and represented as follows
[10, 11]:

prqik|(ap): (by) ;5 (ck);
F T,y
Limin [ (a7) 1 (Bm) s (9n) s

o M 1) .
B 1o
5=0 l;[l(aj)r—&-s 1:[ (B]) ];[1( )

urthermore, we recall that the general triple hypergeometric series z,y,z| 1s defined by
Furth 1l that th 1 triple h ic series F(® is defined b
[10,11]:
(@) (b) 5 (07) 5 (B") = (c) 5 (¢) 5 (") 5
F(S)[x7y?z]:F(3) ZL‘,y,Z
(€)::(9)5(9)5(g"): (h); (B') 5 (R) 5
n Zp

) 2 y

m,n,p=0

where, for convenience,

HAzl(aj)m+n+pr:1( )m+nH] 1( )n+pHB”( )p+mx
17 e mintp 151 9 mn 15t (9 nap TSt (97 ) prm

C C/ C//
« Hj:l (¢j)m Hj:l (C;)n Hj:l (Cg'/)p
H b H' B H" |
Hj:l( i)m Hj:l( j)nszl( i )p
and (a) abbreviates the array of A parameters aj,as,...,as, with similar interpretations for
(b),(b"),(b") and so on.
Recently some works for the incomplete beta function with applications have been considered by
several authors, see [1,3,4]. In this paper, we obtain some integral formulas involving products of
two incomplete beta functions. Further, we apply these results with the help of Whipple, Dixon

and extension of Dixon summation theorems to compute some new particular integral formulas
involving incomplete beta function.

<.

A(m,n,p)=

(12)
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2. Integral formulas for the incomplete beta function

In this section, we establish four integral formulas involving products of two incomplete beta
functions asserted by the following theorems:

Theorem 2.1. The following integral formula holds true:
/zkil(1—z)plez(a,b)Bz(c,d)dz:
0

patetk atct+k w—;—;—:a,1-bjc1—-d;1-p;
= F® x,x,T | . (13)
ac(atctk) at+ct+k+lu—5—5—: a4+l ;5 c+1 ;5 —
Proof. Denoting the left hand side of (13) by L, replacing the two incomplete beta functions
by their hypergeometric representations given in (7), expanding the two o F} in a power series,
changing the order of summation and integration and using (5), we get

L:/ =1 (1-2)P"'B,(a,b)B.(c,d)dz=
0

e 3 e Bt ), w

m,n=0

Again, replacing the incomplete beta function in the right hand side of (14) by its hypergeometric
representation given in (7) and expanding o F in a power series we have

L:/' 2P (1-2)P"'B.(a,b)B.(c,d)dz=
0

1 o= (@)m(1=b)m(c)n(1—d)pz™z™
" ac Zo( ! Ea—i-l))m((c)—i—(l)nm)!n! %

m,n=

et i (atctk+mtn),(1-p)a® (15)
atctk+m+ni=  (atct+k+1l+m+n)ss!
Finally, by using the following identities:
a (@)m
= 16
at+m (a+1)y’ (16)
(@)mtn=(a)m(a+m)n, (17)
we get the right hand side of (13).This completes the proof of Theorem 2.1. O

Corollary 2.1. For c=d=1 in Theorem 2.1 yields the following result:

/ 71 1—2)P7'B,(a,b)dz=
0

etk  1:251( a+k :a,1-b;1—p;
= F z,x|. (18)
1:1;0 [a+k+1: a+1 ; — ;

-7 —
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Theorem 2.2. The following integral formula holds true:

/ 41— )P B, (a,b) Br_. (¢, d)dz =
0

B(c,d)ztF 1:2;1( a+k :a,1-b;1—p;
—_— 7 . ’ . B
a(a+k) 1:1;0 |a+k+1: atl ; — ;
patd+k a+d+k —;—;—:a,1-b;d,1—c;1—p;
S — i C)) T,T,7T | . (19)
ad(a+d-+Fk) atdik4ls—:—:—: atl ; d+l 5 —

Proof. Denoting the left hand side of (19) by L and then applying the result (8), we have

= zzkil —z)P1L a 1—.(c Z=
L= [ 4 0-2p Bah)Br- ()
2/0sz1(1—Z)p1Bz(a,b)(B(C,d)—Bz(d,c))dzz

_B(c,d)/oxzk1(1—z)p1Bz(a,b)dz—/Oxzk1(1—z)p1BZ(a,b)Bz(d,c)dz

Now, using (13) and (18), we obtain the desired result. O

If we use the same technique as in the proof of the integral (13) asserted in the Theorem 2.1,
we have the following theorem:

Theorem 2.3. The following integral formula holds true:
1
/zk_l(1—z)p_le(a,b)Bl,Z(c,d)dz:
0

0:3;3 — ra,1—b,a+k;c,l1—d,c+p;

B k ) b ) b b ) )
:MF 1,1]. (20)

ac 1:1;1 {a+c+k+p: a+1 ; c+1 ;

Corollary 2.2. For c=d=1 in Theorem 2.8 yields the following result:

1
/ 2P 1(1-2)P"'B,(a,b)dz=
0

1-b,a+k ;
B +kj, a) b )
:M:,)Fz 1l (21)

a a+l,a+k+p;

Corollary 2.3. For a=b=1 in Theorem 2.3 yields the following result:
1
/zkil(l—z)p*IBl,z(c,b)dz:
0

1—d,c+p ;
B(k G ) ;
:M3F2 1. (22)

¢ c+1l,c+k+p;
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Theorem 2.4. The following integral formula holds true:

1
/zk_l(1—z)p_le(a,b)Bz(c,d)dz:
0

Bled)Blathp) | @100
= 3F2 1| —
“ a+1l,a+k+p;
_B(a+k,d+p)F0:3;3 — ca,1—ba+k;d,1—c,d+p;
ad 1:1:1 |a+d+k+p: a+l1 ; d+1

Proof. Denoting the left hand side of (23) by L and then applying the result (8), we have

1
L:/ 21 (1-2)P"'B,(a,b)B.(c,d)dz=
0

:/0 21 (1-2)P"'B,(a,b)(B(c,d)—Bi_.(d,c))dz=

1 1
:B(c,d)/ zkfl(l—z)plez(a,b)dz—/ 11 =2)P71 B, (a,b) By _.(d,c)dz
0 0

Now, using (20) and (21), we obtain the desired result.

Corollary 2.4. For k=p=1 in Theorem 2.4 yields the following result:

/le(a,b)BZ(c,d)dz
0

a,1—b,a+c+1 ;
3Fy 1
a+2,a+c+d+1;

B(d,a+c+1)

=Bled)Blab+1)- = s

Remark 2.1. Note that
1
/ B.(a,b)By_,(¢c,d)dz=
0

Ble,at+d+1) a,1—b,a+d+1 ;
:73}7‘2 1

aa+1) a+2,a+c+d+1;
Corollary 2.5. For k=2, p=1 in Theorem 2.4 yields the following result:
! 1
[ #Buab)B (= Bled)(Bla.b) - Bla+2.) -
0
a,1—=ba+2,a+c+2 ;

aFs 1
a+1,a+3,a+c+d+2;

_ B(d,a+c+2)
ala+2)

1

7

1

(23)

(24)
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Remark 2.2. Note that
1

/ 2B, (a,b)By_,(¢c,d)dz=
0

_B(Cya+d+2) F a71_b’a+2,a+d+2 7 1 (27)
=5y 463 :
a(a+2) a+1l,a+3,a+c+d+2;

3. Some particular integrals with examples

In this section, we compute some particular integrals involving the incomplete beta function
as an applications of our main results given in Section 2.
I. Taking p=1 in (18) and using the following result [9]:

a,b ; a,c ;
CQFl x| —b 2F1 €T s (28)
b+1; c+1;

CUNC 1
355 €T :Tb
b+1,c+1; ¢

thus, after considering the result (7) we obtain the following integral formula:

v 1
/ B (0, b)dz= (1 Bu(ab) ~ Bula-th b)) (29)
0
1 3 )
Example 3.1. For r=3, a:bzi, k=2 in (29), we get
3 33 1
B[22 )de=————. 30
/OZ<22>Z48512 (30)
1 3 .
Example 3.2. For T=7, a:b:§, k=3 in (29), we get
g 33 27V3  13n
2
B.(2,2 )de=tYo o 20 1
/0 : <2 2) “T5120 4608 (51

Remark 3.1. For k=1 in (29), we get the well-known result [7]
/ B.(a,b)dz=xB;(a,b)— B (a+1,b). (32)
0

Remark 3.2. For z=1 in (29), we get

1
1
/ zk_lBZ(a,b)dz:%[B(a,b)—B(a—i—lab)]. (33)
0
Further, using (8) in (33), we get
! 1
/ zk’lBl,z(a,b)dz:E[B(a,b—i—k)]. (34)
0

1
IT. Taking a:b:§ in (29) and using the result (6), we get

VT 1 arcsin \/x
/ 2L arcsin ¢ dt:% zFarcsin \/5—/
0

sin? ¢ dt] . (35)
0

— 10 —
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1
Example 3.3. For r=7, k=2 in (85), we get

3
/ t3arcsin ¢ dt:@— 5—7T
0 256 384

1
Example 3.4. For T=7, k=3 in (35), we get
1
/2t5arcsin t dt:3—\/§—19—ﬂ.
) 192 2304

Remark 3.3. For x=1 in (35), we get the well-known result [5]

1
2k—1 . o (Qk—l)!!
/0 t arcsin t dt—@ [1_2’%! .

IIT Taking a=b, ¢=d in (24) and using classical Whipple theorem for 3F5(1) [2], we get

(a+c+3)B(a+c+1,3)
22(a+c) g ¢

/0 B.(a,a)B.(c,c)dz=B(c,c)B(a,a+1)—

3 1
Example 3.5. For a=y, =5 in (39), we get

1 2
[ o (E8)n (212
0 272 272 16 9

1
Example 3.6. For a:g, =3 in (39), we get
1 2
11 1
/BZ S5\p (L 23w o L
0 2°2 2°2 256 25

! (a+c+Y)Blatce+1,))
B.(a,a)B.—1(c,c)dz= . 2
/0 (a,a) 1(¢,0)dz 53(at) e

Remark 3.4. Note that

3 1
Example 3.7. For a=g, =3 in (42), we get

1
33 11 2
B2V (51 )do=z,
/0 (22) ! (22>Z 9

5 1
Example 3.8. For a=g, =3 in (42), we get

1
55 11 1
B.(2.2)B1 . =,5 Jde=on.
/0 (22) ! (22)2 25

IV Taking a=c, b=d in (24) and using classical Dixon theorem for 3F5(1) [2], we get

! 2 _B(avb) _B %
/0 [B.(a,b)]*dz= (ath) (b B(a,b) Blathill

— 11 —

(40)

(44)



Ahmed Ali Atash Certain Integral Formulas Involving Products of Two. ..

1
Example 3.9. For a:g, bzi in (45), we get

(o2 ez ”

1
, b:§ in (45), we get

! 51\, 3x2 2
B.(2,2 =2 4
/0 [ Z<2’2>} =181 (47)

V Taking a=c, b=d in (26) and using the extension of Dixon theorem for 4F5(1) [6], we get

Example 3.10. For a=

N | Ot

/lz[Bz(a,b)Fdz 1 Bla,b) ) ((b2+2ab+b)B(a,b)
0

(2a+1)B(a+3,b+3)
a+b)(a+b+1 3 2)' (48)

B(a+b+31,1)

3 1
Example 3.11. For a=g, bzi in (48), we get

1 2 2
31 3 2
B. (22| dz=L 2. 4
/0 Z[ (2 2)} T4 9 (49)
5 1.
Example 3.12. For a=3, bzi in (48), we get
1 2 2
51 397 1
B2 )| de=20 50
/0 Z[ (2 2)] “T2048 7 10 (50)
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Hekoropbie nHTEerpajabHble POPMYJITbI, BKJIIOYAOIIIE
IMpou3BeJeHNs ABYyX HENOJIHbIX OeTa-pyHKINi

Axmven A Aramn
Kadenpa maremaruku

dakynbrer obpaszoanus — [11abBa
Yuusepcurer IlladBa

[a6Ba, Memen

Awnnorarusi. [lebro nanHOM CTATHU SIBJISIETCS IOy YEHUE HEKOTOPBIX UHTErPaIbHBIX (DOPMYJI, BKIIFOYa-
FOINUX TTPOU3BEIEHNST ABYX HETOTHBIX OeTa-PYHKIUH B TEPMUHAX OOIINX TPONHBIX THIIEPreOMETPUIECKIX
psanoB u dyuknun Kammaé ge @épuera. Hekoropbie HOBbIe YacTHBIE HHTErPAJIbHBIE (DOPMYJIbI, BKJIIOYa-
FOIIMe HENOJIHYIO 6eTa~-(hyHKIINIO, TAKYXKe BBIYUC/ISIOTCS KaK MPUJIOXKEHNE HAIIIUX OCHOBHBIX PE3YJIbTaTOB
C TIOMOIIBIO TeopeM Ywuriiia, /luKcona n pacmmmpenus: TeopemMbl JIMKCcoHa O CyMMUPOBaHUMN.

Kuaro4yeBbie ciioBa: HemnoJiHas 6eTa-QyHKIMsI, HHTerpaabible ¢popmysibl, dyaknus Kammna ge Ove, 06-
Ui TPOMHON ruilepreoMeTpuvuecKuil psii.
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