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Abstract. In the present work we consider integrable functions defined on a boundary of a bounded
domain D in C", n > 1, and possessing a generalized Morera boundary property. We show that such
functions possess a holomorphic continuation into the domain D for some sufficient sets I' of complex
lines.
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Introduction

This article contains some results related to the holomorphic extension of functions integrable
on the boundary of a bounded domain into this domain. We consider functions that satisfy the
multidimensional Morera boundary condition. It consists in the equality to zero of the integrals
of a given function over the intersection of the boundary of the domain with complex lines.
E. Grinberg [1] studied functions with the Morera property in a ball (in fact, this result was
contained in the article by M. L. Agranovsky and R. E. Valsky [2]). I. Globevnik and E. L. Stout |3]
obtained Morera’s boundary theorem for an arbitrary bounded domain with a twice smooth
boundary. A local version of Morera’s theorem was considered by I. Globevnik [4], D. Govekar-
Leban [5]. In the work of S. G. Myslivets [6] she considered functions with the Morera property
along complex curves. In the works [7-11] and [12] there have been given some families of complex
lines sufficient for holomorphic continuation functions. The monographs [13] and [14] present
some results related to this problem.

This article considers integrable functions defined on the boundary of a bounded domain D
in C", n > 1, and possessing the generalized Morera boundary property.
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1. Basic notations and definitions

We consider the set of complex lines intersecting the germ of a smooth manifold of real
dimension (2n — 2). Let D C C™ (n > 1) be a bounded domain with a connected boundary of
class C! of the form

D={zeC": p(z) <0},
where p(z) is a smooth function of class C! being real in a neighbourhood of the set D such that
dplop # 0. We identify C" with R?" as follows: z = (z1,..., 2,), where z; = z; + iy;, zj, yj €
R, j=1,...,n.
We consider complex lines [, ; of the form

lz,b:{ge(cn:Cj:Zj+bjtaj:172a-"7n7te(c} (1)

passing through the point z € C" along the vector b = {by,..., b,} € CP"~! (the direction b is
defined up to a multiplication by a complex number A # 0 ).

Definition 1. An integrable function f on 0D (f € LP(0D), p > 1) satisfies the Morera prop-
erty along complex planes | of dimension k, (1 <k<n-—1), if

/ £ BO) =0

oDnNl

for each differential form [ of the type (k, k — 1) with constant coefficients.

The plane [ is assumed to intersect the boundary of the domain D transversally.
If I, is a complex line intersecting 0D transversally, then the Morera property along the
planes [, ;, becomes

/ fz+bt)dt = / fzi+ b1ty 2z +bpt)dt =0 (2)

DN, dDNL.

for a given parameterization ( = z + bt along a complex line [, .
For complex lines we consider a more general condition. Let m be a fixed nonnegative integer,
then the condition

£ + byt dt = / F(o1 4 it 2+ bod)E™dE = 0 ()

(9Dﬂlz1b aDﬁlz,b

we will call the generalized Morera property. For m = 0 the conditions (3) become the Morera
boundary condition (2) (see [3]).

Let T be the germ of a C'! manifold of real dimension (2n — 2). We assume that 0 € ' and
in some neighbourhood of the origin the manifold I' is of the form

['={¢eC": o(¢)+ip(¢) =0},

where ®,1) are C' smooth, real-valued functions in the neighbourhood of the point zero. Here
¢ =(C,---,Cn) and (G = & +iny, &,m; €R, j = 1,...,n. The smoothness condition of the

manifold I' is that
o 0® 09 0P

91" 06, I On,
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at each point ( € T'.
We consider complex lines of form (1) and recall the following lemmas.

Lemma 1. Let a vector b° = (bY,...,0%) € CP"~! be such that DNy # @. Then there exists
e > 0 such that for all z such that |z| < & and for all b such that ’b— b0’ < g, the following
intersections are non-empty: DN,y # @ and I'Ni,p # @.

Lemma 2. Let for some z and for all ¢, b such that I' N1,y # @ for ( € 0D N1, 4, the function
p defining the domain D satisfies the conditions

—b; #0, 4
g ocbi # (4)

then the curves 0D N1,y are smooth.

For instance, the assumptions of Lemma 2 are satisfied by domains in C" that are strongly
star-shaped with respect to a point z € D, strongly convex, and strongly linear convex.

Lemma 3. If f € LP(OD), (p > 1) then a function f € LP(ODNl,y) for almost all b € CP™~1.

Proof. Let f € LP(0D), (p > 1) and I, 5, be one-dimensional complex lines of the form (1) passing
through the point z. Consider an open set W C CP™! such that 0D N l.» be smooth curves
for b € W. We denote the open set by S = |J 9D N, ;. Then by Fubini’s theorem we have

beWw
Jur@raso = [aow) [ 1+ omp|ZE
5 w DNl

where do(¢), o(b) and dt are Lebesgue measures, respectively, on S, W and 9D N, ;, and
do(¢)
do(b)

integral converges for almost all b € W. And since

‘ be module of the Jacobian arising when passing to the iterated integral. The inner
0<c < ﬂ < ey < 00,
o (b)

the following estimates hold
P
do‘dtgq / |f] dt < o0

P P
o<a [ ifas< [ o0

DN, aDNI DN,

The lemma is proven. O

2. Main result

Theorem 1. Let a domain D C C™ satisfy conditions (4) for the points z lying in a neighbour-
hood of the manifold T' such that 0D NT = &. Let a function f € LP(OD), (p = 2) satisfy the
generalized Morera conditions (3), that is,

/ flz1+ b1ty .oy zn + bpt)t™"dt =0
aDNL
for each z € T, b € CP" ! and a fized nonnegative integer number m. Then the function f has

a holomorphic continuation into the domain D.
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Proof. We consider the Bochner—Martinelli kernel

(6,#) = oyt D (1) Sttt
k=1

As it is known, in coordinates b and ¢ (see [13]|, Lemma 3.2.1), the kernel U((, z) reads as:

UG =M T, )

where A(b) is a differential form of type (n—1, n— 1) in CP"~!, independent of ¢, while z ¢ dD.
We consider the integral

Mo f(2)

- / (€~ 2 FOUC. 2),

where o = (a1,...,,) is an arbitrary multi-index such that

lof| =1+ +a,=m+1
and

(= Z)a =(G - Zl)al (O zn)a”-
By the Fubini theorem and the form of the kernel (5) we obtain:

Maf(z) = / ba)\(b) f(Zl + b1t7 ey Zn T+ bnt)tmdt
cpn—1 oDNl;

By the conditions of Theorem 1 and Lemma 1, the identities

f(Zl +bit, ...,z + bnt)tmdt =0
DNy

hold for all sufficiently small z, nearby to 4%, and any b. Then

M, f(z) = / (€~ 2 QUG 2) =0 (6)
8D

for all z such that |z| < e.

We rewrite a function M, f(z) in another form. We consider differential forms Us(, 2):

(*1)5(”*2)! = j Zj_zj =0 .
Us(C( 2 = —F—7— —1) ———-—d(lj,
+ Y (c1p ST E s g1 | e,
j=s+1 |<_z|
Here

9 (5 0.(6,2) 823 <C1US(C,Z)) .

s — Rs
(n—1)! = _1j—lﬁd*. Qi =U
(2mi)" ;( ) C— 2P CIAdg (¢, 2)
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at (s # zs, s =1,...,n. Then condition (6) can be rewritten as
[ 103 (¢~ 2r'v.c.9) =0 7)
8D

for z such that |z| < ¢ and for all monomials (¢ — z)” with [|3]| = m.

We are going to show that the condition (7) holds for monomials (¢ — 2)” with ||y|| = m.
Indeed, we consider a monomial (¢ — 2)” with ||| = m — 1. Then the condition (7) holds for
the monomials of the form:

C—27 (G —2), k=1,...,n,

since the degree of these monomials is equal to m.
The identity holds:

Y ((C - Z)V(Ck - Zk)US(C7 z)) = (7k + 1)(( - Z)’YUS(Q Z)—
k _
(Ck — 2k) (G — k) (®)
_(n_l)(g_z)’y |C—Z|2 US(CVZ)
Summing up identities (8) over k, we obtain:
Zai ) (G — 26)Us(€, 2)) = (17l + 1) (€ = 2)"Us(C, ). (9)
k=1

Since the condition (7) can be differentiated in z as |z| < e, and the derivatives of expressions
(9) in z and ¢ differ only by the sign, it follows from (9) that the degree of the monomial in (7)
can be lessen by one. By successively decreasing this degree, we arrive at the following conditions

[ #@av.z) =0
oD,
for |z] <eand s=1,...,n, ie.
[ @-=r0uc-2=0 (10)
dD¢

for |z] <eand s=1,...,n.
Applying the Laplace operator with respect to z to the left side of the equality (10)
02 0?

= 9m0m T 0mmoe,

o [ sow

we obtain that

for |z] <eand s =1,...,n. Here we used the harmonicity of the kernel U((, z) and the identity

dg dg Oh
A(gh) = hAg + gAh + Z 7= azj Z 5, 07,

- 510 -



Bakhodir A.Shoimkulov, Baymurat J. Kutlimuratov Some Classes of Sets Sufficient. ..

Hence, the Bochner—Martinelli integral of the function f € LP(9D), namely,

M(z) = / HOUC 2)

is a function holomorphic in a neighbourhood of the origin.

If I' ¢ C"\D, then Mf(z) = 0 outside D since the boundary is connected and then the
function f is continued holomorphically in the domain D (see [13]).

IfI' C D, then the function M f is holomorphic in D and the boundary values of M f coincide
with f. m|

Corollary 1. Let a domain D satisfy the conditions of Theorem 1 and the function f €
LP(OD) (p > 2) satisfies the condition (2) for all z € T and b € CP"~1. Then the function
f can be holomorphically continued into D.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation (Agreement No. 075-02-2024-1429).

References

[1] E.A.Grinberg, A boundary analogue of Morera’s theorem in the unit ball of C", Proceedings
of the American Society, 102(1988), no, 1, 114-116.

[2] M.L.Agranovskii, R.E.Valskii, Maximality of invariant algebras of functions, Siberian Math-
ematical Journ, 12(1971), no. 1, 1-7.

[3] J.Globevnik, E.L.Stout, Boundary Morera theorems for holomorphic functions of several
complex variables, Duke Mathematical Journal, 64(1991), no. 3, 571-615.

[4] J.Globevnik, A boundary Morera theorem, Jounal of Geometric Analysis, 3(1993), no. 3,
269-277.

[5] D.Govekar-Leban, Local boundary Morera theorems, Mathematische Zeitschrift, 233(2000),
265-286. DOI: 10.1007,/PL00004796

[6] S.G.Myslivets, One boundary version of Morera’s theorem, Siberian Mathematical Journal,
42(2001), no. 5, 952-960. DOIL: 10.1023/A:1011923929133

[7] A.M.Kytmanov, S.G.Myslivets, On families of complex lines sufficient for holomorphic ex-
tension, Mathematical Notes, 83(2008), no. 4, 500-505. DOT: 10.1134/S0001434608030231

[8] A.M.Kytmanov, S.G.Myslivets, Some families of complex lines sufficient for holomorphic
extension of functions, Russian Mathematic (Iz. VUZ), 55(2011), no. 4, 60-66.
DOI: 10.3103/S1066369X11040074

[9] A.M.Kytmanov, S.G.Myslivets, On family of complex straight lines sufficient for existence of
holomorphic continuation of continuous functions on boundary of domain, Ufa Mathematical
Journal, 12(2020), no. 3, 45-50

[10] A.M.Kytmanov, S.G.Myslivets, On some sets sufficient for holomorphic continuation of func-
tions with generalized boundary Morera property, Udmurd University Journal, 33(2023),
no. 3, 483-496 (in Russian).

- 511 —



Bakhodir A. Shoimkulov, Baymurat J. Kutlimuratov Some Classes of Sets Sufficient . ..

[11] B.P.Otemuratov, On functions with one-dimensional holomorphic extension property Vest-
nik KrasGU, (2006), no. 9, 95-100.

[12] B.T.Kurbanov, Morera’s Boundary Theorem in Siegel Domain of the First Kind, J. Sib. Fed.
Univ. Math. Phys., 15(2022), no. 2, 253-260. DOI: 10.17516,/1997-1397-2022-15-2-255-262

[13] A.M.Kytmanov, S.G.Myslivets, Multidimensional Integral Representations, Problems of An-
alytic Continuation, Springer Verlag, Basel, Boston, 2015.

[14] K.Ghudayberganov, A.M.Kytmanov, B.A.Shaymkulov, Analysis in matrix domains,
Siberian Federal University, Institute of Mathematics and Fundamental Informatics, Kras-
noyarsk, SFU, 2017 (in Russian).

O HEKOTOPBIX KJIACCAX MHOXKECTB, JOCTATOYHBIX JIJIs
TrOJIOMOP(HOTO IIPOJIO/IXKEHUS NWHTEIPUPYEeMbIX (OYyHKITIIA

Baxonup A.IllonmkyJsioB
Hanmonaneublit yauBepcuteT Y36eKncTaHa
Tamxkent, Y30ekucran

Baiimypar 2K. KyTasimypaToB
Kapaxkasmakckuii rocynuBepcurer
Hyxyc, ¥Y36ekucran

AnHoTauus. B maHHOM craThe paccMaTpUBAIOTCA HWHTErpupyeMble (DYHKIMH, 3aJaHHble Ha TI'PAHUIIE
orpanndennoi obsactu D B C", n > 1, u obaamaronume 0o600IMEHHBIM I'PAHUYHBIM CBOMiCTBOM Mopepa.
Wccnenyercst BOIpoc 0 CyIIeCTBOBAHUYT TOJIOMOP(MHOTO MPOJOJIKEHUs TaKUX (DYHKIHH B 0bacts D 1tst
HEKOTOPBIX JOCTATOYHBIX MHOXKECTB F KOMIIJIEKCHBIX IIPAMBIX.

KuaroueBbie ciioBa: rosioMopdHOE TpOJOJIKEHNE, TpaHudHoe ycjaosue Mopepa, siipo Boxuepa-
Maprunenm.
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