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1. Introduction

Fixed point theorems play a crucial role in the examination of cyclic mappings as they es-
tablish conditions that ensure the existence and uniqueness of fixed points. These conditions
may vary depending on the specific class of cyclic mappings being considered. For example,
the Banach fixed point theorem guarantees the existence and uniqueness of a fixed point for
contraction mappings defined on a complete metric space. Conversely, the Brouwer fixed point
theorem guarantees the existence of at least one fixed point for continuous mappings defined on
a compact, convex set.

It is important to note that while a fixed point theorem may guarantee the existence of fixed
points for a given class of mappings, it does not necessarily provide a method for finding those
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fixed points. In practice, finding fixed points for specific mappings can be challenging or even
impossible.

The uniqueness of fixed points is also significant in certain problems, and fixed point theorems
that guarantee uniqueness become particularly useful in such cases. example that applies to
contraction mappings see for example [13—-20]

In 2003, Kirk et al. [13] introduced the concept of cyclical contractive mappings and extended
the Banach fixed point theorem to this class of cyclic mappings. They generalized the notion
of contractive mappings to cyclical contractive mappings and proved the existence of a a unique
fixed point for such mappings. This extension expanded the class of mappings for which the
existence and uniqueness of fixed points can be guaranteed, providing a new tool for studying
fixed points in various mathematical contexts.

Regarding the "interpolative Kannan- Meir-Keeler type contractive mapping" and its gener-
alization of Meir-Keeler’s fixed point theorem, it is interesting to observe that Erdal Karapinar
introduced this new type of mapping by incorporating the concept of interpolation into the
Kannan- Meir-Keeler framework. This approach likely allows for the generation of intermediate
points between known data points and expands the applicability of the original theorem.

The utilization of interpolation to generalize various forms of contractions is a common prac-
tice in mathematical research. By integrating interpolation techniques into contraction mappings,
researchers can extend the scope of existing theorems and provide a more flexible framework for
analyzing fixed points in metric spaces.

Furthermore, it appears that the interpolative method has been employed in other research
as well to generalize different types of contractions. This demonstrates the versatility and effec-
tiveness of the interpolation approach in expanding the theory of fixed points and providing new
insights into the existence and uniqueness of solutions.

For a more in-depth exploration of Karapinar’s work and the generalization of other forms
of contractions using the interpolative method, I recommend referring to the cited papers

[1-4,6-14,16] and exploring related research in the field. These sources should provide a com-
prehensive understanding of the interpolative Hardy-Rogers type contractive mapping and its
applications in fixed point theory.

Definition 1.1. Let (E,d) be a metric space and let X and Y be two nonempty subsets of E.
A mapping T : X UY — X UY is said to be a cyclic mapping provided that

T(X)CY, T(Y)CX. (1)

A point x € X UY is called a best proximity point if d (z,Tz) = d(X,Y) where d(X,Y) =
inf (d(z,y):x€ X,y€Y).
In 1969 A.Meir, E. Keeler [14] proved

Theorem 1.2. Let (E,d) be a complete metric space and T be a self-mapping of E is said to be
a Meir-Keeler contraction on E | if for every e > 0, there exists § > 0 such that

e<d(z,y)<e+d=d(Tz,Ty) <e (2)
for evrey x,y € E. Then T has a unique fixed point in E.

Recently Karapinar [1] proposed a new Kannan-Meir-Keeler contractive mapping using the
concept of interpolation and proved a fixed point theorem in metric space. This new type of
mapping, called "interpolative Kannan-Meir-Keeler type contractive mapping" is a generalization
of Meir-Keeler ’s fixed point theorem. The interpolative method has been used in other research
to generalize other forms of contractions as well [1-4,6-12] . This method is a powerful tool in
the study of fixed point theory, as it allows for the construction of new classes of contractive
mappings and the discovery of new fixed point theorems.
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2. Main results

The interpolation method has been used to generalize the definition of interpolation Meir-
Keeler contraction type cyclic contraction by incorporating the notion of interpolation. This
leads to a more general definition of a Meir-Keeler-type cyclic contraction that allows for the
construction of new classes of contractive mappings and the discovery of new fixed point theo-
rems. The idea is that, by incorporating interpolation, the definition of a Meir-Keeler-type cyclic
contraction can be expanded and new properties can be discovered.

Consequently, with the generalization of the definition of Meir-Keeler-type cyclic contraction
via interpolation, it becomes reasonable to anticipate the establishment of a fixed point theorem
for this newly introduced class of mappings.

Definition 2.1. Let (E,d) be a metric space and let X and Y be nonempty subsets of E. A
cyclic map T : X UY — X UY is said to be a interpolative Kannan- Meir-Keeler type cyclic
contraction on E, if there exists o € (0,1) such that

1. given € > 0, there exists § > 0 so that

€< [d(Tz,z)]* [d(Ty,y)]' " <6+e=d(Tz,Ty) <e (3)

2. d(Tz,Ty) < [d(Tz,2)]* - [d(Ty,y)] " (4)
for all (x,y) € X XY with x,y ¢ Fix (T)

The fixed point theorem for an interpolative Kannan- Meir-Keeler type cyclic contraction can
be stated as: In a complete metric space if a mapping satisfies certain conditions such as being
an interpolative Kannan- Meir-Keeler-type cyclic contraction, then it has a fixed point.

This theorem can be proved by using the properties of interpolative Kannan- Meir-Keeler-
type cyclic contraction mappings and the Banach fixed point theorem. By using interpolation,
we can construct a new class of contractive mappings with a unique fixed point.

Theorem 2.2. Let (E,d) be a complete metric space and let X and Y be nonempty subsets of
X andletT : XUY — X UY be interpolative Kannan- Meir-Keeler type cyclic contraction.
Then T has a fized point in X NY.

Proof. Suppose that = is an arbitrary point in X each positive integer n
From (7) it follows that which yields that

d(T" 22, T""'z) = (T (T"'2),T(T"2)) <
= <[d(T(T"a), T 2)]" - [d(T (T"x) , T )] ™ =
[d (T2, T 2) ] - [d (T e, T) ]

which yields that
d (T"JFQ:U,T"Hx)l_a <.[d (T”Hx,T”x)]l_a for all n > 0.
Then, the sequence {d (T" "'z, T"x) } is strictly nonincreasing and since d (T" "'z, T"z) > 0,
for n € NU{0} it follows that the sequence {d (T™ "z, T"z)} tends to a point r > 0. We claim
that r = 0. Indeed, if we suppose that » > 0, we can find N € N,, such that:

r<d(T"z,T"z) <r+4(r)
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for any n > N. Then, since r < d (T""z,T"z) < [d (T”“x,T"x)r - [d (T"x,T”’lx)]lfa
keeping in mind (3), it follows that d (T"“m, T"w) < r, for any n > N. This is a contradiction,
and that’s why we get r = 0.

In order to show that {T"x} is a Cauchy sequence, let € > 0, be fixed and we can consider
that & (¢) can be choose such that 6 (¢) < e. Since lim d (T2, T"z) = 0, we can find [ € N

n—r oo

such that d (T"“x,T”m) < %, for n > 1, and we claim that d (zp41,2,) < %7 for m > [, and
we claim that

d(T" "z, T"z) < e (5)

for any m € N. Of course, the above inequality holds for m = 1. Supposing that for some m, (5)
holds, we will prove it for m + 1. Indeed, using the triangle inequality, together with (7) we have

d(T™ e, Trhe) < d (T e, T ) +d (T2, TM2) =
= d(T(T"""2), T (T"z)) +d (T"z,T"z) <
< [d (Tt ) [d (Tre, T )]+ d (T e, T <
€ €
< 5 + 5 =€

Therefore, the sequence {T"x} is Cauchy. Since (E,d) is complete there exists z € E such
that Tz — z.

Hence {T"z} is a Cauchy sequence. Then, there exists a z € X UY such that 7"z — z.

Notice that {TQ":B} is a sequence in X and {T2"+1x} is a sequence in Y having the same
limit z. As X and Y are closed, we conclude z € X NY, that is, X NY is nonempty.

We claim that Tz = z. Observe that:

d(2,Tz) = lim d(TzT*"z) = lim d(TzTT"" 'z) <
< nl;néo [d(Tz,2)]" - [d (TQ”x,T2"713:)]1_a <
< lim [d(Tz,2)° - [d (T? e, T?"2)]
Taking n — oo in the inequality above, we derive that d(z;Tz) =0 that is Tz = z. O

Example 2.3. Let E = R? and X =Y = {&,&,83,&4), where & = (1,-1), & = (—1,0),
& = (2,-1), & = (2,0). Let d: B x B [0,00) be defined as d((,¢) =/ (w1,31)° + (w2 — yo)?

fOT any Cacl € E7 C = (ClaCQ) and CI = (Ci)(é)7 with <17g2a/1aCé € R Deﬁne the mappmg
T:E — FE as follows

T& =TE =T =63, T& =64, and TC=C for any ¢ € E\{&1,62,83,84) -

We choose o« = —.

Thus, we claim that T satisfies the conditions of Theorem.
Indeed, for e < 1, with § = /2 — ¢

e <1=1/d(&,T&)d (6, Té) = /d (&1,83)d (€4,83) < V2=e+0=

d(T&,TE) =d(§3,63) =0<e

and also

d(T€1,T&) < V/d(&1,83) d (4,3).
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For e > 1, choosing 6 = 1, we get

€ < Vd(€1,TE)d (69, TE) = /d(£1,63)d (€2,64) < VB < e+ 6=
d(T&,TE) =d(€3,864) =1<e

and
d(T&,T&) =1 <V3=1/d(61,6)d (&, &)
Similar,
€ <Vd (€4, T&)d (&2, TE) = V/d (€4,€3) d(§2,64) < VB < et 6=
d (T, TE) =d(&3,64) =1 < e
and

d(T&, Té) =1<V3=1/d(&,&)d (&, &)

T satisfies all the conditions of the above theorem. Hence T has fixed points in X NY. In fact
& =(2,—1) € XNY is the fired point. and all P € E\ {{1,82,&5,&4}.

Corollary 2.4. Let X andY be two non-empty closed subsets of a complete metric space (E,d).
LetTy : X =Y and To : Y — X be two functions. Assume that there exists o € (0,1) such that

1 given € > 0, there exists § > 0 so that
e < [d(Tyz,z)]* - [d(Toy,y)]' ™ = d(Tyz, Toy) < € (6)
2 d(Tvz, Toy) < [d(Tyz,)]* - [d(Tay,y)]~“ (7)

for all (z,y) € X xY with z,y ¢ Fiz (T;) i = 1,2. Then there exists a unique z € X NY such
that T1 (2) = Ta (2) = 2.

Proof. Let T: X UY — X UY defined by
T(x)=T(z) ifx e XTh(x) fzeY.

Then T be interpolative Kannan- Meir-Keeler type cyclic contraction on complete metric space
(E,d), we can now apply Theorem 2 to deduce that T has a fixed point z € X N'Y such that

Dedicated to my student Hafsa Said.
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O mUKJINYEeCKOM MHTEPHOJJIAIMOHHOM CXKATUW THUIMA
Kannana-Menpa-Kuniepa B MeTpuiecKnx nNpocTpaHCTBaX

Moxamen Dapayu

DakyJsibTeT eCTeCTBEHHBIX HayK ben M’cuk
Yuusepcurer Xacana 11

Kacabnanka, Mapokko

Coykanmna Cemamu

daxkynbrer ecrecTBeHHBIX HayK AitH Hok
Yuusepcurer Xacana 11

Kacabmanka, Mapokko

Amun Diabkydn

Bricmas mkona texnosnornit Y uuBepcurera 16u Todanaa
BP 240, Kenurpa, Mapokko

DakyIbTET €CTECTBEHHBIX HAYK

Yuusepcurer M6n Todania

BP 133, Kenurpa, Mapokko

Moxamena Aampu

DakyabTeT ecTeCTBEHHBIX HayK ben M’cuk

Yuusepcurer Xacana 11

Kacabnanka, Mapokko

Awnnoranusi. B manHOi cTaThe mpecTaBIeHa Mes NHTEPIIOSIIINOHHBIX COKPAIIEHI B KATETOPUH ITHK-
audeckux cokparennii Tuna Kannana-Mewnpa-Kuiepa. Kpome Toro, Mbr obecriednBaeM JeMOHCTPAIIAIO,
YCTAHABJIMBAIOILYIO CYIIIECTBOBAHNE HEIOJBUKHOM TOYKM B ITOJTHOM METPUYECKOM IIPOCTPAHCTBE.

KuaroueBrbie ciioBa: MHTEPIIOJSINS, MUKINIECKOE CKATUE, HEMOIBUXKHASI TOYKA, METPUIECKOE IIPO-

crpancTBo, Kannan-Menp-Kuiep.
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