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Abstract. Variations of the van der Corput lemmas that involve Mittag-Leffler functions are studied
in this paper. The extension involves replacing the exponential function with a Mittag—Lefller-type
function. It allows one to analyze oscillatory integrals encountered in the study of time-fractional partial
differential equations. Several generalizations of both the first and second van der Corput lemmas are
established. Optimal estimates for decay orders in specific cases of Mittag—Leffler functions are also
derived.
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1. Introduction and preliminaries

The Mittag—Leffler function FE,(z) is named after the Swedish mathematician Gosta Magnus
Mittag—Leffler (1846-1927) who defined it by the power series

k

> z
EQ(Z)—I;)m, CKE(C7 Re(a)>07

and studied its properties in 1902-1905 [13-16] in connection with his summation method for
divergent series. It was also studied independently by Humbert and Agarval [1,6,7] and by
Dzherbashyan [2-4] (see also [5] and the references therein).

In this paper, a special case of the generalized Mittag—Lefler function is considered. It is
defined as

Obviously,

Let us consider the following integral with phase ¢ and amplitude ¥

b
Lo s(\) = / Bo s (iA6 (2)) (), 2)
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where 0 < a <1, 8>0and A > 0.

If « = 8 = 1 in integral (2) then integral I; ; is called classical oscillatory integral. In harmonic
analysis, the most important estimate for oscillatory integrals is van der Corput lemma [18,19,28].
Estimates for oscillatory integrals with polynomial phase can be bound [8-12] and also [22-27]. In
this paper exponential function is replaced with the Mittag—Leffler type function and oscillatory
type integrals (2) are studied. Analogues of the van der Corput lemmas involving Mittag—Leffler
functions for one dimensional integrals were considered [20] and [21]. Result of [20] is extended
for the case where amplitude is more general.

The main results of the paper are the following

Theorem 1. Let —o00 < a < b < +oo. Let ¢ : [a,b] = R be a measurable function and let
Y€ LPlab], p>1. If 0 <a <1, B>0and m = ess infyeup)|p(x)| > 0 then there is

estimate
Clel gy

I (V)] <
sl € 2k

where C' does not depend on ¢, ¥ and XA > 0.

: 3)

Theorem 2. Let —o0 € a < b < 400 and 0 < a < 1, B > 0. Let ¢ € L*®[a,b] be a
real-valued differentiable monotonic function on [a,b] with m = inf,c(y 41 [¢" ()] > 0, and let
e LP[a,b], 1 < p<oo. Assume that ¢ has finitely many zeros {c;} C [a, b]then

(i): If 1 < p < oo then we have

C Hw”LP a,b
LapM] < =20, 3> 0 (4)
(14+mA)
(ii): If p = oo then we have
Clivll poga,
Lo s W] €~ 108(2 4+ Al oga ) - A >0, (5)

here C' does not depend on A and C, depends only on p.

Theorem 3. Let —co < a<b< 4+ocoand 0 < a <1, >0, p>1. Let ¢ is a real valued
function such that ® € C*[a,b] and let ¢ € LP [a,b], 1 < p < co. If ¢ has finitely many zeros on
[a,b] and |¢™*) (z)| = 1, k > 2 for all x € [a,b]then

(i): If1<p<oo then

C
0. (1A (1)) ¥ (2)de —ﬂﬂ@@i, A0, (6)
(1+A)*
(ii): If p = oo, then
I Celltll ooy
/aEOAﬂ (iAg () ¥ () da \(—&—Tl (2+)\||¢||Lp[a7b]>, (7)

here Cy does not depend on A > 0.

2. Proof of main results

In this section, some auxiliary statements are briefly reviewed for the sake of the rest of the
paper and results are proved.
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Proposition 1. ([17]) If 0 < a < 2, B is an arbitrary real number, p is such that Ta/2 < p <
min{r, ra}then there is C > 0 such that

|Ea,p (2)] < z€C, p < larg(z)| <. (8)

1+ 2|’
Proposition 2. ([1]) Let o, 8 > 0 and ¢ : [a,b] — C. Then for all A € C

Eop (iA¢ (2)) = Bza,5 (—A*¢” (2)) + A6 (2) Baa,pra (—A707 (2)) . (9)

Proof of Theorem 1. For small A integral (2) is just bounded. Let us consider the case A > 1
Let ¢: [a,b] — R be a measurable function and let ¢ € LP[a,b]. Then

b b

apW] = | [ Bas 36(@) v(a)ds| < [ |Basp@é@)l p@ldz (10
Using formula (9) and estimate (8) we have that
|Eap (i (2))] < |Baa,s (=A?¢% (2))| + X6 ()] | B2a,p1a (A6 (2))] <
c CAlo (2)]
ST @ T 1128 () S (11)
1+ Ao (2)]
Cl + A2¢2 (z)°

Using inequality (11) in integral (10), we obtain
b
s < [ 1Bas (00 )] @) de <

P14 Ao (o))
<C/a mW(@WﬁEg

b 14 Al () 12)
<2c/a m|¢(x)|dm<
C/ 1+A|¢ e

Then using the Holder inequality and m = ess infxe[a,b] |¢ (z)| for the last integral, we establish

v g T Oy
|Ia75(/\)|<0</a |¢($)|pd$> </a (1—|—A|¢(I))q> < 1+m}\ )

1 1
where — + — =1 and p, ¢ € [1, o0]. The proof is complete. O
rp q

Proof of Theorem 2. Since I, g(\) is bounded for small A it is assumed that A > 1. Without loss
1 1

of generality, suppose that function ¢ has one zero at ¢ € [a,b]. Let ¢ be such that — + — = 1.
P q

Let us assume that p # oo so that ¢ > 1. Then using the Holder inequality in integral (12), we

obtain 1 G
b b/ b “
za,ﬁu)@(/ |w<w>l”dm> (/ <1+Ad|¢<>|>> '
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Here and in what follows it is assumed that M is an arbitrary constant independent of A\. Without
loss of generality one can assume that ¢ increases.

If a = —oo then LP[a,b] is understanded as LP(—o0,b]. If b = +oo then LP[a,b] is under-
standed as LP[a,00). Similarly, if @ = —oo and b = 400 then LP|[a, b] is understanded as LP(R).
Since ¢ € L%[a, b] is differentiable function with m = inf (44 [¢’ (2)| > 0 we replace ¢(z) by y

and obtain
b q
dzr

IapWI < CliYll Lo / T re@n) S

a8 < CllYll ,bJ< . (1+A|¢(x)|)q>

#(b) 1 dy :
< C ¢ Pla / g

41, [ ,b]( $(a) (1+ Xy ¢’ (¢1(y))>

1
< CllYll oo,y /¢(b) dy !
h ma o) (LFXyD* )~

Since ¢ increases one can define ¢(a) and ¢(b) as the limit at a and b if a = —o0 or b = +o0.
Since ¢ € L%[a,b], ¢ > 1 we have —00 < ¢ (a) < ¢ (b) < +oo.
Replacing Ay by u in the above inequality, we obtain

s (V)] < |W||Lp[a b] /Mb) dy _
’ ma o) (L XyD?
Ol /ww W\
(m)'/ o) (14 [ul)?
~ Clldllray /0 du . /’\‘W’) du B
(mA)l/q No(a) (1 —u)? 0 (1+u)”

1
~ Clllppay (1 . 1 B 1 "
(T+m) I\ a=1 [T (A (=0@)™ A+AO)T])
C. »
< Gl oy
(1+mA)'/e
where C}; is some coeflicient that depends only on ¢ and hence only on p.
Let us consider now the case ¢ = 1. Notice that coefficient C; — 400 as ¢ — 1. Therefore

one cannot directly obtain the required estimate from the estimate for ¢ > 1. As ¢ = 1, we have
p=oc and ¢ € L. In view of (12), first we estimate the integral as

b
1 (2)]
'I"“ﬁ(”'gc/a T3 Ap @) SO 5 (e '/ 1+A|¢

b
dx
<CWlimn | T30

Since ¢ € L*[a, b] is differentiable function with m = inf ¢4 4 [¢' ()| > 0 we replace ¢(x)
by y and obtain

Q=

Q=

|I ()\)| < C”w” /¢(b) 1 dy C||¢||L°°[a,b] /¢(b) dy
o, X Le°la,b] #(a) 1+ A ‘y| & ((b_l (y)) < - o T |y|
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Replacing Ay by v in the above inequality, we obtain

Clvll ooy [P du
g ()] € el [F70_GL
m ro(a) 1 Ul
Ol o 0 A (b)
_ 191l oo [a,4) / du +/ du <
m)\ >\¢(a) I*U 0 ].+’U,
CllYll ooja
< ——=log(1 — log(1 <
I log(1 4 M(~6 (a)) + log(1+ A6 () ]

CllYll Lo pa,p)
< wlog@ + )‘H¢||L°°[a,b]) :

In the case when ¢ has several zeros in [a, b] estimates (4) and (5) can be obtained using the
given above calculations. The proof is complete. O

Proof of Theorem 3. For small X there is bounded estimate for the integral I, g (A). Let A > 1
and k = 2. Let ¢ € [a,b] be a point where |¢'(c)| < |¢'(x)| for all z € [a,b]. As ¢"(x) is
non-vanishing, it cannot be the case that ¢ is the interior local minimum/maximum of ¢'(x).
Therefore, either ¢’ (¢) = 0 or ¢ is one of the endpoints a or b. One can assume that ¢” > 1

Let ¢’ (¢) = 0. If z € [c+ &, b] then

o @)= @ -0 = [ Sasza-c>e

There is similar estimate for = € [a, . Now, one can write

/aonz,ﬁ(i)\d)( 2o = (/ / /ﬁ ) w5 (06 (2)) ¥ (&) d

forp#oco, A>1

1
First, applying the results of Theorem 2 with m = ¢ and estimate — >
eXx” 1+l

one can obtain

Collll,
25 (76 (2)) () ' Rl )
(X!
and , .
Fa,3 (1A (2)) ¥()dz| < i"w”“[“ :
cte (5)\)
As
a,B (Z)‘¢ (1‘)) ¢($)d$ < 25”1#”[,@[(1’1,]
e ]
20|19 Lo asy
s (PO @) Y@ < = T+ 26y
Taking € = L, we obtain estimate

VA

20 ||¢|\Lpab] N 2||¢|\Lp[a,b ¢ ||¢||Lpab]

0,8 (I T
8 (iA¢ () Y(x)dx i )3 (+)\) —3
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This gives inequality (6) for k = 2. The case ¢ = a or ¢ = b can be proved similarly.

Let k > 3 and A > 1. Let us prove estimate (6) by induction method with respect to k. Let
us assume that (6) is true for k& > 3. Assuming ¢(*+1) (z) > 1 for all 2 € [a, b], we prove estimate
(6) for k+ 1. Let ¢ € [a,b] be a unique point where |¢(k) ()] < |p*) (z) | for all z € [a,b]. If
#*) (¢) = 0 then we obtain ¢*) (z) > € on interval [a,b] outside (¢ — &, ¢ + ¢). Now, we obtain
b

fEa,B (ixg (2)) Y(x)dx as

/ Fop (i (2 </ / /+€ ) 23 (06 (2)) ¥ (&) da.

By inductive hypothesis

C
wp (IA0 <x>>w<x>dx‘ < M <
(14 eX)F ok

G ||¢||Lp )
(N

and
b

C
Eap (X (2)) (z)de| < M
(1+4eX)s 7%

N

cte

O ||’(/J||LP a b
S et

a8 (1A (2)) Y(x)dx| < 2]|¢]| Loq )

then
26 o

: 2 .
(EA)%il%" + 5||1/)||Lp[a,b]

b
[ s 000 @) vl <

Taking ¢ = )\7#1, we obtain estimate (6) for k + 1. This proves the result. The cases when
c=a or ¢ = b can be proved similarly.
Second, by induction method for case p = 0o, one can obtain estimate (7). O

3. Decay estimates for the time-fractional PDE
Let us consider the time-fractional Schrédinger-type equation
Dgy u (t,z) — )\Dg+7tumz (t,z) + gy (¢, @) — iy, (b,2) =0, t >0, z€R (13)

with Cauchy data
u(0,z)=v(z), R (14)
1 t _
where A, w>0 and D8‘+ LU (t7x) = ﬁ/ (t — S) aus(s,x)ds is the Caputo fractional
; —a) /,
derivative of order 0 < o < 1.
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Using the direct and inverse Fourier and Laplace transforms, one can obtain a solution of

problem (13)—(14) in the form

) 24 o) ~
o) = [ enen, <zf e )w@)da (15)

where 12(5) = 1 / e~y (y)dy. Suppose that 1) € L'(R) and f@ € LY(R). As
R

™

P S 1
Biae —mnmyy 70

and using Theorem 1, the following dispersive estimate is obtained

[t M poo )y < C(L+) >0, p>1.

d

ot
Lr(R)
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Ocrunnupyore NHTerpaJabl A QyHKINI
MutTar-JIledbdiepa

Ax6ap P. Cacdapos
Yayroek A. Noparumon

V36exkcko-PuHCKUIT [T€JarOTUIECKAN HHCTUTYT
Camapkans, Y3bekucran

Awnnorauusi. B nanHoi crarbe usydarorcst anasoru jiemm Ban nep Kopmyra, cBsizaHHBIE ¢ DYHKITUSIMU
Murrtar—J/leddiepa. O60b1I€HIE COCTOUT B TOM, YTO MBI 3aMEHSIEM MOKA3aTEJbHYI0 (DYHKITHIO PYHK-
nueit Tunia Murrar—J/ledpdiiepa i n3ydeHnst HHTErPaIOB OCIUJIIMPYIOIIErO TUIIA, [TOSBJIAIONIUXCS IPU
aHaJim3e JPOOHBIX MO0 BPEMEHU yPABHEHUI B YaCTHBIX MPOU3BOJIHBIX. /lOKazaHbl HEKOTOPBIE 06OOIIEHNUST
mepBoit u Bropoii temMm Ban nep Kopnyra. [losmygensr Takke onTHMaIbHBIE OIIEHKH TTOPSI/IKOB yOBIBAHUS
JUTsT 9acTHBIX ciaydaeB dyHknuit Murrar—Jleddepa.

Kuarouessbie cioBa: ¢yuknuun Murrar—/leddiepa, dazosast QyHKIMs, aMILIUTY/IA.
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