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Abstract. We describe the strong dual space (O°(D))* for the space O°(D) = H°(D) N O(D) of holo-
morphic functions from the Sobolev space H*(D), s € Z, over a bounded simply connected plane domain

D with infinitely differential boundary 0D. We identify the dual space with the space of holomorhic
functions on C™\ D that belong to H'~*(G \ D) for any bounded domain G, containing the compact D,
and vanish at the infinity. As a corollary, we obtain a description of the strong dual space (Or(D))* for
the space Op(D) of holomorphic functions of finite order of growth in D (here, Op(D) is endowed with
the inductive limit topology with respect to the family of spaces O°(D), s € Z). In this way we extend
the classical Grothendieck—Kothe—Sebastiao e Silva duality for the space of holomorphic functions.
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One of the first dualities in the spaces of holomprphic functions was discovered in 1950-’s
independently by A.Grothendieck [1], G Kothe [2] and J. Sebastiao e Silva [3], who described the
strong dual (O(D))* for the space of holomorphic functions O(D) (endowed with the standard
Frechét topology) in a bounded simply connected domain D C C:

(O(D))" = 0(C\ D), (1)

where O(C \ D) is the space of holomorphic functions on neighborhoods of the closed set C\ D,
vanishing at the infinity, endowed with the standard inductive limit topology of holomorphic
functions on closed sets. One of the most general results, describing the duality for the spaces of
solutions to elliptic differential operators with the topology of uniform convergence on compact
sets, belong to A. Grothendieck, see [4, Theorems 3 and 4]; it is similar in a way to (1). Another
general scheme of producing dualities for (both determined and overdetermined) elliptic systems
was presented in [5]. It involves the concept of Hilbert space with reproducing kernel and
the constructed pairings are closely related to the inner products of the used Hilbert spaces.
However it works easily for formally self-adjoint strongly elliptic operators, while in general case
the application of the scheme depends on the very subtle information regarding the properties
of the reproducing kernel that is not always at hands. Actually, similar results (with the use of
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classical Bergmann reproducing kernel and pairing induced by the inner product of the Lebesgue
space L?(D)) was obtained by E.Straube [6, Sec. 3] for harmonic and holomorphic functions
of finite order of growth of many complex variables. Paper [5] contains also description of a
Grothendick type duality for spaces of solutions of finite order of growth to strongly elliptic
systems.

In the present short note we describe a Grothendick type duality for the spaces O*(D) of
holomorphic Sobolev functions and O (D) of holomorphic functions of finite order of growth
over a bounded simply connected plane domain D with infinitely differential boundary 0D with
the use the pairing induced by the inner product of the Lebesgue space L?(9D).

1. Duality for the space of Sobolev holomorphic functions

Let L?(D) be the Lebesgue space and H*(D), s € N, be the Sobolev space of functions over
plane domain D, endowed with the standard inner products. As it is known the scale extends
to all values s > 0, as the Sobolev-Slobodetskii scale. We denote by H~*(D), s > 0, the strong
dual for the space H§(D) (i.e. for the closure of smooth functions with compact support in D
in H§(D)); the related pairing between elements of H~*(D) and H*(D) is induced by the inner
product in the Lebesgue space L?(D). Denote by h(D) the space of harmonic functions in D,
set h*(s) = H*(D) N h(D) and, similarly, O%(s) = H*(D) N O(D), s € Z, where O(D) the space
of holomorhic functions in D. By the standard a priori estimates for harmonic functions, h*(s)
and O%(s) are closed subspaces of H*(D), s € Z, see, for instance, [6, p. 568]. We note that
a holomorphic function is harmonic and then O%(D) is a closed subspace in h*(D). According
to [6, Corollary 1.7], any element u € h*(D) has a weak boundary value ujgp on 9D belonging to
H*=1/2(0D), s € Z. Of course, u)pp coincides with the usual trace of u on 9D if s € N. It tollows
immediately from [6, Corollary 1.7] that for each u € h*(D) the functional ||wgp||g-1/2(5p)
defines a norm on h®(D) that is equivalent to the standard one. As O%(D) C h*(D), we prefer
to endow O°(D) with the norm |[ujgp || ge-1/2(5p)-

In any case, O%(s), s € Z, is a Hilbert space (because || - || :-1/2(9p) posesses parallelogram
property) and we immediately have the standard Riesz duality with the pairing related to the
corresponding inner product:

(O*(D))" = 0*(D). (2)

However we want to produce a Grothendieck type duality for O*(D). With this purpose, denote
by OS(C \ D), s € Z, the space of holomorphic functions in C\ D vanishing at the infinity
that belong to H*(G \ D) for any bounded domain G, containing the compact D. By the
discussion above, any element v € C’)S(@ \ D) has a weak boundary value vjpp on 0D belonging
to H*~/2(9D). Then, taking into the account the connection between the interior and exterior
Dirichlet problems for the Laplace operator, for each v € ©%(C \ D) functional lviopla-1/2(0)
defines a norm on @*(C \ D) and, by the discussion above, ©%(C \ D) is Hilbert space.

Theorem 1.1. Let D be a bounded simply connected domain with C'°°-smooth boundary. Then
for each s € Z we have an isomorphism of Banach spaces:

(0*(D))" = 0'*(C\ D). (3)

Proof. We begin with the description of the related pairing. First, we note that since 0D is a
compact, then H* (0D) = H§ (0D) for each s’ € R. Hence there is a natural duality

H~*(0D) = H* (dD), s' € R, (4)
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with the pairing , ,
<'a '>8D,s’ - (aD) x H*® <6D) - (C’

induced by the inner product in L?(dD). In particular,
[(w, v)op.s'| < llull gor @y llvll g+ apy for all ve H=*(9D), u € H* (OD). ()

For the sake of notations we drop the index s’ in the pairing.
Thus, for each s € Z we obtain a natural pairing

(ujap,vjop)ap : O°(D) x O'=*(C\ D) - C, (6)
inducing a continuous (conjugate-) linear mapping

O'=*(C\ D) 3 v — f, € (O°(D))*, folu)= {(wjop>vjoD)0D- (7)

As (4) is an isomorphism of normed spaces, we see that

I follcos (D)) = llvjopll mre-1/2(8D)-

Now we note that the integral Cauchy formula may be extended to the elements of the space
O*(D) with the use of the notion of the weak boundary values. Namely, for a distribution
ug € H*~Y/2(dD) denote by Kuy its integral Cauchy transform:

1

(Kuo)(2) = 5—{(- = 2) "', Wo)on, = ¢ ID,

where ¢ is the imaginary unit. Of course, Kug(z) is just the Cauchy integral for ug if s € N.
Then for any v € O°(D) we have

0, 2¢ D,

u(z) =z € D; ®)

(Kwop)(z) = {

see, for instance, [7,8] even for the Martinelli-Bochner integral in C™. Similarly, taking into
the account the behaviour at the infinity and the orientation of the curve 0D, for elements
v e O5(C\ D) we have

0, ze D,

v(z) z¢&D. ©

—(Kvjap)(z) = {

It follows from (9) that if f,(u) = 0 for all u € O%(D) then, as the kernel (¢ —z)~" is holomorphic
in D with respect to ¢ for all z € D, we conclude that

0={((-—2)""vop)op = 21 (Kvjgp)(z) = 2mev(z) for all z & D,
i.e. mapping (7) is injective.
To finish the proof we have to show that mapping (7) is surjective. As we noted above,
the space O%(D) can be treated as a closed subset of the Hilbert space H*~'/2(8D). Then, by

Hahn—Banach theorem and Riesz theorem on functionals on Hilbert spaces, for any functional
f € (0%(D))* there is a function vy = vo(f) € H'/27*(dD) such that

f(u) = (ujpp,vo)ap for all u € O*(D).

Next, denote by (Kwvg)~ the restriction of the integral Cauchy transform to D and (Kwo)™ its
restriction to C\ D. Then theorems on the boundedness of potentials, see [9, Sec. 2.3.2.5], and
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the structure of the Cauchy kernel yield (Kvo)~ € O'~*(D), (Kuvo)* € O'=%(C\ D). Now, by
the weak jump theorem of the Cauchy transform, see [8], we have in the sense of weak boundary
values:

(Kvp) (Kwo),, = vo on dD.

oD ~ |oD
Clearly, by the definition of the weak boundary values and the classical Cauchy theorem, we have
(ujop, (Kvo)lgD>aD =0 for all u e O°(D).

Therefore
f(u) = ~(wop, (Kvo) 5 p)ap for all u € O*(D),

and then mapping (7) is surjective (Le. v = v(f) = —(Kvo)* € O'=%(C\ D)). O

2. Holomorphic functions of finite order of growth

One says that a function u € h(D) has a finite order of growth near 9D, if for each point
zp € 0D there are positive numbers «y, C and R such that

[u(z)| < Clz — 20|77 for all z € D, |z — 29| < R.
The space of such functions we denote by hp(D). E. Straube [6] proved that
hp(D) = Usez h*(D)

and hence we may endow the space with the inductive limit topology with respect to the family
{h*(D)}sez of Banach spaces, see, for instance, [10, Sec. 6]. Again, as O(D) C h(D), we obtain

Or(D) = Usez O°(D); (10)

we endow this space of holomorphic functions of finite order of growth near 9D with the same
topology as hp(D). According to [10, Ch. 4, Exercise 24¢|, Op(D) is a DF-space and then
its dual is expected to be a Fréchet space, see [10, Ch. 4, Exercise 24a]. Thus, we denote by
O(C \ D) the space of holomorphic functions in C\ D vanishing at the infinity. By the Sobolev
Embedding Theorem,

O(C\D)NC>(C\ D) = NyezO*(C\ D). (11)

We endow the space with the projective limit topology with respect to the family {O%(C\D)}sez
of the Banach spaces, see [6, Ch. I, Sec. 5]. Thus, O(C \ D) is a Fréchet space, see [6, Ch. II,
Sec. 6, Corollary 1].

Theorem 2.1. Let D be a bounded simply connected domain with C'°°-smooth boundary. Then
we have a topological isomorphism:

(Op(D))* = O(C\D)NC>®(C\ D). (12)

Proof. It follows almost immediately from Theorem 2.1. Indeed, as vjgp € C*°(9D) for each
O(C\ D) N C>=(C\ D), formulae (10) and (11) imply that (6) defines a sesquilinear pairing

(wap, viop)op : Op(D) x O(C\D)NC¥(C\ D) - C. (13)
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Again, taking into the account the topologies of the space and inequality (5), we may define
continuous mapping

O(C\D)NC=(C\ D) 3v— f, € (Op(D))*, fo(u) = (ujop,vjap)oD- (14)

Its injectivity and surjectivity follow by the same arguments as in the proof of Theorem 2.1.
Finally, the continuity of the inverse mapping follows from the Closed Graph Theotem for Fréchet-
spaces, see [10, Ch. 3, Theorem 2.3|. O

Similarly, we obtain the following statement.

Theorem 2.2. Let D be a bounded simply connected domain with C°°-smooth boundary. Then
we have a topological isomorphism:

(O(D)NC=(D))* = Op(C\ D). (15)
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O OBOIICTBEHHOCTHU MAJIsI IIPOCTPAHCTB IoJIOMOPMHBIX
bYHKIMIT KOHEYTHOI'O IIOPSIIKA POCTAa

Apkanauii B. JIeBckmii
Anekcanap A.IIlnanyHoB

Cubupckuii deilepalibHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickass @eneparys

AnpoTauus. Mbl onmceiBaeM CuiIbHOE conpsizkeHHOe mnpoctpanctso (O°(D))* aist mpocTpancTBa
O*(D) = H?(D) N O(D) ronomopdubix dyukuuit u3 npocrpaucrsa Cobosesa H®(D), s € Z, Han
OrpaHWYEHHON OJTHOCBSI3HON TIJIOCKO# 00/1acThio D ¢ GeCKOHEUHOM IaaKoil rpanuteit 0D. Mbr ngenTH-
uImEpyeM ConpsizKeHHOe IPOCTPAHCTBO KAK IIPOCTPAHCTBO TooMOpbHbIX dyHkmuil Ha C™ \ D, koTopbie
upunamreskar H' (G \ D) mns moboit orpanmdennoit obtactu G, comepyKaieil KOMIAKT D, i DABHBI
Hys10 B 6eckoHewHocTu. Kak ciie/icTBre, MBI IOJIydaeM ONHMCAHHME CHJIBHOI'O COIPSI2KEHHOI'O IIPOCTPAaH-
crBa s npocrpanctsa Or (D) ronomopdubrx dyHKIM KoHedHOro nopsjaka pocra B D (3mecs, Or (D)
CHAGKEHO TOIIOJIOIHEl NHIYKTUBHOIO [IPEJIesIa OTHOCUTENIBHO ceMelicTa npocrpancTs OF (D) rosomopd-
HBIX cobosieBckux dyHKnuit, s € 7). Takum 06pasom, MbI 0600MAEM KJIACCHIECKYIO JBOHCTBEHHOCTD
I'porenmuka—Kére—Cebacruana u CuibBbl 11 roJIoMOPQHBIX BDYHKIUIA.

KirogyeBblie ciioBa: TEeoOpeEMBbI O ,ZIBOP‘ICTBGHHOCTI/I, I‘O.HOMOpCbeIe (byHKHI/II/I KOHEYIHOI'O IIOpAJIKa POoCTa.
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