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1. Introduction and preliminaries

The classical Hardy inequality (See [2]) has been proved for f(z) >0, p > 1

[T e G e w

Fa) = [ s 2)

where

P
The constant (%) is sharp (the best possible).

This inequality have many applications in the theory of differential equations (Ordinary
and Partial) and led to many interesting questions and connections between different areas of
mathematical analysis.

The following inequalities were proved in [4].

Let f>0,9>0.

x . .
1. If —— is a non-increasing function, p > 1 and 0 < a < 1, then

g(x)
/0 <§((af))) WS - 1)(11 — a1 /0 <tgf((tt))> dt. (3)
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x
2. If —— is a non-decreasing function, 0 < p < 1 and a > 0, then

9(x)
/ooo (I;((ff))ydx g a(l — p)(ll + a1 /OOO (Z((tt)))p dt. (4)

4. If p > 1, h > 0, h convex and non-decreasing function, then

[ () ar< (525) [T vwra o

The Hardy inequalities for quasi-monotone functions are discussed for example in [1] and [3].

The objective of this work is to generalize the inequalities (3)—(5) and (6) for weighted Hardy
operator and its dual with quasi-monotone functions. Moreover, other integral inequalities were
obtained for quasi-monotone functions.

Throughtout this paper, we will assume that functions are non-negative integrable and the
integrals are supposed to exist and are finite.

3. If p > 2, then

2. Main results

Consider the weighted Hardy operator and its dual

/fw B, Fi(e / fult)

where f,,(t) = f(t)w(t) and g > 0, f > 0 are Lebesgue measurable functions on (0, c0). Let w and

v > 0 be weight functions on (0,00), V(z) = [v(t)dt, V*(z) = [v(t)dt, and Gy (z) = g(z)V (z),
0 x
Gy-(x) = g(x)V* ().
The following definition was introduced in [1].

Definition 1. We say that a non-negative function f is quasi-monotone on )0, 00], if for some
real number «, x®f(x) is a decreasing or an increasing function of x. More precisely, given
B € R, we say that f € Qp if x~Pf(x) is non-increasing and f € Q° if z=Pf(x) is non-
decreasing.

1
6Qﬂ,0<a<land6<a(p ), then

( ) P

[ (ew) =< womvma—am | (Gn) @ @

€ Qp and V(z) is non-decreasing, then

Theorem 1. Letp>1, f >0, g >0,

Proof. Since 51]:(‘2 ¥ m
Let K = f(GV( )> dx, then

K = /OOO G () (/OI fw(t)dt>pd:c =
- [T ( I t“l—i)fw(t)t—aﬂ—é)dt)p .
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P
€ (Y3, implies that ( e ac( )> € (3. By Holder’s inequality and Fubini’s theorem, we
v\L

/ G,P (/ t“(P—l)fg(t)dt> (/;t‘%t)p_ld:r:

s [ Gy [T e =

_r
Gy ()
get

(1 - a) 0 0
1 o0 o0
- / 101 g (1) / 20D GP (1) dedt <
- 0 t

S W/o =1 ¢p (1) (é:(i)p/too LPB—a(p=1)=1 g, 00 _
1 ” P
= (a(p—1) —pB) (1 —a)r—1 /o (ng) dt.

Remark 1. If in (7), we set w(z) =1, V(z) =1 and 8 = 0, we get the inequality (3).

Now we consider the converse inequality of (2.1).

1_
Theorem 2. Let0<p<1, f>0,9g>0, g()EQ a>0,,8<a(p> and B € R, then

p
[ Fy(x) >p 1 °° <tfw(t) >p
[ G%) “> wmmmmara ), (Gew) © ¥
in 2z B an * is non-increasin, n a: ’ B,
Proof. Since (@) € QP and V*(z) is non-increasing, the (Gv*(x)) €eq

*( Fy() )p
Let I = dx, then
NG

I —/ </ Folt dt) da =
/ Gyl (x </ ta(p‘”fw(t)t‘“<p—1>dt>pdx.

By converse Holder inequality and Fubini’s theorem, we get

/ GV* (z) </ t“(lp)fg(t)dt> </0z t+“dt)p_1dx =

L (+a)(p— 1)G Pz )/z A=) fP () dtdx =
0

(1+a)p 1 +a)pt )
1 o0 o
— tM(1=p) £p (4 / p1+a) (p— 1)G dxdt >
T | e | ()
) — P o
S 1 / pa(1- p)fp()( -8 ) / LPP—a(l=p) =1 gp 0 —
(1 +a)p71 0 GV*( ) t

_ 1 tfw() \”
~ ((a(1—p) —pp) (1+a)p‘1/o (GV*(t)> .

Remark 2. By setting w(z) =1, V*(x) =1 and =0, in (8), we obtain the inequality (4).
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T p—1

Theorem 3. Letp>1, f>0, g >0, m €@ a>1and B> al ), then
> [ Fi(x) )p 1 i (tfw(t) )p
[ (&w) =< avmav | (Gem) « )
R i)\ ,
Proof. Let K, = of (GV* (:c)) dz, thus

K, = /OOO G () (/;O fw(t)dt)pd:c =

[e%e} e’s} p
=/ G2 (x) (/ t“(lp)fw(t)t“(lp)dt> dz.
0 T

By applying Hélder’s inequality and Fubini’s theorem, we have

K, < /OOC G (z) </:o t“(P—l)fg(t)dt> (/:o t‘“dt)plda: =
B 1

= @ / 2@ DP=DGUP (2) / t2®=D fP (#)dtda =
a— 0 T

1 '] t
- / pae=1) g (1) / 210D G () dudt <
- 0 0

1 o ” P
B (a(p—1) —pB) (a — 1)1 /0 (é{/((%) dt.

O
If in (9), we set w(z) =1, V(z)* =1 and § = 0, we obtain the following corollary.
Corollary 1. Letp>1, f >0, g >0, (i) non-decreasing function, a > 1, then
g(z

e} F* p 1 [e's} tf(t p

/ ( (x)> dr < - / (ﬂ)) dt. (10)

o \ 9(x) (alp—1)(a—1)P=1 Jo  \ g(t)

1—

Theorem 4. Let0<p<1, f>0,¢9g>0, (x)EQﬁ,a<1,ﬂ>a<p> and B € R, then
g\x p

[ @0) = oo (Ga) = o

The proof is similar to that of Theorem 3.
Ifin (11), w(z) =1, V(z) =1 and 8 = 0, we get the following corollary.

X

Corollary 2. Let0<p<1, f>0,9>0, (—) non-decreasing function, a < —1, then
g(x
oo * P 00 p
/ <Fw(m)> do > ! — / (tf“’(t)) dt. (12)
o \ 9(x) (@l —=p)=pB) (A +a)p~t Jo \ g(t)

Remark 3. The inequalities (10) and (12) are the analogs of inequalities (3) and (4) respectively.
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Theorem 5. Let p >

assumption

i

Further, setting V(z) = 1 and g(x) = = in Theorem 5, yields the following corollary.

9(x)

Al

Fy()
Gy (z)

Corollary 3. Letp >

2, f=

2, f=

o

Fy(x)
Gy (z)

N

N

0,g>0,

) 1*;06

Proof. By applying Holder’s inequality with parameters p — 1 and its conjugate L

1
€ Qs and B < —, then
p’

(twag) F,(t)dt.

( )

€ @3, it follows that

p
)daz

/ GP (2)FE~ (o) Fy(x)dr =

/G D)y (x /fw £)dtdz =

[ [ e e =
[t [T oo / o) i <
[ a0 [Ceve [
/Ooofw(t)/tooGVp( x”2</ 2 ) )dmdt
[7 a0 [T rt () [ e v =

G:/(u
1 _1p5 /OO fu(t) /Oo Fi () < v ﬁ)>pupﬁ1dudt =
17p5/ A p‘“( )/fw t)dtdu =
ol o ()

0, ﬁ<f then
p

Fu(z)\? 1 * p—1

Remark 4. If we take w =1 and 8 =0 in (14), we obtain inequality (5).

1
Theorem 6. Letp>1, <

p

(1 — 5) h > 0 be a convex function, € Qg, then

[

g(x)

s (p—p26 - 1) (pf 1>p1 /oOOthhp <W> "
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Proof. By using the convexity of h and Holder’s inequality, we get
T L F(@)\? 00 L Fu(@)\\”
2PB P <x B > dr= = / (xﬁh( A dr =
0/ Gy (a) : Gy (a)
- [ (= (e | o)) e
0 CCGV
B 1- ﬁ
(5 (e ) oo
T Jo Gv(t)
o0 1— [3
:/ zP(A=1) (/ h(t fw )dt) dr =
0 0
T p
P(B=D) </ -3 <t "t (t> 30 édt) dz <
0 (t)
oo T L 1-8 p—1
xp<ﬂ—1>/ ' hP (t Jul )d ( —dt) dx =
0
=1 roo 1-8
P ﬁ+172/ 1-1 p(t fw()) _
x vh dtdx =
p— 1) /0 0 Gv(t)
p=1 roo 1-B8 o0
_ t fw(t)>/ ]
t'whp ( aPPre 2 dadt =
> /0 GV(t) t
p o0

p—piﬁ—l) (pf1) 1/0 1 h? (W)dt.

If in (15), we set V(z) = 1 and g(x) = x, we get the following corollary.

8

N

J
J

Il I
Ag‘\f\
|
—

=

1 1
Corollary 4. Letp > 1, f < 7<1 — 7> , f =20, h >0, h be a convex and non-decreasing
p p

function, then

/ODQ 2PB P (a;—ﬁ}'ﬁwx(x» dr < (p 7p§ﬁ - 1) (pp 1>P—1 /0°° tPPRP (£ f,(t)) dt.  (16)

Remark 5. If in (16), we put w =1 and 8 =0, we get (6).

The following lemma was proved in [4].

Lemma 1. Let h > 0 be convez, and h(0) =0, then h(x)/z is non-decreasing.

Theorem 7. Letp > 1, h > 0 be a convez, non-decreasing function h(0) =0, g > 0, ﬁ € Qp
and B <p—1, then
_ PRy () - MO
[T, e,
. h(z) Sp-p-1 h(t) '

2—p+8p (2P Fuw(=)
® h( Gy (z) ) d
h(z) v

Proof. Let I; =

b
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then

_ 1F
/oo w2 (LE D [ fu(t)dr) o

oo 2-p+p h(fg 1-8
- [ S G aon) i

Since —— € @), h is non-decreasing convex and € @3, we have

g(x)

OOxQ—p+ﬁ l T xl—ﬂ 001,2—;0-1—,8 l xtl—[ﬁfw(t) )
L h<x/ Gv<x>f”(t>dt> w < [ 50 h(z Gyl )Es

L N A 10
< / W) /h< G (1) >dtd”
Applying Fubini’s theorem and Lemma 1, we get
o ploptf @ tl—ﬁj;(t)) ™ (tl‘ﬁfw
/o h) /h< Gviny )= / "\ W)

= tlﬁfwt)) (t) Bt —
/0 h( avny )\ / drdt =

el ()

Gv(.’)’})

oo 1-p+8
t>) / x dedt <
t

N

|~ — |~

Thus

_ ac’BFw x
/oo 2P B, (TJV(x() )) o . /oo t2—p+5h <t1—5fw(t)> "
0 h(z) S op—=B-1Jy A Gy (1) '

If in (17), we set V(z) =1, v =w =1 and § = 0, we have the following corollary.

Corollary 5. Let p > 1, h > 0 be a convezx, non-decreasing function h(0) = 0, g > 0, o
g(x

non-increasing function, then

oo 227 (T2F @) o 1277 (L)
/ (5 )d ! / (5 )dt. (18)
0 0

h(x) - h(t)

N

Definition 2. A function h is said to be submultiplicative if h(xy) < h(z)h(y).

Theorem 8. Letp>1, f >0, 8 €R, 8 <p. If h >0 is a convex function and submultiplicative,

h(0) = 0 such that % € Qg, then

0 xl—p 1 oo tl_p
/0 hz(x)h(F(w))dx /O h(t)h(f(t))dt. (19)

< -
T p-B
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Proof. By using the assumption of convexity and submultiplicativity of h, % € Qp and the
T
Fubini theorem, we get
o gl-r o gl-r 1 /7
h(F(z))dx = —h|2z— t)dt | dx <
[ e = [ g (e [, soa)
T2 ) ded
< tdr =
| i | ey
o0 —p
= / h(f / L dwdt =
0 h(z)
00 co . 1-p
— / h(f / x 2P PN dxdt <
0 h(z)
0 tl B
< / h(f / PP drdt =
0 t
1 / . tl_ph(f( )
= — — t))dt.
p—»8Jo h(t)
O

If we set 8 =0 in (19), we obtain the following corollary.

Corollary 6. Letp > 1, f > 0. If h > 0 be a convex submultiplicative function and h(0) = 0,
then

nF@d < - [T

x))dr < -

h?(x) pJo h(t)

R (E)d. (20)
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BecoBnbie onepaTopbl Xapan 1 KBAa3MMOHOTOHHbBIE (DYyHKIN

Aobnenbkanep Cenyun
Abnenbkazep 3any

Yuusepcurer Tuape
Tuaper, Ayxup

Amnnoranus. Hekoropeie nepasencrBa tuna Xap/u ycranosienst Y. T. Cyseiimanom. Ienbio manHoi pa-
OOTHI SIBJISIETCST PACIIPOCTPAHEHNE STUX HEPABEHCTB HA BECOBBIE OTIEPATOPHI Xapau ¢ KBA3MMOHOTOHHBIMU
byukiusamu. Kpome Toro, 6611 10y Y€HbI HOBbIE MHTETrPAJIbHBIE BECOBbIE HEPABEHCTBA.

KiroueBble cjioBa: HEPABEHCTBA, OIEPATOP Xap/y, KBA3UMOHOTOHHbIE (DYHKIIAU.
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