Journal of Siberian Federal University. Mathematics & Physics 2024, 17(2), 266271

EDN: UODEBV
VIIK 517.5

On a New Class of Integrals Involving Generalized
Hypergeometric Functions

Adem Kilicman*
Department of Mathematics
Institute for Mathematical Research
University Putra Malaysia (UPM)
Selangor, Malaysia

Shantha Kumari Kurumujji'

Department of Mathematics

A J Institute of Engineering and Technology
Visvesvaraya Technological University (VTU), Belagavi
Karnataka, India

Arjun K. Rathie!

Department of Mathematics

Vedant College of Engineering and Technology
Rajasthan Technical University

Rajasthan State, India

Received 27.04.2023, received in revised form 20.08.2023, accepted 11.01.2024

Abstract. In the theory of hypergeometric and generalized hypergeometric series, classical summation
theorems such as those of Gauss, Gauss second, Bailey and Kummer for the series 2 F1; Watson, Dixon,
Whipple and Saalshiiz play a key role. Applications of the above mentioned summation theorems are
well known. In our present investigation, we aim to evaluate twenty five new class of integrals involving
generalized hypergeometric function in the form of a single integral of the form:

1 1
c—1 _ c—1 a, bv c+ 2 . _
/0 (1 —2) 3k Latbritl), 264 ;4x(l —x)| dx
for i,j = 0,41, +2.
The results are established with the help of the generalizations of the classical Watson’s summation
theorem obtained earlier by Lavoie et al. [2]. Fifty interesting integrals in the form of two integrals
(twenty five each) have also been given as special cases of our main findings.
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1. Introduction and preliminaries

The natural generalization of the Gauss’s hypergeometric function 5 F7 is called the generalized
hypergeometric function ,Fy, where p, ¢ € Ny defined by [1, 5]

Pl e s ap ;Z]:Z(m)n...(ap)nz” )

PR by, L, by = (b1)n - - - (bg)n 7!
*akilicman@putra.edu.my https://orcid.org/0000-0002-1217-963X
fshanthakk99@gmail.co https://orcid.org/0000-0002-2153-0524

farjunkumarrathie@gmail.com https://orcid.org/0000-0003-3902-3050
(© Siberian Federal University. All rights reserved

- 266 —



Adem Kilicman. .. On a New Class of Integrals Involving Generalized . ..

where (a),, is the well known Pochhammer symbol (or the raised factorial or the shifted factorial
since (1), = n!) defined for any complex a € C by
I'(a+n) _
=t C\Zg) =
(a) F(Cl) (CL € \ 0 )
2
~_Jala+1)...(a+n—-1), (neN) @
1, (n=0)

where I' is the well known Gamma function.

For a detailed study about hypergeometric and generalized hypergeometric functions, we refer
the standard texts [1,5].

In the theory of hypergeometric and generalized hypergeometric functions, classical summa-
tion theorems such as those of Gauss, Gauss second, Kummer and Bailey for the series o F7;
Watson, Dixon, Whipple and Saalschiitz for the series 3F5 play a key role.

Later, the above mentioned classical summation theorems have been generalized by Lavoie
et al. [2—4].

However, in our present investigation, we are interested in the following classical Watson’s
summation theorem [1].

abe ] _ LG et g)PGatsbrg)Tle—ya—sb+s)

F: =
’ 2[ Ya+b+1),2¢ | T (bat DT (20+ DT (c—ta+ )T (c— Lb+ 1)

provided R(2¢ — a — b) > —1, and its following generalization due to Lavoie et al. [2].

a, b, c ) B
3F2[ Ha+b+i+1),2c+j" 1}
_AAA2“+b“*21“(%a+%b+%i+%)F(c+ 1 +3)Tle—glatbd+li+jl—j—1))
S I'(1)I(a)T(b)
y {Bl I (za+3(1-(=1)7)) I'(3h)
T far 3+ B -3 - 0N T -+ i+ )
L I(3at+i(1+ (1)) T(30+3) | } _
1o~ ot [+ 107 (- (D)) T (e 5o+ [F])

=Q (let) (4)

for i, j = 0, £1, £2.

For i = j = 0, the result (4) reduces to clasical Watson’s summation theorem (3).

Here, [x] denotes the greatest integer less than or equal to « and the modulus is denoted by |z|.
For the expressions of the coefficients A; ;, B; j and C; ;, one can refer [2].

The aim of this paper is to evaluate twenty five integrals involving generalized hypergeometric
function in the form of a single integral of the form

1 1
c—=1/1 _ ,\c—1 a, b, ¢+ 2 . _
/0 (1 —x) 3k %(a+b—|—i—|—1), %+ ;dx(l —z) | dx
for ¢,j =0,+1, £2.
The results are derived with the help of generalized Watson’s summation theorem on the sum
of a 3Fy given by (4). Fifty interesting integrals in the form of two integrals (twenty five each)
have also been given as special cases of our main findings.
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2. Main integrals

The twenty five integrals in the form of a single integral to be evaluated in this paper is given in
the following theorem.

Theorem 2.1. For R(c) >0, R(2c—a—-b+i+2j+1) >0, fori,j =0,£1,+2, the following

integral formula holds.

1 1
c—1/1 _ ,\c—1 a, ba c+ 2 . _ — (
/Ox (1—2) 3F2[ Yatbtitl), 2+ s4a(1 x)} dx = Q (5)

where §) is the same as given in (4).

Proof: The proof of our theorem is quite straight forward. For this, we proceed as follows.
Denoting the left hand side of (5) by I, we have

1 1
_ c—1 _ c—1 a, b, c+ 5 . _
I—/O (1 —x) 3F2{ Yatbtit1l), 24] 4z (1 a:)] dx (6)

Now expressing 3F5 as a series, changing the order of integration and summation, which is easily
seen to be justified due to the uniform convergence of the series in the interval (0, 1), we have

- Y (a)” (b)n (C)n 2 1xc n=lc1 _ pyetn=14,
I_ngo(%(a-f-b—i-i—i-l))n (2¢+ j)n /0 1 -2l (7)

Evaluating the Beta integral and using the result

T'(c) T(c) (@)n (b)n ()n
Z (2(a+b+ 1))n (2¢+j)n n!

Now summing up the series, we have

a, b, ¢ ) _
Yatbtitl), 204 @0 —o) )

=3F; [
We now observe that the 3F5 appearing can be evaluated with the help of known result (4) and
we easily arrive at the right hand side of (5).

This completes the proof of the theorem. O

3. Special cases

In this section, we shall mention a large number of very interesting special cases of our main
findings.

For this, we observe here that, if in (5), we let b = —2n and replace a by a + 2n or we let
b= —2n — 1 and replace a by a 4+ 2n + 1. In each case, one of the two terms appearing on the
right-hand side of (5) will vanish and we get fifty interesting special cases(twenty five each) given
below in the form of two corollaries.
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Corollary 3.1. Fori,j =0,+1,42, the following twenty five results holds.

1 1
_ _ —2n, a+2n, c+ =
c—1 c—1 ) ’ 2 . =
/Ox (1—x) 3F2{ Yatitl), 2+ ;4x(1 x)] dz

o) (o) (3, (Ja—c+ %f G-+ (9)
T'(2) (c+3+1[4]), (Gati+(-1)9),

where the coefficients D; ; are as in Tables (1) and (2) given below.

(10)

n

=Di;

Table 1. Table for D; ;, ¢ =0,£1,+2 and j = —-2,-1,0

NJ -2 -1 0
R e I i
! % atan Hin
0 1 - e 1 1

2an(6¢c +a — 7)(2¢c — a — 3) — 4n?[5a% — 4a — 21 — 4¢(3c — a — 8)] — 64n3(a + n)
(c—1)(a—1)(2¢c—a—3)(2c —a—5)

Do 2=1-

Table 2. Table for D; ;, ¢+ =0,£1,+2 and j =1,2

N 1 2
(a+1)[(a—1)(2c—a—1)—8n(a+2n)]
2 (2c—a—1)(a+4n+1)(a+4n—1) D2’2
1 a(2c—a—4n) a[(c+1)(2c—a)—2n(2c+a+4n+2)]
(2c—a)(a+4n) (c+1)(2¢c—a)(a+4n)
2n(a+2n)
0 1 L- (c+1)(2c—a+1)
2n
-1 1 1+ o5
2n(a+2n)
-2 1 L+ e

( (a=1D(c+1)(2c—a+1)(2c—a—1)—2an(6c+a+5)(2c—a+1) )
(a+1) 2/ 2 3
D +4n*(5a* + 4a — 5 — 4¢(3¢c — a + 4)) + 64n°(a + n)]

227 (c+D)2c—a+1)(2c—a—1)(a+4n+ 1)(a+4n—1)

Corollary 3.2. Fori,j =0,£1,12, the following twenty five results holds.
1 1
e=1(7 _ ye—1 —2n—1, a+2n+1, c+ 35 | _ _
/Ox (1—x) 3F2{ %(a+z’+1), 9%+ j idx(l— )| de =
3 1 5, (=1 1,:, 1 i (11)
v ) B (Ja—e+ 3+ GE [+ 11+ (1))
[0 (er 1+ (), GerdB-C0),

where the coefficient E; ; are as in Tables (3) and (4) given below.

n

= Eij
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Table 3. Table for F; ; i =0,+1,£2 and j = —2,-1,0

i~ 2 1 0

9 (a+1)(2c—a—3) (a+1)(4c—a—3) 2(a+1)
(c—1)(a+4n+1)(a+4n+3) (a4+4n+1)(a+4n+3)(2¢—1) (a+4n+1)(a+4n+3)

(c—a—2n—2) 2c—a—2 1
(c—1)(a+4n+2) (a+4n+2)(2¢c—1) a+4n+2

0 =TI =1 0

(e—1) ( (2¢—1) )

—(2c+a+4n —1

-1 Eo1,-2 a(2¢—1) a_

. —(2cta+4n—1)(2c—a—4n—5) —2

2 (a—1)(c—1)(2¢c—a—>b) Eog (a—1)

[(4dc+a—1)(2¢ —a—3) —8n(a+ 2n + 2)]
(a—1)(2¢—1)(2¢ —a—3)
[(c+ a)(2¢c —a—4) — 2n(3a — 2¢ + 4n + 6)]
alc—1)(2¢ —a—4)

Table 4. Table for E; ; i =0,+1,+£2 and j =1,2

iNJ 1 2
(a+1)(2c+a+4n+3)(2c—a—4n—1)
2 108} (c+1)(2c—a—1)(a+4n+1)(a+4n+3)
1 (2c+a+4n+2) (c+a+2)(2c—a)—2n(3a—2c+4n+2)
(2¢+1)(a+4n+2) (c+1)(2c—a)(a+4n+2)
1 1
0 (2¢+1) (c+1)
-1 —(2c—a) —(c=a=2n)
a(2¢c+1) a(c+1)
9 —(dc—at1) —(@2c—a+D)
(a—1)(2¢+1) (a—1)(c+1)

P _(a+1[(4c+a+3)(2c—a—1) —8n(a+2n + 2)]
T a+dn+ D(a+4n+3)(2c+ 1)(2c —a — 1)

In particular, in (10), if we take ¢ = j = 0, we get the following interesting result.
1 1
_ _ —2n, a+2n, c+ 3
c—1 c—1 ) )
1-— F: 2 s 4x(1 - dx =
/Osc (1—x) 32[ %(a+b+1), 9% s da( x)] x

1T (1), (Ga-c+d),
@) (e+3), Gatd),

(12)

Similarly, in (11), if we take i = j = 0, we get the following elegant result.

1 1
o o -1, a+2n+1, c+1
1- F. 2 s 4x(1 - dr = 13
/Orr (1—-x) 32{ La+b+1), 2 idz(l—x)|dx =0 (13)

Similarly, we can obtain other results. We, however, prefer to omit the details.

Conclusions

In this paper, we have evaluated twenty five interesting integrals involving generalized hyper-
geometric function in the form of a single integral.

The results are established with the help of generalization of classical Watson’s summation
theorem obtained earlier by Lavoie et al. [2].
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Fifty interesting integrals in the form of two integrals (twenty five each) have also been
evaluated as special cases of our main findings.

We conclude this paper by remarking that the interesting applications of the integrals ob-
tained in this paper are under investigations and will be published soon.
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O HOBOM KJlacCe MHTErpaJioB, BKJIIOYAIOMINX
000011IeHHbIEe TUIIepreomMeTpudecKkne oyHKITAN

A nem Kunukman

MNucTuTyT MaTeMaTHueCKUX HCCIeIOBaHUIT
Yuusepcurer Ilyrpa Manaiizus (UPM)
Cenanrop, Masaiizus

IHTaaTa Kymapu Kypymymaxn

AJ VHCTUTYT MHXKEHEPUU U TEXHOJIOTU

Bucsecsapaiickuii Texuosornaeckuii yausepcurer (BTY), Berarasun
Kapnaraka, nnusa

Apnxyu K. Patu

Benanrckuit nHKEeHEPHO-TEXHOIOTTIECKUI KOJIIIEIK

Texunuecknit yausepcurer Pamkacrana

IMIrar Pamxkacran, Uaaus

Amnnoranusi. B Teopun runepreomerpudeckux u OOOOIIEHHBIX THIIEPreOMETPUIECKUX (DYHKITAN KJIAaC-
crUYdecKre TeOPeMbl CyMMUPOBaHUs, Takue Kak Teopembl ['aycca, Beitnn u Kammepa maiist cepun 2F; Yor-
cona, ukcona, Yunmia u CaaJiinys, UrparT KIIOYEeBYO pOJb. [IprIoKeHNsT BBINIEYTOMSIHY THIX TEOPEM
0 CyMMHUPOBAHHUHU XOPOIITO M3BECTHBI. B HaIleM HACTOSIIEM HCCIEIOBAHUN MBI CTPEMUMCS OIIEHUTDH TBa-
JIIATh [5Th HOBBIX KJIACCOB MHTEIPAJIOB, BKJIIOYAIONUX OOOOIIEHHYIO THIIEPIreOMETPUIECKYI0 (DYHKIUIO
B (bopMe €IMHOr0 MHTErpaJia:

v - a, b, c+ 1
/ M1 —2) R |, T 2 csdz(l—z)| do
o s(a+b+i+1), 2c+j
for ¢,7 = 0,41, £2.

Pesyabrarsl ycraHaBJIMBaIOTCS C IIOMOIIBIO OOODIIEHUI TEOPEMbI KJIACCUIECKON CYMMbI YOTCOHA, 110~
Jiy4aeHHOI paHee Jlagoite u ap. [2]. IIsaTbaecsT nHTEpECHBIX MHTEIPAJIOB B OPME JIBYX BUJIOB HHTEPAJIOB
(mBaaUATH TATH KAaXK/BIH) TaK:Ke ObLIN JAHBI B KAYECTBE OCOOBIX CJIy9aeB HAINX OCHOBHBIX PE3YJIbTa-
TOB.

KuaroueBbie cioBa: 0600IIeHHas rumnepreoMeTpudeckast (OyHKIUsI, TeopeMa BaTcoHa, ompeaeeHHbIi
WHTErpaJi, beTa-uHTEerpaJ.
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