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Abstract. In this paper we consider the problem on uniform estimates for Mittag—Leffler functions with

the smooth phase functions having singularities Do, fo and A,. The generalisation is that we replace
the exponential function with the Mittag—LefHler-type function, to study oscillatory type integrals.
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1. Introduction and preliminaries

The function E,(z) is named after the great Swedish mathematican Gosta Magnus Mittag—
Leffler (1846-1927) who defined it by a power series

o0
€ C, Rea >0, 1
=2 ekt ) I( ak +1) eo‘ S
k=0
and studied its properties in 1902-1905 in five subsequent notes [9-12] in connection with his
summation method for divergent series.
A classic generalizations of the Mittag—Leffler function, namely the two-parametric Mittag-

Leffler function

;) ak+ﬁ a,f€C, Rea >0, (2)
which was deeply investigated independently by Humbert and Agarval in 1953 [13-15] and by
Dzherbashyan in 1954 [16-18] and other properties has in [19].

In this paper we consider natural generalization of exponential function is the Mittag—Leffler

function defined as
k

> x
Eop(r) = kzzom7 a>0, BeR,

with the property [7] that
E1 1(],‘) = €m. (3)

)
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We consider the following integral with phase f and amplitude v is an integral of the form:

b
o= [ BasiNf(a))o(z)ds (@)

where 0 < a <1, >0and A > 0.
The main result of the work is the following.

Theorem 1.1. Let —oco < a < b < oo. Let phase function has the a homogenous polynomial
third degree with two variables and let 1 € LP[a,b)?, 1 <p <oo. If0<a <1, >0 and A >0
then we have following estimates

Ea plireoa(e)de| < S )
[a,b]2 A2 "%

Fap(iMaes + x§>>w<x>daz\ < C;'J””f”, ©)
[a,b)2 575

Ea,/aw%)wmdxj < Glellze. )
a2 A3

where constant C' is depend only p.

If « = B = 1 in the integral (4), so this type of integral is called oscillatory integrals. Estimates
for oscillatory with polynomial phase we can consider in the following authors paper [2—4,6,20,21].

2. Auxiliary statements

Let we consider homogenous polynomial third degree with two variables. First we give auxil-
iary statements. Proposition (see. [1] page 189) A homogenous polynomial third degree with two
variables may be reduced by a R-linear transformation to one of the forms: 1) x3xs; 2) 2329 £23;
3) x3; 4) 0.

Definition 1. Given u € (1,00|, a critical point, equivalent to the critical point of the function

279 £ mé‘*l is said to be a critical point of type D,jf, where x’zhl =0 for u = oo.

Definition 2. A critical point, equivalent to the critical point of the function x{“ 1s said to be

a critical point of type A, where r > 1.

Proposition 1 ([8]). If 0 < a < 2, is an arbitrary real number, p is such that Ta/2 < p <
min{rm, wa}, then there is C > 0, such that we have

|Eap(2)] <

< <.
\1+|Z‘7 Z€C7 u\\arg(z)|\7r (8)

Proposition 2 ([7]). Let a, 8 >0 and f : [a,b] = C. Then for all A € C we have

Eog(iAf(2)) = Baa,s(=N*f*(2)) + iAf(2) Baa g (A2 f7(2)). (9)

3. Proof of the main results

Proof of Theorem 1.1 As for small \ the integral (4) is just bounded, we consider proof of theorem
for A > 1. Without loss of generality, we can consider the integral on [0, 1] square otherwise we
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reduce to square with form linear transformation. As we given homogenous polynomial third
degree with two variables, so from Proposition 2. we can represent it one of the following form
1) 2229; 2) 2229 £ 3; 3)2$ 4) 0. If phase function is f(x) = 0 it is clear that integral will be
exactly zero. So we will consider the three cases separately.

Using inequalities (8) and (9) we obtain:

|Ea,s(iAf(2))] < |B2a,8(—A?f2(2))] + Al f (2)|| Baa,s1a (- A2 f2(2))] <
- c CAf@@)| _CO+AMf@)]) . C (10)
STHNf2(z) I+ A2f2(x) 1+ A2f2(2) 1+ Af(@)]

Case 1. First we assume that the phase function has critical point of type Dy, so f(z) = x3xs.
We consider integral (4) with following form:

Inpg= B, p(idxize)(z)de. (11)
[0,1)2

We use inequality (10) for the integral (11) and we obtain:

Lol ' /[ Eu plide2e) (@) da

|dl‘2
C/ / 1+ a2z

1 1
Let us take ¢ such that — + — = 1. Assume that p # oo, so that ¢ > 1. Then using the Holder

< / | o p(ide?an)| [1(2)] d <
[0,1]2

q
inequality in the inner integral we get

[ W ([ ([ e )
[ < ([ o) ([ ) -

- 1 b 1— (14 Mx?)t¢ .

= () weran)” (S50

Thus,

L P 1= (14 AR\
sl <¢ [ ([ woran ) (A2 L0 dn,

Then using again the Holder inequality for this integral we obtain

1 rl % 1 1— (1 + )\x2)17q %
< p 1 <
sl < ([ [ w@pan )" ([0 00 <

R A
< » .

1— (14 Aa2)i-a
K= / (1+ Azf) day.
(g — D)2

Let
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Since (1 + Az?3)179 = 14 O(A\z?) near z; = 0 and ¢ > 1, so, this integral is convergent. Now
we estimate it. First using the change of variables t = vV Az1 we get

1 VAL (14 2)1a A4yt o
K= 2 dt = 5 et =
(g —1DVX Jo t qflf t2(1 4 t2)9—

(1+t2)9-1 -1 (1421 —
dt + Lit — iy + K.
q1f/ 2(1 + ¢2)a-1 q1f/ 2(1 + ¢2)a-1 L+

Since ¢ — 1 < [g], where [g] > 1 is the integer part of ¢ > 1, by the Newton’s binomial formula

(1427t <A+ =14 [gt2 + Wt‘* + .2

and hence
1+t -1

C
K dt < =%,
LT q_1f/ 12(1 4 t2)a—1 N5

where

Cy:=

1 [a]([a]=1) 42 2[q]—2
1 / lq] + =t 4 ...+t "
g—1 (1+#2)a-1

(14271 -1 _1

t2(1+t2)q_1 t2’

Ky= " /ﬁ(1+t2)q_l_ldt< L /ﬁldt—
ST LY B (o T I Do W A Ch

:é(l _ L) U
(¢— VA VAL (g = 1)VA

Moreover, since

Hence,
c’ 1
K<—XZ =
VA Co=Cat oy
and "
1| < Gl

2q
where C} is some coefficient depending only on g.
Now we consider the case ¢ = 1. Notice that the coefficient C;/ — +o00 as ¢ — 1, therefore we
cannot directly conclude from this estimate the one for ¢ = 1. As ¢ =1 so p = oo and vy € L.
In view of (12), first we’ll estimate inner integral and we get

o(z)|dz L de
il = [ Oy o) [
0 + xll‘g 22€[0,1] o 1+ )\.731]}2

Seu[g)l] |9 ()] 1 Séu[(l))l] ()| In(1 + Az?)
T2 s x2 s
ST g e = e
> (@) In(1 + Aa?)
L sup [¢(z In(1 + Azt L )
z2€[0, In(1 + Azy)
Il < 2€[0,1] dzy < oo/ DT AN g
sl < [ v ry < Ol | S
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Now we use change variables as Az? = y in the last integral then we have

C co )\h’l ].+ C co Ooln 1+
o < ¥l B4, Vs [l 4),,
A2 0 Y2 )\2 0 Y2

We consider convergence of the last integral. Using formula of integration by part for the last

integral and we obtain
* In(1 21n(1 Nao oo 9
/ n( jy)dyzf lim n(l+y) +/ v
0 N Jo (T+y)yz

Y2 N1 —0,Na—00 y%

* 4dy3 o
:/ LA 4arctany|,” = 2m.
o 14y

Since the last integral converges and we get for p — oo

|Ia>ﬁ‘ < %

A2
Case II. 'We consider second case form as phase function has critical point of type Djf SO
f(z) = 23x5 + 23. We estimate integral (4) when phase function has critical point of type D}
the case D; will consider analogically.

We consider following integral

Inp= E%B(i/\(ﬁxz + z3))(x)d. (13)
[0,1]2

Using inequality (10) for the integral (13) we get

a8l = Eop(iX(@lzs + 23))i(z)dx

<[ |Bapiratnn + )| [0(a)| do <
[0,1]2 0,1]2

/ de / x)|dzy / / _ [W@)|dz
! 1—1—)\ .’171.1'2+LL'2 1+)\w2+)\x1x2

We use Hélder inequality for the last inner integral we obtain

1
1 1 q
¢ (x)|dxy / / dxy a
Jin2| = d .
[ Jin2| / T+ Al + hwoa?] S () das o |1+ A3 + Azpa?]d

Then using again the Holder inequality for this integral we have

1 .1 1 1 1 d 3

P 1’1 q

I sl < Pdayd dzy)
toal < ([} [ wtorassan )" ([ [ g

1+ A\z3
)\1’2

1 41 < 1 31 A 7
dxidxs ¢ / (14 Axg)z—¢ / dt
Ia < P = P 1 d ’
ool < 19112 (/0/0 |1+/\x§+A:c2x§|q> Il (0 ) o @)
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A oA g
2 ) < C as A — o00. So we get

here A = d[——
where (1+)\x§ an ‘of(1+t2)q

[,

L+ axd)za z
<Clles ([ A 0, )
0 (/\1'2)2

1 1 1
Replacing o by A™37 and — =1 — — and we get
q p
1

1 1
;o< Gl (2 dr < Cleller (> dr ‘
| a7[3| N T 21 1, 3 1 N T 21 1 1 :
A3 73 o T2(r34+1)72 A373p o T2(r341)77 2

Since the last integral is covergence. Thus

Q=

Cllv| e
sl < L.

3p

Case III. And now we consider the case when phase function has critical point of type A5 so

f(z) = 23. We estimate the integral (4) with phase function f(z) = z3

1 1
Fap] < / / B g (i02d) () | dirdea.

First we use inequality (10) for the last inner integral we obtain

|J; | — /1 |Y(z)|dxy
mn3| - 0 1_’_)\1.? .

Then we use Holder inequality for the last integral I, s twise and we get:

1,1 5 Loy
P xl q
< P _an .
1o, < (/0 /0 [(x)] dmld:r2> (/0 /0 i /\xﬂqug)

Replacing A3z, by t in the above inequality, we obtain

1 q 1
PRRCCY e )
A o 1H+#3la] T & o [1+83a) "

1 1
Since — + — = 1 and the last integral convergence so we have

Clle|le
gl € —1—1—-
A3 3p

The proof is complete. O

Remark 1. If o = 8 =1 in the integral (4) integral called oscillatory integral and theorem holds
for it.
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PaBaomepHnag ornienka i1 dyukiuu Murrar-Jledbdaepa
C TJIaJIKol (pazoii

Axb6ap P. Cadapos

V3b6excko-PUHCKUI [1eJarOTUIECKUN HHCTUTYT
Camapkanm, Ysbekucran

CaMapKaHJICKUil TOCYJapCTBEHHBI yHUBEPCUTET
Camapkan, Y36ekucran

Awnnoranusi. B crarbe paccmaTpuBaeTcs 3aj1ada 0 paBHOMEPHBIX olleHKax dpyHknuit Murrar-Jledbdiepa
¢ itagkuMu (Haz0BbIMU DYHKITUSIMA, TMEIOIINMEI 0cOOeHHOCTH Do, fo u A,. O6o611eHne COCTOUT B TOM,
YTO MBI 3aMeHsSeM IKCIIOHEHIHaIbHyo GyHKIuo dyakiueit tuna Murrar-Jleddaepa nnsa nsyuenns
THUIA OCIUJIJIITOPHOTO WHTErPaJIa.

KuarouesBsie ciaoBa: dyuknus Murrar—Jleddiepa, daza, dyukims, aMminTya.
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