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Abstract. In this paper we consider mappings of jet spaces that preserve the module of canonical
Pfaffian forms, but are not generally invertible. These mappings are called contact. A lemma on the
prolongation of contact mappings is proved. Conditions are found under which these mappings transform
solutions of some partial differential equations into solutions of other equations. Examples of contact
mappings of differential equations are given. We consider contact mappings depending on a parameter
and give example of differential equation invariant under the maps.
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Introduction

As is well known, contact transformations are used to solve problems of classical mechanics
and equations of mathematical physics [1-3]. The most known examples of such transformations
are the Legendre and Ampere transformations. The theory of contact transformations was
developed by S.Lie. At present, there are numerous sources devoted to these issues [4-7]. The
contact transformations are diffeomorphisms of the jet space that preserve the contact structure.
To integrate differential equations, it is useful to find contact transformations that leave these
equations invariant.

However, not only contact transformations are applied to integrate differential equations.
Leonhard Euler started using differential substitutions, which are not diffeomorphisms, to in-
tegrate linear partial differential equations [8]. Now these substitutions are called the Euler-
Darboux transformation [9] or simply the Darboux transformation [10].

In this paper, we consider analytic mappings of jet spaces that preserve the modulus of
canonical differential forms and call these mappings contact. We prove a lifting lemma that shows
how to construct a contact mapping. For applications to differential equations, the mappings
are required to transform solutions of the equations into solutions of other equations or act on
solutions of given equations. Examples of second-order partial differential equations connected
by contact mappings are given.

We also study contact mappings depending on a parameter. It is easier to look for such
mappings in the form of series in powers of the parameter. As an example, we consider the
Burgers equation. Parametric contact mappings are found that act on solutions of this equation.
These mappings have no inversional maps.
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1. Contact mappings of the jet space

We begin with notation and definitions. Denote by Z>, the non-negative integer numbers
and by N,, the set of natural numbers 1,...,n. The p-th-order jet space [5] with coordinates
{ziud, i €N, j € Npy,a € ZY%,} is denoted by JP(R™,R™) or simply JP. We suppose that
JO =R"(x) x R™(u).

Denote by J* the space of infinite jets and by m, the projection m, : J*° — JP. Consider
a point @ € J* and a ring A? of convergent power series centered at the point a, = m,(a). We
write

A, =] An.
p=0
Recall that an operator D on a ring is called a derivation operator if it satisfies the conditions:
D(a+b) = Da+ Db, D(ab) = D(a)b+ aD(b)

for all elements a, b of the ring. We say that a derivation operator Dy (k € N,;) on the ring A,
is the total derivative when the following conditions is satisfied

Dy () = dir, Dy(ul) = “zwrlkv
where d; is the Kronecker delta and 1 = (d1k,...,0nk) € Zgo. So A, is a differential ring with
set A of derivation operators D1, ..., D,; its elements are called differential power series. Any

ideal of A, stable under A is called a differential ideal of A,. The differential ideal of the ring
A, generated by the set £ C A, is denoted by < F >.
The set of differentials

{dz;,dul ;i € N, j € Nysa € Z5, ol < p}
generates a left module €2, of differential 1-forms over the ring A,,. As usual, we say that

differential forms

wé = d’LL‘é — ZDZ(’LL{X)d.I“ ] S Nm7 Q€ Zgo (1)
i=1

are canonical.

Definition. A submodule of the left module Q,, generated by canonical forms w}, (where
|a] < p) is denoted by CP and is called the contact submodule.

We describe below a dual transformation of forms [11]. Let A(W) be the ring of analytic
functions on an open set W C R¥ and let Q(W) be the left module of differential 1-forms on W.
Suppose Wi C R*¥1 W, C R*2 are open sets. Then any analytic mapping ¢ : W, — W5 induces
a homomorphism

" AW2) = A(Wh),  ¢*(f) = f(¢),
and a linear map ¢* : Q(Ws) — Q(W1), given by

kQ k2
o* ( Z fi(y)dyi> = Z o*(fi)doi,
i=1 i=1

where ¢; is component of ¢. It is convenient to think of gf)* as a module homomorphism over
different rings connected by the homomorphism of rings. The maps ¢* and c;AS* are usually not
distinguished.

We now generalize the classical contact transformations [3].
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Definition. Let U be a neighborhood of a point a € JP and let V' be a neighborhood of a point
b e J? (¢ < p). An analytic mapping ¢ : U — V is called a contact mapping if the module
homomorphism ¢* maps the contact submodule C; into the contact submodule CZ.

The following lifting lemma shows how to construct a contact mapping.
Lemma. Let U be a neighborhood of the point a € J? and let ¢ : U — J° be an analytic mapping
of the form
y=flz, ..., uq), u=g(z,..., us), o] < p
such that the matriz Df = (D;fj)1<i,j<n 1S invertible at the point a. Then there exists an open

set U' C JPH! and a unique contact mapping ¢' : UL — J' coinciding with ¢ on U.

Proof. In what follows, we use the following notation
de = (dey,. .. dey),  dua = (dug, ..., du?), uayr = (Di(u}))i<icn, 1<j<m-

According to the definition of a contact mapping, the differential form dv — v1dx must be repre-

sented as
dg — vidf = Bo(du — urdz) + - - - + Bp(dug — uqt1dz), |a = p, (2)

where By, ..., B, are m x m matrices.
The left-hand side of equation (2) is written as

9odx + gudu + - - + gy dug — v1(fodx + fudu + - + fu_dug),

where g, = (g%i), (giﬁ), R (giﬂ) are the corresponding Jacobian matrices. We collect

together the coefficients of similar differential terms in (2) and set all of them equal to zero. The
result is a system of matrix equations

9z _vlfz +BOU1 + - +Bpua+l = 07

gu*vlfu:BOa ) gu(x*vlfua:Bp
Substituting By, ..., By, into the first equation of this system, we have
Dg=uv1Df,

with matrices Dg = (D;g;), Df = (D;fi) where j € N,,, and i,k € N,,. By the hypotheses of
our lemma, the matrix Df is invertible, so the lifting formula (first prolongation) is

v = (Dg)o (Df)~". ®3)
The lifting to J2,..., J**1 is carried out in a similar way. The recurrent formula has the form
V41 = (Dyg) o (Df)_1~ (4)

These formulas are generalizations of the well-known formulas for the lifting (prolongation) of
point transformations [1,9].

Definition. If E = {f;}icn, is a family of differential series of the ring A?, then the expression
Ji=0, 1<i<k
is called a system of differential equations and denoted by sys[E].

Definition. Let E be a family of differential series in the ring A? and let V be an open set in
R™. We say that a smooth mapping s : V' — J? annihilates the family F if

s"(E)=0,  §(C5) =0 ()
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and the rank of s is n at every point of V. If 7} is the projection of JP onto J°, then the
composition 7 o s is called a solution of sys[E].

The mapping s is lifted so that it annihilates the canonical forms (1) as described above. The
lifted map is denoted by 8.

Proposition. Let Ey, Ey be two families of differential series of rings AE and Al respectively.
Let U be a neighborhood of the point a, € JP and let V' be an open set in R™. Assume that a
mapping s : V. — U annihilates By and ¢ : U — J? (¢ < p) is a contact mapping such that
¢*(E2) C< Ey >, then ¢ o s annihilates Es.

Proof. Since
¢*(E2) C< By >, (6)

it is clear that §*(¢*(E3)) = 0. It follows that

§"(E2(9)) = Ea(¢os) = (¢ os)"(Ez) = 0.
The equality (¢ o s)*(C}) = 0 follows in the same way.

Remarks. To put it simply, the contact mapping ¢ maps solutions of sys[F1] to solutions of
sys[Es] if ¢*(E3) C< Ep >. If we extend the homomorphism ¢* to the ideal < E5 >, then the
condition (6) can be written more invariantly

P*(< By >) C< By >

Definition. Let E be a family of differential series of the ring AP and let U be a neighborhood
of the point a, € JP. A contact mapping ¢ : U — J? (q < p) such that ¢*(E) C< E > is called
a symmetry of sys[E] .

Let us give examples of contact mappings connecting partial differential equations. We now
use the classical notation. Consider two equations

Ut = T Ugy, neN, (7)
m
Uit = Uyy + E'Uy, m € R. (8)

We want to find a contact mapping that transforms solutions of the equation (7) to solutions of
the equation (8). Consider a mapping ¢ : J! — J° of the form

t' = t, Y= h(l‘), U= f(x)ux + g(x)u, (9)

where h, f,g are some smooth functions. We will lift this mapping according to the formulas

(3), (4)

vy = Dyv = fuge + guy, Vet = fUpta + GUs,
o D, (v) o D, (fu, + gu) - Dz(vy)

Uy - DIh - h/ ) yy — h/ (10)
Substituting the found expression for vy into (8), we have
m
futtz + guy = Vyy + gvgy
We can express uyt, U, by using (10) and obtain a new equation
1 D.(fug + gu mD,(fu, + gu
(") + 4" + D ( (f - g )> N (J;h/ 94) _ . (11)
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The left-hand side of this equation is a polynomial in %z, Uge, Uz, u. Collecting the coefficients
of similar terms in the polynomial and setting all of them equal to zero, we obtain four equations
for the functions f, h,g. The two shortest equations are

a:”(h')2 =1, m(h/)Zg/ 4 hh/g// _ hh//g/ =0.

Integrating these equations for n # 2, we find

h==+ 1‘2_7” + co, g=c +02h17m7

2—n
where cg, ¢1, co are arbitrary constants. The remaining two equations for the function f are easy
to integrate. The following two cases arise: ¢; # 0,c2 = 0 and ¢; = 0, ¢ # 0. In the first case,
the function f is equal to ax (a € R). Then the transformation

2
y::l:2 Tz v=a(zu, + (n—1u), a€R
-n

maps solutions of the equation (7) into ones of equation

3n —4
Vg = Vyy + o
In the second case, the transformation
-+ 2 2o _ . .2n-3 _
y= xz v =azx (zug + (n — Du)

2—n
maps solutions of the equation (7) into ones of equation

5 — 8
—2

Vgt = VUyy + Vy.

2. Parametric contact mappings

It is well known that finding symmetries of differential equations can be simplified if we restrict
ourselves to the search for one-parameter groups of transformations that leave the equations
invariant. In this section, it is assumed that contact mappings depend on the parameter a. More
precisely, we seek an expansion of the mappings in powers of a.

Next we restrict ourselves to to the case n = 2, m = 1 and use the classical notation for
coordinates in the jet spaces J°(z,y,u), J(z,y,u,p, q),

J2(2,y,u,p,q, 7, 8,1).
Consider a mapping of the form

£:x+aa:1+a2w2+a3x3+... s
J=y+ay +a’y2 +ays+... (12)
ﬂ=u+au1+a2uz+a3u9,+... ,

where x1,x3,3,Yy1,...,us are functions of z,y,...,u,. To find the first prolongation of the

mapping (12) , ,
p=pt+apr+a’ppta’pz+...,

g=q+aqp +a*p+aiq+...,

it is necessary that the differential form

wo = du — pdT — qdy (13)
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vanishes when the Pfaff equation
wo =du — pdx — qdy =0 (14)

is satisfied.
Substituting the expressions (12) into the form @y, by using the equality (14), and collecting
together all terms that contain a, we obtain the well-known the first prolongation formulas [1]

p1 = Dy(w1) — pDy(z1) — qDu(y1), @1 = Dy(wr) — pDy(x1) — qDy(y1).
Collecting together all terms that contain a?, we find that
p2 = Dy(u2) — pDy(w2) — p1Ds(21) — q¢Dx(y2) — q1Dx (1),
G2 = Dy(ug) = pDy(x2) = p1Dy(21) = ¢Dy(y2) — 1Dy (1)

It is important to remark that xo, yo, uo are an arbitrary functions. When we collect together all
terms that contain a> this leads to

p3 = Dy(u3) — pDy(w3) — p1Dy(22) — p2Dy(21) — qD2(y3) — q1D4(y2) — 2Dz (1),
g3 = Dy(u3) — pDy(23) — p1Dy(x2) — p2Dy(1) — qDy(y3) — q1Dy(y2) — q2Dy (y1).

Similar formulas are valid for p,,, ¢, (n > 3).
It is easy to find formulas for the second prolongation

— 2 3 = 2 3
=r+ar;+a‘ro+a’rg+... , S=s+asy+a"sa+a’ss+...,

t=t+at;+a’ts+a’ts +... .
For this to be accomplished, it is necessary that the differential forms
w10 = dp — 7dT — 3dy @wo1 = dq — 5dT — tdy

vanish if
wip = dp — rdx — sdy = 0, w1 = dq — sdx — tdy = 0.

Using arguments similar to those given above, it is easy to obtain the following formulas

r1 = Dy(p1) — rDy(z1) — sDx(y1),  s1.= Dy(p1) — rDy(x1) — sDy(y1),
t1 = Dy(q1) — sDy(x1) — tDy(y1),
2 = Dy(p2) — rDy(22) — r1De(21) — $Da(y2) — s1De(y1),
ZD( )—TD(z)—TlD(xl) sDy(y2) — s1Dy(y1),
= Dy(g2) — sDy(x2) — s1Dy(21) — tDy(y2) — t1Dy(y1).

As example, consider the Burgers equation
Uy — Ugy — ULy = 0. (15)

We look for contact mappings such that (15) is invariant under the ones. The symmetry condition
implies that the expression
’ELQ — fox — UUz
lies in the ideal < uy — Uyy — vuy, > .
The simplest of these mappings has the form

T =z, y=1, u=u-+
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This mapping satisfies the second-order differential equation

Tig(ally — @)
au+1

Ugq =
with initial conditions: @(0) = u,4,(0) = u,. Recall that in Lie theory, symmetry transforma-
tions satisfy first order ordinary differential equations [1].

A more general symmetry mapping is given by the formulas
I=ux, 7=y, @ =u+2D,(logh),
where the function h satisfies the condition

Dyh—Dih—uDzh E< Uy — Ugy — Uy > . (16)

More precisely, the following statement is true.

Proposition. Let u be a solution to the equation (15), and let the differential series h satisfy
the condition (16). Then the function

v=u+2D,(logh) (17)
is also a solution to the Burgers equation
Vg — Vgg — VU = 0.

Indeed, substituting the function v given by (17) into the left-hand side of the last equation, we
obtain an expression that can be represented as

D,h — D,.h —uD_h
uy—um—uum—i—2Dz< Y Y )

h

Thus the Proposition follows from (16).

Tt is important to note that if & satisfies the condition (16), then n = D,h is a solution of the
determining equations for the symmetry generator. Therefore, knowing the symmetries of the
equation it is easy to find h.

In particular, the condition (16) is satisfied by h of the form

h = s + a[s1(2uy + u?) + sou + s3(yu + x) + 54(2yuy + yu® + zu) +
+ 55(y° (duy + 2u?) + 2zyu + 22 + 2y)],

where a, Sg, . . ., 85 are arbitrary constants. If sg # 0, then the function @ is represented by power
series in a. The condition (16) is equivalent to a new determining equation

Dyh — D2h — uD,h = 0.
In this case, the last equation should follow from Eq. (15).
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KoHTakTHBIE OTO6pa}KeHI/IH IIPOCTPpaHCTBa A2KETOB

Ouaer B. Karmos
WucturyT BeraucanrensHoro monenupoanus CO PAH
Kpacnosipck, Poccuiickas ®eneparus

AnHoTauus. B pabore paccMaTpuBaioTcs 0TOOpaskKeHUs IPOCTPAHCTB JIXKETOB, COXPAHSIIONINE KOHTAKT-
HYIO CTPYKTYpy — KaHOHu4YecKue auddepennuaibubie dopmbl [ldadda. B obmem ciaydae onu He
SIBJISIIOTCsT OOPATUMBIMK, W MBI HAa3bIBAEM WX KOHTAKTHBIMEH OTOOparkeHusimMu. JloKasbIBaeTcst jieMMa O
TMOHATAN KOHTAKTHBIX 0TOOpaXkenmit. HaiiieHb! ycyioBust, rapaHTHPYIOIIe, YTO KOHTAKTHBIE OTOOpazke-
HU¢ IEPEBOAAT PENIEHNs OJHUX YPABHEHUI C YACTHBIMU IIPOMU3BOJHBIMU B PEIeHUs JPYTUX YPABHEHUN.
PaccmarpuBarorcst KOHTaKTHBIE 0TOOpPaXKeHUsI, 3aBUCSINME OT HapamMerpa. lIpuBoasiTcsi mpuMepbl KOH-
TAKTHBIX OTOOPArKEHWIl, CBS3BIBAIOIINX PEIeHusT MudDEPEHITNATBHBIX YPABHEHNN, U ITPUMEDPBI HOBBIX
CUMMETPU#l ypaBHEHUN.

KuaroueBbie ciioBa: nmpocTpaHCTBA XKETOB, KAHOHUYECKHUE auddepeHnuaabibie (hOPMbl, HHBAPUAHT-
HbIE PEIleHus.
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