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1. Introduction

Throughout this article, Z denotes a ring with centre Z. A ring Z is said to be a prime ring
if Va,b € #Z, a%b = {0} implies a = 0 or b = 0. For a,b € %, the symbol [a,b] (resp. aob)
denotes the (resp. anti-) commutator ab — ba (resp. ab + ba). An additive mapping ¥ : Z — %
is said to be a homo-derivation if ¥(ab) = ¥(a)d(b) + H(a)b+ ad¥(b) V a,b € %, [14]. The only
additive map which is both derivation and homo-derivation on prime ring is the zero map. If
2 C Z#, then a mapping ¥ : Z — % preserves 2 if (P) C 9. A map ¥ : Z — X is called
zero-power valued on 2 if 9 preserves & and if for all a € 2, there is a positive integer m(a) > 1
such that ¥™(®) = 0, El Sofy [14].

In 2001, Ashraf and Rehman [13] showed that if % is a prime ring, .# a non-zero ideal of
X and ¥ : # — X is a derivation of #Z, then #Z is commutative if Z satisfies any one of the
following: ¥(ab) £ ab € Z, 9(ab) £ ba € Z, ¥(a)d(b) £ ab € Z, 9(a)I(b) £ ba € Z, for all a,b € &.

In 2016, Asmaa Melaibari et. al. [2] showed that if Z is a prime ring, .# a non-zero ideal of
Z, and ¥ : # — X is a non-zero homo-derivation of %, then Z is commutative if ¥([a,b]) = 0
for all a,b € #. Moreover, if char(#)+# 2, 9 is zero-power valued on %, and ¥([a,b]) € Z for all
a,b e %, then Z is commutative.

In 2018, Alharfie and Muthana [7] showed that if Z is a prime ring of characteristic # 2, .%
a non-zero left ideal of #, and ¥ a homo-derivation of %, which is a zero-power valued on .7,
then Z is commutative if % satisfies any one of the following: a¥(b) + ab € Z, ad(b) + ba € Z,
ad(b) £+ [a,b] € Z, 9(b)a + [a,b] € Z, [¥(a),b] L ab € Z, [¥(a),b] £ ba € Z, for all a,b € 7.
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In 2019, they showed that if # is a prime ring, .# a non-zero ideal of #Z and ¢ : #Z — %
is a zero-power valued homo-derivation on .#, then Z is commutative if ¥(ab) — ab € Z for all
a,b € .7 [6, Theorem 3.1], or J(ab) + ab € Z for all a,b € .# [6, Theorem 3.2]. In fact, we will
prove the same result in [6, Theorem 3.1] by replacing the condition "9 is zero-power valued"
by "char(#)# 2," as in Theorem 1.2(ii). For ( [6, Theorem 3.2]), they made a mistake in the
proof because they replaced ¢ by —, given that —¢ is homo-derivation, but this is not true in
general, take ¥(a) = —a of any ring of characteristic # 2. So, we will prove the previous result
as in Theorem 1.2(i) again. Additional references may be found at [1,3-5,9,10,12,15-19].

Motivated by these results, we will investigate the commutativity of prime ring % with homo-
derivation ¥ and a non-zero ideal of .# that fulfills specific algebraic identities. We also provided
some examples of why our results hypothesis is essential.

Theorem 1.1. Let Z be a prime ring, ¥ a non-zero ideal of Z and ¥ a homo-derivation of %
preserves . If any one of the following holds, then Z is commutative.

(i) char(Z)# 2 and 9(a)9(b) +ab € Z ¥ a,b € .7;
(i) 9(a) # —a and 9(a)9(b) —ab € Z ¥ a,b € .7;
(ii) char(#)# 2 and 9(a)d(b) +ba € Z Y a,b € I

(iii) 9(a)d(b) —ba € Z Y a,b€ 7.

Theorem 1.2. Let Z be a prime ring, & a non-zero ideal of Z and ¥ a homo-derivation of %
preserves & . If any one of the following holds, then Z is commutative.

(i) ¥ is zero-power valued on & and ¥(ab) +ab € Z V a,b € F;
(i1) char(Z)# 2 and ¥(ab) —ab€ Z ¥ a,b € Z;
(iii) 9(ab) +ba € Z ¥V a,b € F;

(iv) 9(ab) —ba € Z ¥ a,be I.

The next example demonstrates that the hypothesis ¥ is zero-power valued on .# in Theo-
rem 1.2(i) is essential.

Example 1.1. Let Z be the ring of all integers, Z = Ms(Z), .9 = 2%, and define O : # — %
by 9(a) = —a. Then it is easy to see that ¥ is a homo-derivation such that ¥(ab) + ab € Z V¥
a,b € F, but 9 is not zero-power valued on & and X is not commutative.

The next example shows that char(#Z)# 2 cannot be omitted in the hypothesis of Theo-
rem 1.2(ii).

Example 1.2. Let Z = My(Zs), & = X, and define ¥ : Z — X by ¥(a) = —a. Moreover,
9 is a homo-derivation such that ¥(ab) —ab € Z ¥V a,b € &, but char(Z)= 2 and Z is not
commutative.

Theorem 1.3. Let Z be a prime ring, & a non-zero ideal of Z and ¥ a non-zero homo-derivation
of Z preserves I. If any one of the following holds, then Z is commutative.

(1) ¥(a) # —a and 9(ab) + ¥(a)d(b) € Z ¥V a,b e F;
(i) char(#)# 2 and 9(ab) — I(a)d(b) € Z ¥V a,b € F;
(i11) char(Z)# 2 and ¥(ab) + V(b)¥(a) € Z ¥V a,b € .7
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(v) char(#)# 2 and 9(ab) — ¥ (b)¥(a) € ZV a,b e £.
The next example demonstrates that Theorem 1.3(ii) cannot be satisfied without char(%)# 2.

Example 1.3. Asin Ezample 1.2, we see that 9(ab)—9(a)d(b) € Z, Z# is prime and char(Z )= 2,
but Z is not commutative.

The next example demonstrates how essential primeness is to our results.

Example 1.4. Let Z = {( g i ) :r,s,tGZ}, S = {( 8 (S] ) ZSEZ}, and let us
define 9 : Z — X by ¥(a) = —a. Then it is easy to see that ¥ is a homo-derivation on %, which

satisfies the next conditions ¥(a)¥(b) +ab € Z, ¥(a)d(b)+ba € Z, ¥(ab) —ab € Z, ¥(ab) +ba € Z,
Y(ab) — ba € Z, ¥(ab) — ¥(a)¥(b) € Z, I(ab) + I (b)¥(a) € Z, and ¥(ab) — ¥(b)V(a) € Z,V a,b.?,

but # 1is not commutative.

2. Preliminaries
The following fundamental identities that satisfy V a,b,c € Z :
[ab, ¢] = alb, ¢] + [a, c]b;
[a, be] = bla, c] + [a, b]c;
aobc= (aob)c—bla,c] =blaoc)+[a,blc;
aboc=ua(boc)—la,clb=(aocc)b+ alb, ],
will be applied without being mentioned.
To achieve our aim, we will use the next lemmas.
Lemma 2.1 ([8], Lemma 4). Let #Z a prime ring and {b,ab} C Z. Then a € Z or b = 0.

Lemma 2.2 ([13], Lemma 2.2). Let Z be a prime ring. If Z contains a non-zero commutative
right ideal, then Z is a commutative ring.

Lemma 2.3 ([11], Lemma 2.5). Let #Z be a prime ring and % a non-zero ideal of %. If
(i) la,b] € Z;
(i) aobe ZY a,be S

Then % is commutative.

Lemma 2.4. Let Z be a prime ring and & a non-zero ideal of #. For a,b € X, if a.#b = {0},
then a =0 orb=0.

Proof. Let a,b € Z and a.#b = {0}. Then a#%b = {0}, and so b = 0 or a.¥ = {0}. Now, if
a.# = {0}, then aZ.# = {0}. Hence, a = 0 or .# = {0}. Since .# # {0}, we get a = 0. O

Remark 2.1. Let Z be a prime ring, .# an ideal of Z and ¥ a homo-derivation of Z. If ¥(a) = a
YV a € Z, then char(#)=2 or . = {0}.

Proof. Suppose that char(%)# 2. From definition of ¥, we infer that J(ab) = 9(a)V(b) + I (a)b+
ad(b) V a,b € # and so ab = ab + ab+ ab and hence 2ab = 0 thus ab = 0, that is, #2 = {0} and
since Z is prime, we see that .# = {0}. O

=372 —



Nadeem ur Rehman, Hafedh Alnoghashi Identities Related to Homo-derivation on Ideal. ..

3. The main result
Lemma 3.1. If char(#)# 2 and 9(a)¥(b) +ab€ Z ¥ a,b € &, then Z is commutative.
Proof. Assume that
Ha)d(b) +abe Z Va,be g, (1)
Suppose that # N Z = {0}.
I(a)d(b) +ab = 0. (2)
Replacing b by bt in (2) and using it, where t € .#, we have
(a)P(b)I(t) + ¥(a)b¥(t) = 0. (3)

Adding +9(a)bt in (3) and applying (2), we get 9(a)b(d(t)—t) = 0, that is, ¥(a).Z (V(t) —t) = {0}
and by Lemma 2.4, we infer that J(a) = 0 or 9(¢) —t = 0. If 9(t) —t = 0, then ¥(t) = t and
by Remark 2.1 a contradiction. Now, in case ¥(a) = 0. Using the last expression in (2), we infer
that ab = 0, and so .# = {0}, a contradiction.

So .# NZ # {0}. Substituting bz for b in (1) and applying it, where 0 # z € .# N Z, we obtain

(a)d(0)9(2) + 9(a)bi(2) € Z. (4)

)+
Adding £9(a)bz in (4), we conclude that ¥(a) (I (b)Y (z) +bz) +9(a)b(¥(z) — z) € Z and by using
(1) in the last relation, we see that [J(a)b(V(z) — z),9(a)] = 0. That is,

[9(a), ¥(a)]b(9(2) — 2) + V(a)[b(V(2) — 2),¥(a)] = 0.
Hence,
Ha)[b(I(2) — 2),9(a)] = 0. ()
Writing z instead of @ and b by 2’ in (1), respectively, where z, 2’ € .# N Z, we obtain
I(=2)9(2') € Z. (6)

Taking z by 22 in (6) and applying it, we get 19(2)19(2)19(2’) € Z and by using (6) in the previous
expression, we conclude ¥(z)9(z’') = 0 or ¥(z) € Z. If ¥(z) € Z, then from (5), we see that
(9(z) — 2)¥(a)[b,9(a)] = 0, that is, (¥(z) — z)ﬂﬁ(a)[ ,9(a)] = {0} and so ¥(z) —z = 0 or
Pa)[b,¥(a)] = 0. If ¥(2) — z = 0, then

Hz)=2z#0. (7)

Now, from definition of ¥, we have ¥(za) = 9¥(2)9(a) + 9(z)a + z9(a). Using (7) in the last
relation, we get ¥(za) = 229(a) + za. Taking a by za in (1) and using the previous relation,
we infer that 229(a)d(b) + zad(b) + zab € Z. Applying (1) in the last expression, we find that
z0(a)d(b) + zad(b) € Z. Thus,

(¥(a) + a)9(b) € Z. (8)

Taking b = z in (8) and using (7), we see that 9¥(a) + a € Z. Using the previous relation and
Lemma 2.1 in (8), we arrive at ¥(a) +a = 0 or ¥(b) € Z. In case ¥(b) € Z. Applying the previous
relation in (1), we obtain ab € Z. Putting b = z in the last relation, we have a € Z. Hence,
J C Z, and by Lemma 2.2, #Z is commutative. Now, if ¥(a) + a = 0, then ¥J(a) = —a. Taking
a = z in the last relation and by (7), we get a contradiction.
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Suppose that

a)[b, ¥a)] = 0. (9)
Replacing b by sb in (9) and applying it, where s € #, we get ¥(a)s[b,¥(a)] = 0, that is,
¥(a).Z[b,(a)] = {0} and so ¥(a) = 0 or [b,9(a)] = 0. Suppose that [b,¥(a)] = 0. Substituting
at for a in the last expression and using it, where t € .#, we conclude ¥(a)[b, t] + [b, a]¥(t) = 0.
Taking b = a in the previous expression, we see that ¥(a)[a,t] = 0. Writing ba instead of ¢ in the
last relation and applying it, where b € .#, we find that 9(a)bla, t] = 0, that is, ¥(a).#[a,t] = {0}
and so ¥(a) = 0 or [a,t] = 0. If [a,t] = 0, then # C Z, and by Lemma 2.2, we get # is
commutative. Now, suppose that

¥(a) = 0. (10)

Applying (10) in (1), we infer that ab € Z. Putting 0 # b =z € £ N Z and by Lemma 2.1, we
get a € Z, and by Lemma 2.2, we obtain Z is commutative. Now, suppose that ¢(z)d(z") = 0.
Replacing 2’ by z in the last expression, we get

H(2)¥(z) = 0. (11)
Substituting b¥(z) for b in (5) and using (11), we conclude ¥(a)[—bd(2)z,¥(a)] = 0, that is,
¥(a)[b¥(z),¥(a)] = 0 by applying the last relation in (5), we obtain ¥(a)[—bz,?(a)] = 0, that is,
Y(a)[b,d(a)] = 0. As in (9), we have # is commutative. O
Lemma 3.2. If ¥(a)d(b) —ab € Z ¥V a,b € &, then Z is commutative or any homo-derivation

9 is of the form Y¥(a) = —a.

Proof. Assume that
P(a)d(b) —abe Z Va,be I. (12)
Suppose that .# N Z = {0}.

9(a)0(b) — ab = 0. (13)

Writing bt instead of b in (13) and using it, where ¢ € .#, we see that ¥(a)J(b)9(t)+9(a)bd(t) = 0.
Adding +9(a)bt in the previous expression and applying (13), we get ¥(a)b(I(t) + t) = 0, that
is, ¥(a).Z (V(t) +t) = {0} and so ¥(a) = 0 or ¥(¢) + ¢t = 0. In case ¥(a) = 0 and using it in (13),
we obtain ab = 0 and so .# = {0}, a contradiction. If ¥(¢t) + ¢t = 0, then ¥(¢t) = —t.

Now, in case .# N Z # {0}. Replacing b by bz in (12) and applying it, where 0 # z € .9 N Z,
we have

Pa)d(b)¥(z) + ¥ (a)bd(z) € Z. (14)
Adding +9(a)bz in (14), we conclude ¥(a)(¥(b)¥(z) — bz) + ¥(a)b(¥(z) + z) € Z. Using (12) in
the last relation, we obtain
@) BO(=) + 2), 0(a)] = 0. (15)
Now as Lemma 3.1 in Eq. (5), we have £ is commutative or 9(z) + z = 0. If ¥(2) + z = 0, then
¥(z) = —z # 0 and by applying the previous expression in (14), we get
I(a)(¥(b) +b) € Z. (16)

Putting 0 # a =z € # N Z in (16), this gives 9(2)(9(b) + b) € Z, that is, —z(J(b) + ) € Z, and
hence ¥(b) + b € Z by Lemma 2.1. Using the previous relation in (16) and by Lemma 2.1, we
see that ¥(a) € Z or 9(b) +b = 0. If 9(b) +b = 0, then J(b) = —b. In case ¥(a) € Z and by (12),
we infer that ab € Z. Putting 0 # b = z € ./ N Z and by Lemma 2.1, we conclude that a € Z,
and by Lemma 2.2, we get Z is commutative. O
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Lemma 3.3. If char(#)# 2 and 9(a)¥(b) +ba € Z ¥ a,b € &, then Z is commutative.
Proof. Assume that
Y a)d(b) +ba € Z Va,be .. (17)
Suppose that # N Z = {0}.
Y(a)¥(b) + ba = 0. (18)
Substituting bt for b in (18) and applying it, where t € .#, we conclude
Ha)(0)I(t) + ¥(a)P ()t + ¥(a)bd(t) 4 bta = 0.
Adding +bat in the last expression and using (18), we get
Ha)d (D)9 (t) + ¥(a)b¥(t) + b[t,a] = 0.
Adding +9(a)tb in the above relation and applying (18), we obtain

I(a)bd(t) — I(a)th + b[t,a] = 0. (19)
Writing 9(a)b instead of b in (19), this gives
9(a)?bi(t) — V(a)td(a)b + 9(a)b[t,a] = 0. (20)

Left multiplying (19) by ¥(a), we see that
9(a)*bI(t) — I (a)*th + 9(a)bt,a] = 0. (21)

Comparing (20) and (21), this gives ¥(a)[¥(a),t]b = 0, that is, ¥(a)[¥(a),t].# = 0 and since
& # 0, we infer that 9J(a)[9(a),t] = 0. Now as in Lemma 3.1 in (9), we have ¥(a) = 0 or Z is
commutative. If #Z is commutative, then .# N%Z = {0}, and so .# = {0}, a contradiction. In
case ¥(a) = 0 and from (18), we get ba = 0 and so .# = {0}, contradiction.

So, # N Z # {0}. Replacing b by bz in (17) and using it, where 0 # z € .# N Z, we conclude

Ha)?(b)I(z) + ¥(a)bd(z) € Z.
Adding +9(a)zb in the previous expression, we get
Ha)(F(D)¥(z) + zb) + I(a)(b¥(z) — 2b) € Z.

Using (17) in the last relation, we see that ¥(a)[b(9(z) — z),9(a)] = 0. Now, as in Lemma 3.1 in
Eq. (5), we have Z is commutative. O

Lemma 3.4. If 9(a)d(b) —ba € Z ¥ a,b € .7, then X# is commutative.
Proof. Assume that
Ha)¥(b) —ba € Z Va,be 7. (22)

In case .# N Z = {0} as Lemma 3.3, we have a contradiction. So, .# N Z # {0}. Substituting bz
for b in (22) and applying it, where 0 # z € .# N Z, we conclude

Ha)?(b)I(z) + ¥(a)bd(z) € Z. (23)
Adding +9(a)zb in (23), we get
¥(a)(P(b)¥(z) — zb) + I(a)b(V(2) + 2) € Z.

Using (22) in the above expression, we obtain 9(a)[b(J(z)+2),9(a)] = 0. Now, as in Lemma 3.2 in
Eq. (15), we have Z is commutative or ©#(a) = —a. Now, in case ¥(a) = —a. Applying the previous
relation in (22), we get [a,b] € Z and by using Lemma 2.3, we obtain Z is commutative. O
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Lemma 3.5. If ¥ is zero-power valued on % and ¥(ab) + ab € Z V a,b € &, then X is
commutative.

Proof. Assume that
Y(ab) +abe Z Va,be I. (24)

Writing bt instead of b in (24), where t € .#, we see that (¥(ab) + ab)(¥(t) + ¢) € Z and by
applying (24) in the last relation and by Lemma 2.1, we get ¢¥(ab) +ab=0or ¥(t) +t € Z. If
Y(ab) + ab = 0, then

(9(a) + a)(V(b) + b) = 0. (25)
Replacing b by ¥9"71(b) in (25), where 9™(b) = 0, we conclude
(¥(a) + a)9""(b) = 0. (26)
Substituting 9" ~2(b) for b in (25) and using (26), we see that
(¥(a) + a)d"2(b) = 0

and by repeating the previous steps, we conclude that (9(a) + a)b = 0. Now as in Eq. (25), we
have ab = 0 and so .# = {0}, contradiction. So 9(t) +t € Z. As in Eq. (25), we get t € Z and
by Lemma 2.2, # is commutative. O

Lemma 3.6. If char(#)# 2 and ¥(ab) —ab € Z ¥ a,b € I, then Z is commutative.
Proof. Assume that
d(ab) —abe Z Vabe 7. (27)
Writing bt instead of b in (27), where t € .#, we conclude
(¥(ab) — ab)(V(t) +t) + 2abi(t) € Z. (28)
Thus 2[ab¥(t), d(t)+t] = 0, that is, [abd(t), ¥(¢)+t] = 0. Replacing a by sa in the previous expres-
sion and applying it, where s € .#, we get [s,9(¢) +t]abd(t) = 0, that is, [s,9(t) + t].ZbI(t) = {0}

and so [s,9(t) +t] = 0 or bI(t) = 0. If bI(t) = 0, then FI(t) = {0} and hence J(t) = 0. Using
the last relation in (27), we obtain

abe Z. (29)

Replacing a by b and b by a in (29), we see that ba € Z. From the last expression and (29), we have
[a,b] € Z and by Lemma 2.3(i), # is commutative. Suppose that [s,9(¢) + ¢] = 0. Substituting
sr for s in the previous relation and applying it, where r € Z, we get s[r,3(t) 4+ t] = 0, that is,
Fr,9(t) +t] = {0} and so [r,¥(t) +t] = 0 thus ¥(t) + ¢ € Z. Again writing ab instead of ¢ in the
last expression, we see that ¥(ab) + ab € Z. Comparing the last relation and (27), we conclude
aob € Z, and by Lemma 2.3(ii), Z is commutative. O

Lemma 3.7. If 9(ab) + ba € Z V a,b € , then Z is commutative.

Proof. Assume that

Y ab) +ba € Z Va,be I. (30)
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Suppose that # N Z = {0}.
J(ab) + ba = 0. (31)

Replacing b by bt in (31), where ¢t € .#, we conclude (9(ab)+ ab)d(t)+blt,a] = 0. Adding +bad(t)
in the previous expression and using (31), we get b([t,a] — a¥(t)) = 0 and since & # {0}, we
infer that

[t,a] — ad(t) = 0. (32)
Substituting sa for a in (32), where s € ., we obtain
slt,a] + [t, sla — sad(t) = 0. (33)
Left multiplying (32) by s, we see that
slt,a] — sad(t) = 0. (34)

Comparing (33) and (34), this gives [t,sla = 0, that is, [¢,s].# = {0} and since .# # {0}, we
infer that [¢t,s] = 0 and so .# C Z and by Lemma 2.2, # is commutative.

Suppose that ¥ N Z # {0}. Writing bz instead of b in (30) and applying it, where 0 # z €
& N Z, we conclude

(9(ab) + ab)d(z) € Z. (35)
Putting a = b = z in (30), where 0 # z € ¥ N Z, we get
9(?) € Z. (36)

Taking z by 22 in (35), we have (J(ab) + ab)¥(2?) € Z and by using (36) in the last relation, we
see that ¥(ab) + ab € Z or ¥(2%) = 0. If ¥(ab) + ab € Z and by applying (30), then [a,b] € Z and
so # is commutative. Suppose that

9(z%) = 0. (37)

Replacing b by bt in (30), we conclude 9(ab)V(t) +9(ab)t+abd(t)+bta € Z, where t € .. Putting
a = b = z in the last expression and using (37), where 0 # z € & N Z, this gives ¥(t) +t € Z.
Taking ¢ by ab in the previous relation where a,b € &, we get ¥(ab) + ab € Z. Using the last
expression in (30), we conclude [a,b] € Z and so % is commutative. O

Lemma 3.8. If¥(ab) —ba € ZV a,b € I, then Z is commutative.

Proof. Let .# N Z = {0}. As in Lemma 3.7. Suppose that .# N Z # {0}. As in Lemma 3.7 and
applying Lemma 2.3(ii). O

Lemma 3.9. If 9 # 0 and ¥(ab) + H(a)¥(b) € Z ¥V a,b € Z, then Z is commutative or any
homo-derivation ¥ is of the form ¥(a) = —a.

Proof. Assume that
J(ab) + I(a)d(b) € Z Va,be S. (38)
Suppose that # N Z = {0}.

9(ab) + 9(a)d(b) = 0. (39)
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Substituting bt for b in (39) and using it, where ¢t € ., we see that (J(a) + a)bd(t) = 0, that is,
(9(a) + a) 7 ¥(t) = {0} and so ¥(a) + a = 0 or ¥(t) = 0. In case

) =0 Vte .7 (40)

Writing rt instead of ¢ in the last relation and applying it, where r € %Z, we get 9(r)t = 0, that
is 9(r).# = {0} and so ¥(r) = 0V r € %, a contradiction. In case ¥(a) + a = 0, we infer that
9(a) = —a.

Suppose that .# N Z # {0}. Replacing b by bz in (38) and using it, where 0 # z € # N Z, we
conclude

(9(ab) +Y(a)I (b)) (z) + (a + Y¥(a))bI(2) € Z. (41)
Using (38) in (41), we obtain
[(a+9Y(a))b,9(2)]9(z) = 0. (42)

Substituting (z + ¥(2))b for b in (42) and applying it, where 0 # z € £ N Z, we conclude
[a+1¥(a),¥(2)]zb¥(z) = 0 implies that [a + Y (a), ¥(2)]b¥(z) = 0, that is, [a + I (a), H(2)].FY(z) =
{0} and so [a + ¥(a),¥(2z)] = 0 or ¥(z) = 0. In case

¥(z) = 0. (43)
Putting b = z in (38) and using (43), where 0 # z € .# N Z, we see that ¥(a)z € Z and hence
¥(a) € Z. (44)

Writing ab instead of a in (44) and applying it, where b € .#, we get ¥(a)b + ad(b) € Z and by
using (44) in the previous expression, we have ¥(a)[b, a] = 0. Replacing b by sb in the last relation
and applying it, where s € .#, we obtain ¥(a)s[b, a] = 0, that is ¥(a).#[b, a] = {0} and so ¥(a) =0
or [b,a] =0.If [b,a] = 0, then .# C Z and so # is commutative. In case ¥(a) = 0 the same as in
(40), we infer that ¢ = 0, a contradiction. Now, suppose that ¥#(z) # 0 and [a + ¥(a),¥(z)] = 0.
By using the last expression in (42), this gives (a + ¥(a))[b, ¥(2)]9(z) = 0. Substituting bs for b
in the previous relation and applying it, where s € .#, we conclude (a + ¥(a))[b, ¥(2)]s9(z) = 0,
that is, (a 4+ 9(a))[b, ¥(2)]-#V(z) = {0} and so (a + ¥(a))[b,¥(z)] = 0 or ¥(z) = 0. But ¥(z) # 0
and hence (a+9(a))[b, ¥(z)] = 0. Writing sb instead of b in the last expression and using it, where
s € .7, we get (a+9(a))s[b,¥(z)] =0, that is, (a +9(a))-L[b,9(z)] = {0} and so a +¥(a) =0 or
[b,9(2)] = 0. If a +¥(a) = 0, then ¥(a) = —a. Now, suppose that [b, J(z)] = 0. Replacing b by br
in the last relation and applying it, where r € %, we have b[r,J(z)] = 0, that is, Z[r,¥(z)] = {0}
and so [r,¥(z)] = 0 this implies that

9(z) € Z. (45)

Using (45) and (38) in (41), we see that (a + ¥(a))b¥(z) € Z and by applying (45) in the
previous expression, we get (a +9(a))b € Z or ¥(z) = 0. In case J(z) = 0 as (43). Now, suppose
that (a + 9(a))b € Z. Substituting br for b in the last relation and using it, where r € Z, we
obtain (a + ¥(a))b =0or r € Z. If r € Z, then #Z is commutative. If (a + ¥(a))b = 0, then
(a+9¥(a))# = {0} and so a + ¥(a) = 0, and hence ¥(a) = —a. O

Lemma 3.10. If char(%)# 2 and 9(ab) — ¥(a)d(b) € Z ¥ a,b € .F, then X is commutative.

Proof. Assume that

Y(ab) — ¥(a)d(b) € Z Va,be . (46)

- 378 —



Nadeem ur Rehman, Hafedh Alnoghashi Identities Related to Homo-derivation on Ideal. ..

9(a)b + ad(b) € Z. (47)

Writing bt instead of b in (47), where t € ., we conclude
(¥(a)b+ ad (b))t + a(¥(b) + b)V(t) € Z

and by applying (47) in the last expression, we get [a(d(b) + b)¥(t),t] = 0. Replacing a by
sa in the previous relation and using it, where s € ., we obtain [s,t]a(d(b) + b)J(t) = 0,
that is, [s,t]Z(9(b) + b)Y¥(t) = {0} and so [s,t] = 0 or (9(b) + b)I(t) = 0. If [s,¢] = 0, then
# C Z and hence Z is commutative. Suppose that (9(b) + b)9(t) = 0. Substituting at for ¢
in the last expression and applying it, where a € .#, we see that (9(b) + b)ad(t) = 0, that is,
(9(b) + b).#9(t) = {0} and so ¥(b) + b = 0 or ¥(t) = 0. In case ¥(t) = 0, the same as in (40),
we infer that ¥ = 0, a contradiction. If #(b) + b = 0, then ¥(b) = —b and by using the last

relation in (46), we conclude 2ab € Z and so ab € Z. Now as Lemma 3.6 in Eq.(29) we get Z is
commutative. O

Lemma 3.11. If char(Z)# 2 and 9(ab) + 9(b)d(a) € Z ¥ a,b € &, then X is commutative.

Proof. Assume that
9(ab) + 9(b)I(a) € Z Va,be .S, (48)
Suppose that .# N Z = {0}. Then
9(ab) + 9(b)d(a) = 0, (49)
that is,
9(a) o D(b) + 9(a)b + ad(b) = 0. (50)

Writing ab instead of b in (50), we conclude ¥(a) o ¥(ab) + ¥(a)ab + a¥(ab) = 0. Using (49) in
the previous expression, we get

—(¥(a) o 9(b)d(a)) + I(a)ab — ad(b)¥(a) = 0.
That is,
—(9(a) o 9(b))d(a) + I(a)ab — ad(b)(a) = 0. (51)
Right multiplying (50) by ¥(a), this gives
(¥(a) o 9(b))¥(a) + H(a)b¥(a) + ad(b)d(a) = 0. (52)
Comparing (51) and (52), we obtain
Y(a)bd(a) + I(a)ab = 0. (53)
Replacing b by bt in (51), where ¢t € .7, we see that
Pa)btd(a) + ¥ a)abt = 0. (54)
Right multiplying (53) by ¢, where t € ., we conclude

Pa)bd(a)t + V¥ a)abt = 0. (55)
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Comparing (54) and (55), we get
¥(a)b[¥(a),t] =0, (56)

that is, ¥(a).#[¥(a),t] = {0} and so ¥(a) = 0 or [¢#(a),t] = 0. Assume that ¥(a) = 0, the same
as in (40), we infer that ¥ = 0, a contradiction. In case [¢#(a),?] = 0. Substituting ab for a in
the last relation and using it, where b € .#, we obtain ¥(a)[b, t] + [a,t]9(b) = 0. Putting ¢t = b in
the last expression, this gives [a, b]d(b) = 0. Writing as instead of a in the previous relation and
applying it, where s € ., we see that [a, b]s¥(b) = 0, that is, [a, b].#9(b) = {0} and so [a,b] =0
or ¥(b) = 0. If ¥(b) = 0, then ¥ = 0, a contradiction. In case [a,b] = 0, we infer that Z is
commutative.
Now, suppose that .# N Z # {0}. We can write Eq. (48) as

(9(a) o ¥(d)) + ¥ (a)b + ad(b) € Z. (57)
Replacing b by bz in (57) and using it, where 0 # z € & N Z, we get
(9(a) o 9(b)V(2)) + (V(a) o bI(2)) + ad(b)I(2) + abid(z) € Z. (58)
Putting a = 2z and adding +9(2)bd(z) in (58), we have
{(9(2) 0 9(D)) + 29(b) + I(2)b}I(2) + b{V(2)* + 29(2)} € Z. (59)
Taking a = b = z in (57) and since char(Z)+# 2, we infer that
9(2)* + 20(2) € Z. (60)

Using (57) and (60) in (59), we obtain {(¢(z) o ¥(b)) + z9(b) + ¥(2)b}[I(z),b] = 0. Applying
(57) in the last expression, we get {(¥(z) 0 9(b)) + z9(b) + I(2)b}.F[V(z),b] = {0} and so (J(z) o
9(b)) + z9(b) +9(2)b =0 or [V(z),b] = 0.

Suppose that

W(z),b] = 0. (61)

Substituting 7b for b in (61) and using it, where r € R, we conclude [¢(z),r]b = 0, that is,
[9(2),r]-# = {0} and so [¢¥(z),r] = 0 and hence

9(z) € Z. (62)

Adding +9(a)b¥(z) in (58) and applying (57) and (62), we see that (b(a) + ab)¥(z) € Z and by
using (62) in the last relation, we get bd(a) + ab € Z or 9(z) = 0. In case

9(z) = 0. (63)

Putting b = 2z in (57), where 0 # 2 € .# N Z and applying the previous expression, we conclude
z9(a) € Z and so

9(a) € Z. (64)

Writing ab instead of a in (64) and using it, where b € .#, we obtain J(a)b + ad(b) € Z and by
applying (64) in the last relation, we get [¢(a)b + ad(b),r] = 0, where r € R, by using (64) in
the last expression, we see that ¥(a)[b, r] + [a,7]¥(b) = 0. Taking r = b in the previous relation,
this gives [a,b]¥(b) = 0. Replacing a by as in the last expression, where s € ., we conclude
[a,b]s?(b) = 0, that is, [a,b].#Y(b) = {0} and so [a,b] = 0 or ¥(b) = 0. If [a,b] = 0, then Z is
commutative. If ¥(b) = 0, then ¥ = 0, a contradiction. Now, suppose that

bd(a) + ab € Z. (65)
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Putting 0 £b =z € .# N Z in (65), we get

Y a)+a€Z (66)
Adding +ba in (65), this gives b(¥d(a) + a) + [a,b] € Z. Using 66) in the last relation, we obtain
[[a,b],b] = 0. Substituting ta for a in the previous expression and applying it, where t € ., we
have 2[t,b][a,b] = 0 and hence [t,b][a,b] = 0. Writing sa instead of a in the last relation and
using it, where s € .#, we see that [t,b]s[a,b] = 0, that is, [¢,b].#[a,b] = {0} and so [t,b] = 0 or
[a,b] = 0. In two cases Z is commutative.

Now, in case (¥(z) o 9(b)) + z9(b) + 9(2)b = 0 as in Eq.(50), we conclude as Eq.(56),
I(2)b[J(z),t] = 0, that is, ¥(2)I[¢(2),t] = {0} and so 9(z) = 0 or [¥(z),t] = 0. In case
[¥(2),t] =0, as in (61). In case ¥(z) =0 as in (63). O
Lemma 3.12. If char(%Z)# 2 and 9(ab) — 9(b)I(a) € Z ¥ a,b € F, then X is commutative.
Proof. Assume that

Y(ab) —I(b)I(a) € Z Va,be S (67)

Suppose that .# N Z = {0}. Then

9(ab) — I(b)d(a) = 0. (68)
That is,
[¥(a), ¥(b)] + ¥ (a)b + ad¥(b) = 0. (69)

Replacing b by ab in (69), we have [¢#(a),¥(ab)] + ¥(a)ab + a¥¥(ab) = 0. Using (68) in the last
relation, we get [9¥(a), ¥(b)I(a)] + ¥(a)ab + a¥¥(b)d(a) = 0. Thus,

[¥(a),¥(b)]Y(a) + I(a)ab+ ad(b)I(a) = 0. (70)
Right multiplying (69) by ¥(a) this gives
[¥(a), ¥(b)]¥(a) + F(a)bd(a) + ad(b)¥(a) = 0. (71)
Comparing (70) and (71), we obtain
Ha)bd(a) — da)ab = 0. (72)
Substituting bt for b in (72), where t € .#, we see that
I(a)btd(a) — I(a)abt = 0. (73)
Right multiplying (72) by ¢, where t € .#, we conclude
P(a)bd(a)t — I(a)abt = 0. (74)
Comparing (73) and (74), we get ¥(a)b[¥(a),t] = 0, that is, ¥(a)#[9(a), t] = {0} and so ¥(a) =0
or [¥(a),t] = 0. If ¥(a) = 0, then ¥ = 0, a contradiction. In case [¢#(a),t] = 0. Writing ab instead
of a in the previous relation and using it, where b € #, we obtain ¥(a)[b, t] + [a,t]d(b) = 0.
Putting ¢ = b in the last expression, this gives [a,b]d(b) = 0. Replacing a by as in the last
relation and applying it, where s € .#, we see that [a,b]s?(b) = 0, that is, [a, b].#9(b) = {0} and

so [a,b] = 0 or ¥(b) = 0. If ¥(b) = 0, then ¥ = 0, a contradiction. In case [a,b] = 0, we infer that
Z is commutative.
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Now, suppose that & N Z # {0}. Putting a = b = z in (67), where 0 # z € ¥ N Z, we
conclude

¥(z) € Z. (75)
Substituting bz for b in (67) and using it and (75), where 0 # z € .# N Z, we get
[¥(a),d(b)]Y(2) + [D(a),b]Y(z) + ad(b)V(z) + abV(2) € Z.
Adding +9¥(a)b¥(z) in the previous expression and suing (67) and (75), we obtain
([9(a),b] + ab— ¥ (a)b)¥(z) € Z
and so [¥(a),b] + ab — ¥(a)b € Z or ¥(z) = 0. In case
d(z) = 0. (76)

Taking b = z in (67) and applying the above relation, where 0 # z € £ NZ, we see that ¥(a)z € Z
and so

¥ a) € Z. (77)
By using (77) in (67), we have #(a)b + a¥(b) € Z and so ¥(a)[b,a] = 0. Writing sb instead of
b in the last expression, where s € ., we get ¥(a)s[b,a] = 0, that is, ¥(a).#[b,a] = {0} and
so ¥(a) = 0 or [b,a] = 0. If [b,a] = 0, then # is commutative. If ¥(a) = 0, then ¥ = 0, a
contradiction. Now, suppose that
[¥(a),b] + ab—I(a)b € Z. (78)
Putting b = z in (78), where 0 # z € .# N Z, we see that
a—19Y(a) € Z. (79)
Replacing b by ¥(b) in (78), this gives
[¥(a), ¥(b)] + ad(b) — ¥(a)d(b) € Z. (80)

Comparing (80) and (67), we conclude ¥(a)(¢#(b) +b) € Z. Taking a = z in the previous relation,
where 0 # z € S NZ, we get 9(z)(F(b) +b) € Z and so ¥(z) = 0 or 9(b) +b € Z. In case ¥(z) =0
as Eq. (76). In case 9(b) + b € Z. Putting b = a in the last expression, where a € .#, we obtain

Ya)+a€Z. (81)
Comparing (80) and (79), we see that 2a € Z and so a € Z, and hence # is commutative. [0

By using Lemmas 3.1-3.12, we get the proof of Theorems 1.1-1.3.

The authors are greatly indebted to the referee for his/her valuable suggestions, which have
immensely improved the paper.
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ToxxmecTBa, cBI3aHHBIE C TOMOOOpPa30BaHEM Ha HJeaJie
B IIEPBUYHBIX KOJIbIAX

HaauMm Pexman

Xaden AabHoramm

Kadenpa maremaruku

Asmmrapxckuii MyCyJIbMaHCKUIl yHUBEPCUTET
Asnrapx, Unans

Awnnoranusi. [enpio manHO# pabOTH SBIISIETCS WCCIEIOBAHNE KOMMYTATUBHOCTU TIEPBUYHOTO KOJIBIIA

% c HeHyneBbIM mueajoMm ¢ u romomuddepeHnuposanueM ¥ OBJIETBOPSIIOIINM HEKOTOPBIM aJIreo-
b

pandecKuM TOXKjiecTBaM. MBI Tak»kKe IMPUBEJU HECKOJHLKO IIPUMEPOB TOTO, MOYEMY HAIla TUIIOTEe3a O

pe3yabTaTax BaykKHa.

Kirouyesblie ciioBa: IIEPBUYIHOE KOJIBIIO, TOMOIIPOUCXO2K/IECHHUE.
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