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Abstract. A slow longitudinal non-isothermal gas flow in the annular region caused by small pressure
and temperature drops across a long micro-channel is considered in the paper. A method for calculating
the values of the Poiseuille number in the transitional gas flow regime is proposed. The method is based
on the solution of the model linearised Bhatnagar-Gross-Krook (BGK) kinetic equation using Cheby-
shev polynomials. The calculated values are compared with similar results obtained using analytical
solutions of the Navier—Stokes equations with no-slip and slip boundary conditions. The effect of the
accommodation coefficient of the tangential momentum of the gas molecules and the gas rarefaction
parameter on the change in the Poiseuille number is analysed for small ratios of the temperature and
pressure gradients of the gas in the channel.
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The miniaturization of technological processes has recently become actively implemented
in the chemical industry [1]. Modelling of flows in micro-channels has become an intensively
developing area of research [1-4]. Micro-channel devices are widely used in various fields of
science and technology such as micro-reactors, micro-heat exchangers, micro-mixers, etc. [1,2].
The obvious advantages are that use of micro-channels makes it possible to significantly intensify
physiochemical processes. One of the characteristic similarity parameters that is used to describe
gas mass transfer processes in micro-channels is the Poiseuille number [5]. It is calculated using
the Boltzmann kinetic equation [6] or model kinetic equations [7]. In the presented paper, the
value of the Poiseuille number is calculated using the linearized BGK model kinetic equation for
the gas flow in the annular region under the influence of pressure and temperature gradients [§].
Formulation of the problem is close to that given in [7] and [9]. However, unlike [7] and [9] the
influence of cross-effects caused by the action of pressure and temperature gradients is studied.
Comparison with the results from [7] and results for the sliding flow regime using the Navier-
Stokes equation was carried out . The values of the Poiseuille number were found using Chebyshev
polynomials [10]. They depend on the rarefaction parameter, the accommodation coefficient of
the tangential momentum of gas molecules, ratios of cylinder radii and temperature and pressure
gradients. The ratio of temperature gradients and gas pressure in the channel is assumed to be
small.
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1. Formulation of basic equations

Let us consider a rarefied gas flow in a long channel under the action of given pressure
and temperature gradients with incomplete accommodation of the tangential momentum of gas
molecules on the channel walls. The cross section of the channel represents the annular region
with radii R} and R, (R} < R5). The channel connects two reservoirs at pressures pj and ph,
temperatures 7] and T4, with p} > p} and T] < T4. The tangential momentum accommodation
coefficients of gas molecules on the inner and outer cylinders are the same a; = as = «a. Physical
quantities are presented in non-dimensional form as in [9], except for the length. The hydraulic
diameter D} = 2(R5 — R}) [11] is chosen as the length scale. In what follows the prime symbol
for dimensionless quantities is omitted.

The Poiseuille number Py is defined according to [6] as the product of the Darcy coefficient
of friction f; and the Reynolds number Re

2G,py D}

Py = faRe = —
1

)

where 4/ is the dynamic viscosity of the gas, 8/ = m’/(2kzT;), m’ is the mass of gas molecules,
k' is the Boltzmann constant, pj and T{ are pressure and temperature of the gas taken as the
origin; G, is the dimensionless pressure gradient, @, is the average value of the dimensionless
component of the gas mass velocity u,.

Assuming that the absolute values of the dimensionless gradients G, and G are small,
linearised distribution function is written as

f(r,C) = fo(C) (1 + Gr <02 - ;) 2+ Gpz + hip, C)) , (1)

h(pa C) = Gphl(p7 C) + GThQ(p7 C)

Here fo(C) = 7 3/2exp (—C?) is the dimensionless absolute Maxwellian, hi(p,C) and
ha(p, C) are perturbations of the distribution function due to the presence of pressure and
temperature gradients. In the configuration space and velocity space cylindrical coordinates
r = (p,ry,r;) are used and C = (C,Cy, C.).

The average macroscopic velocity of the gas u, is expressed in terms of the perturbation
functions hi(p, C) and ha(p, C) as

u, = _GpULz + GTUZ,za (2)
_ 2 Ro
U, = ——2 Ur.(p) — GUs -(p))pdp, 3
e f, Vo)~ Gz ()odp 3)
Us(p) = /2 / exp (—C?) Cuhi(p, C)d°C, (4)
Gr
G=—.
GP

Substituting (2) into (4) and taking into account that in the case of using the solid sphere
model the sparsity parameter § satisfies the ratio & = 2(R} — R})p/ Y2/ ~" [12], we obtain the
following expression for the Poiseuille number

Py = = . (5)
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Let us introduce functions Z; = Z1(p,(,C1) and Zy = Zs(p,(,C) as

I
Z1(p.6.00) = 5= | exp(=C2)Ch(p.C)ac,

1 [t
Za(p..C) = 7= [ exp(~CHC2h(p. C)C. ¢ = cosy
VT o
Then using Z;, the component U, , is written as follows

9 +oo ) 1 1
.= — — ——=71d(dC, .
UL 7_{_\/0 CL exp( CL) \/71 m 1 C CL (6)

Function Z; can be found from the solution of the linearised BGK model of the kinetic
Boltzmann equation [9]

07, 071 (1 —¢?) 1 B
(Goc+ 5 CL+62(p.C.O) + 5 =8U0Llp), C=cosv, (7)
using Maxwell’s mirror-diffuse boundary condition
Z1(Ri,¢,C1) = (1 —a)Z1(Ri, —(,C1), (-1)'¢ <0, i=1,2. (8)

To find Us,., the Onsager ratio Us . = @, , is used [13], where 2G,Q, , is dimensionless heat
flow due to the presence of the pressure gradient

~ 9 R»
Q1,2 = m /Rl a1,=(p)pdp. (9)
Here, g1, is the dimensionless z-component of the heat flux vector
2 [T o [t 1
we=2 [ Crented) [
After the solution of the boundary value problem (7), (8) function Z5 can be found from the
equation [15]

C2 Zy + Z5)d¢dC | — gUl,z- (10)

075 075 (1 —¢?) 3 30
(G2c+ % CLt 623(p,G,C1) + 5 = TULLp), (1)
with the boundary condition
ZQ(Ri7 Ca CJ_) = (1 - Oé)ZQ(Ri, _C7 CJ_)7 (_1)74. < O’ 1= 17 2. (12)

2. Solution of the boundary value problem

Unknown functions Z;(p, ,C ) and Zs(p, ¢, C ) are represented as series in Chebyshev poly-
nomials of the first kind {T%,} (¢ = 1,3). Limiting the resulting decompositions to terms with
numbers k; < n; (i =1,3), we have

Zi(p,¢,CL) = T1(r1) ® Ta(z2) ® Ta(xs3)Aj, j=1,2, (13)

where 1 = (2p — Re — R1)/(R2 — R1), ©2 = ¢, 3 = (CL — 1)/(CL + 1), T; is the matrix of
dimension 1 x n (n,=n; +1,i=1...3)
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Ti(x;) = (To(wi) Ta(xi) - - Tny—1(2i) Tn, (1))

and Aj (j = 1,2) are unknown matrices of dimension njn5jns x 1

. . . . T
Ay = (a0t Do) 5 T =12,

N TL17L27L3—1 ninans

Expression T1(z1) ® Ta(x2) means the Kronecker product of two matrices.
Zeros of polynomial T},, on the interval [-1, 1]

m(2n; — 2k; + 1) )
Li,ky COS < 2(”1 + 1) ) kl 0) N, a3 ( )

are selected as collocation nodes in (7) and (11) for z;. The values of Chebyshev polynomials and
their derivatives at points (14) are found according to the definition T}, (x;) = cos(j; arccos x;),
where z; € [-1,1] [10].

To calculate integrals (6) and (10), the Clenshaw—Curtis method [14] and the recurrence
relations [10] are used

To(x) =1, Ti(z)==z Ti(z)=22T;—1(x)—Ti—2(x), =2

Substituting (13) and (14) into (7) and (11), we obtain two systems of ninjn} equations in
which equations at points 1,9, X2k, (k2 = n5/2...n2) are replaced with the equations arising
from boundary conditions (8) and (12) for z2 > 0

Tl(—l) [ (TZ(x2,k:2) — (1 — Oz)Tz(:l?QmQ,]@)) 4 T3(£L‘37k3)Aj =0, k3=0,ng, 73 =12

Similarly, at the points x1 ,, 2k, (k2 = 0,n%5/2 — 1) equations corresponding to (8) and (12)
for 9 < 0 are

Tl(].) & (Tz(l’g’kz) — (1 — Q)T2($27n2,k2)) X T3(£L’37k3)Aj = 0, k3 = 0, ns, ] = ]., 2

Here and below, it is assumed that ns is an odd number.

In order to reduce the computational error for [71,2 and Uz,z coefficients in (13) are expressed
in terms of values of functions Z; and Zs at points (14). As this takes place, we have the following
equalities at points (14)

2 R
? Z Tk1 (xll)Tkl(le) = 6li,ji7 llu]’b = 07ni7 1= 1737
i =0

ng ,
where ¢, j, is the Kronecker symbol, and notation )" means the partial sum in which the first
ki=0
term is multiplied by 1/2.
Denoting matrices that contain values of functions Z; and Z5 at points (14) as Z; and Z,
we obtain

8 . JT/ ® HT/ ® LT/Z

! !
ninang

Aj = j ]: ]-721 (15)
where J, H and G are square matrices of size n; x n; with elements J, 41,41 = T}, (1,4,),
Hiyt1 o+1 = Tj, (22,8, )s Lig+155+1 = Tjs(@3,85), Jiski = 0,m4, ¢ = 1...3. The symbol T' means
the transposition of matrices J, H and L. The prime symbol means that the first rows of matrices
JT, H” and LT are multiplied by 1/2
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Using (15), we obtain system of equations with respect to unknown matrices Z; and Z.
They are found by the LU method. Next, using the obtained elements of matrices Z; and Zs,
U,z(p) and q1,.(p) are restored

8 2,0—R2—R1 T/
Ui .(p) = J B.:7Z,, 16
) = T (P ) T Bz, (16)
8 2p—Ro— Ry \ v
L(p) = T J Bs Z:, 17
00 = T (P ) e Y Bz (17)

j=1,2

where Bj is the block matrix of size 1 x n4nf that consists of nj-identical blocks KJ-LT, of
dimension 1 x nj,

1 i; 2
K; = 2/1 WT3(x3)exp (—M) drs, j=1,2, i1 =1, iy =3.

Substituting (16) and (17) into (3) and considering that us , = g1, the values of the Poiseuille
number can be calculated from (5). The variable parameters in this case are a, §, G and
r = R}/R,. Radii Ry and Ry are expressed in terms of r as

T 1
B = 21 —r)’ B2 = 21 —r)

3. Analysis of the obtained results

Relationship between the Poiseuille number Py and § for r = Rj/R; = 0.1, 0.5, 0.9 and
G = 0 are shown in Fig. 1(a)(a =1) and in Fig. 1(b) (a = 0.85 ) at n1 = ny =15, nz =11.
Interpolation of values of the Poiseuille number Py (5) is performed on the basis of cubic splines
with values of the sparsity parameter § from 0 to 100. Curves 1-3 correspond to r = 0.1, 0.5, 0.9.
The dots mark the values of Py from [7]. It is clear that results obtained in this paper based on
the Chebyshev polynomials are in good agreement with [7]. The difference between results does
not exceed 2 %. It should be noted that there is a rapid convergence of curves 2 and 3 for r = 0.5
and r = 0.9 with decreasing values of the tangential momentum accommodation coefficient of
the gas molecules «. Next, the simulation results for » = 0.1 and r = 0.9 are presented.

To analyse the results obtained in the sliding and hydrodynamic modes, solution of the
Navier—Stokes equation with boundary conditions of sliding and sticking were found. In the
hydrodynamic limit (§ — o0), we obtain from (7)

U.(p) = g (Rf In (sz> + R2In (é) - p2) (m @i))_l . (18)

It corresponds to the solution of the Navier—Stokes equation [16]
1d dau,
-4 <p(p)> = -4, (19)
pdp dp
with boundary conditions of adhesion on the inner and outer surfaces of the cylinders
U.(R) =0, i=1,2.

Substituting (18) into (3) and (5) and considering that U, = 0, we obtain the following
expression for the Poiseuille number
64(1 —r)?Inr

Py = . 20
O nr—1)r2+Inr+1 (20)
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Fig. 1. The relationship between Py and § at G = 0 for a« = 1 (a) and a = 0.85 (b): (1-3)
corresponds to r = 0.1, 0.5 and 0.9

For r — 0 we obtain from (20) Py = 64 that corresponds to the laminar flow in the cylinder
[11]. In the case of r — 1, the value of Py tends to the value of 96 that is characteristic of the
flow between two parallel planes [6].

In the sliding flow mode, boundary conditions for Navier—Stokes equation (19) are written in
the form [12]

. au.
Ui (R) = (—1) 122822 Ry i =1,2, 21
(R = ()RR (21)
Us.(Ri) =25 i=1,2. (22)

T2
Here o, and o are the coefficients of isothermal and thermal slip, respectively. For the BGK

equations considered in the paper the relationship between o,, o7 and o can be represented
as [12,17]

o)) = 2= (6 (1) = 0.1211(1 — @), (1) = 1016,
@ (23)

or(a) =0.75 4 0.3993a.

Solving boundary value problems (19), (21) and (22), we find
Ux(p) = [(p2 In7 — R?In <1§2> — R2In <If)1>) RiR26*+(Ry + Ry) p20p5+20;‘; (R% — R%) +

-1

2 2
+ (Ri’ + R} — R?RyIn (f;) — RiR2In <];21>) a,,(s] [4(%(31 + Ry) — RiSRoInr)| , (24)

Uz.2(p) = G5 (25)

One can see from (25) that component Us . does not depend on 7 = R;/R.
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Substituting (24) and (25) into (3), we find from (5) that

_ 40%8,

P ,
T B,

(26)

where 31 = 32(0rInr + (212 — 2)0,)(1 — )2,
Bo =2(r*(lnr — 1) + r(Inr +1))6° + 4(r* + 473(Inr — 1) — 4r* Inr + 4(Inr + 1)r — 1)0,6%+

+32(r* — 2r° + 2r — 1)607 — Bror.

The results of calculation of the Poiseuille number Py at o = 1 for G = Gr/G), = 0.1
(a) and G = 0.9 (b) using the BGK model (curves 1 and 2 for » = 0.1 and 0.9, respectively)
in comparison with results obtained on the basis of the Navier—Stokes equation with a sliding
boundary condition (dashed lines) are shown in Fig. 2. To reconstruct Us . component using
the BGK model the expression 2§/3 [12] was used for the sparsity parameter, since this model
of the kinetic Boltzmann equation leads to the value of the Prandtl number equal to 1. The
difference in the results is less than 5% at 6 = 20 and about 1% at § = 40. It can be seen from
Fig. 2 that with increasing values of § and r the simulation results are slowly approaching the
hydrodynamic limit. At r» = 0.1, the value of the Poiseuille number calculated by formula (20)
is Pp = 89.4, that is, there is a shift towards a flat flow.

8 404 9

10 20 30 40 50 60 70 8 90 100 20 30 40 50 60 70 80 90 100

(a) (b)

Fig. 2. The relationship between Py and ¢ for « = 1, G = 0.1 (a) and G = 0.9 (b): (1 and 2)
correspond to r = 0.1 and 0.9

Fig. 3 shows the results of interpolation of Py(d) for a = 0.85 with the same parameters as in
Fig. 2. It can be seen from Fig. 3 that value of the Poiseuille number increases with an increase in
the ratio of temperature and pressure gradients G = Gr/G,. Note that correction in the second-
order approximation for or(a) in the form or(a) = 0.75(1 + 0.5714a — 0.0422a2) [18] does not
significantly contribute to the values of the Prandtl number. Comparison of this coefficient with
(23) shows that deviation for o =1 and 0.85 does not exceed 0.2%.
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Fig. 3. The relationship between Py and § for & = 0.85, G = 0.1 (a) and G = 0.9 (b): (1 and 2)
correspond to r = 0.1 and 0.9

Conclusion

The change in the value of the Poiseuille number in the channel formed by two concentric
cylinders was studied with the use of Chebyshev polynomials of the first kind. It depends on
rarefaction parameter, the tangential momentum accommodation coefficient of the gas molecules,
the ratio of the radii of the cylinders and the gradient of temperature and pressure. It was shown
that the value of the Poiseuille number increases with an increase in the ratio of dimensionless
temperature and pressure gradients for any ratio of cylinder radii, the degree of gas rarefaction
and the coefficient of accommodation of the tangential pulse by the channel walls. When the
ratio of temperature and pressure gradients is close to zero the presented results correspond
to the results characteristic of the isothermal flow of rarefied gas in a channel with the same
configuration.
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Bperuncienne uuciaa Ilyaseitssg B KoJbIieBoii objiacTu
IIPY HEM30TEPMUYECKOM Te€YeHUHU ra3a

Okcana B.T'epMmunep

Bacusmit H. ITonos
Cesepnbiii (Apkruuecknii) denepanbablii yausepcurer nmenn M. B. JlomoHocosa
Apxanrenbck, Poccuiickas @enepannst

Awnnoranusi. B cratbe paccMarpmBaeTcss MeJIEHHBIH MPOJOJIBHBIN HEM30TEPMUUECKUI MOTOK ra3a B
KOJIBIIEBOI 06J1acT, 00YCJIOBJIEHHBIA MAJILIMU IIEPEIaIaMU IABJICHUS U TeMIepaTypPhbl HA KOHIAX JIJIMH-
HOro MUKpOKaHaJa. IIpe/yioxkeH MeTos pacdera 3HadeHUil uucia llyaseilsisi B MPOMEKYTOYHOM PErKU-
Me TEUYEHHs ra3a, OCHOBAHHBIN HA PEIEHUN MOIETHHOTO JIMHEAPU30BAHHOTO KMHETUIECKOTO YPaBHEHMUS
Bxarnarapa-I'pocca-Kpyka (BI'K, BGK) ¢ ncrosibzoBanuem noauaoMos ebbliesa nepsoro poza. Boi-
YHCJIEHHbIE 3HAYEHUsI CPABHUBAIOTCS C AHAJIOTMYHBIMU PE3yJIbTATaMU, TOJIYYEHHBIME C HCIIOJIb30BaHUEM
aHAJUTUIECKUX perieHnii ypasuennit HaBbe—CTOKCa ¢ TPAaHUYIHBIMU YCIOBUSIMHA TPUJIATIAHUST U CKOJIb-
JKeHus. AHaju3upyercs: BiusHUEe Ko3(hdUIMEHTa aKKOMOIAIMYA TaHT€HINAJIBHOIO UMITYJIbCA MOJIEKYJ
¥ IapaMeTpa pa3perKeHusl ra3a Ha u3MeHeHue ducja [lyaseiiyiss mpu MaJjbIX OTHOIIEHUSX I'PaUEHTOB
TEMIIEPATYPHI U JIaBJICHUS ra3a B KaHAJE.

KuaroueBrble ciioBa: mognHOMBI UebbIIeBa IePBOro POa, METO/ KOJIJIOKAINN, HEM30TEPMUIECKOE Tede-
HUe ra3a B KanHaJje, yucio [lyazeiiyiss, KuHeTH4yeckKoe ypaBHEHHE, MOJEIN T'PAHUYHBIX YCIOBUMN.
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