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Abstract. Self-oscillating system that interacts with energy source of limited power is considered in
the presence of external force and joint action of delays in damping and elasticity. On the basis of the
direct linearisation method, the solution of non-linear equations of the system is obtained. The equations
of non-stationary motion, relations for calculating the amplitude and phase of stationary oscillations,
the speed of the energy source and the load on it on the side of the oscillatory system are derived.
Stability conditions of stationary oscillations were obtained with the use of the Routh—Hurwitz criteria.
Calculations were carried out to study the influence of delays on dynamics of the system. The results
show the combined effect of delays in elasticity and damping on dynamics of oscillations. Delays change
the shape of the amplitude-frequency curve, shift it up/down and shift it in the frequency range. Delays
also affect the stability of oscillations. If in the case of no delay there is no resonant curve then various
intensity resonant curve may appear if delay is present. The intensity of resonant curve depends on the
amount of delay. Considering the influence of delays on dynamics of oscillations, it was assumed that
other parameters of the system are unchanged.

Keywords: self-oscillations, forced oscillations, energy source, delay, damping, elasticity,
linearisation.

Citation: A.A. Alifov, On the Effect of Delays on the Self-oscillating System with External
Influence, J. Sib. Fed. Univ. Math. Phys., 2023, 16(3), 300-307. EDN: BQRTTO.

Introduction

The theory of interaction between the oscillating system and the energy source is presented
in many studies [1-8] et al. It is directly related to the solution of environmental problems
that arose due to the large increase in energy consumption in modern conditions. Oscillatory
processes of various types, including mixed oscillations, arise in many modern technical devices
and technological processes under certain conditions. They can also be caused by delay caused
by various factors [9]. Problems where properties of the energy source in systems with delay are
not taken into account were considered in a number of works, for example, in [11-17].

The analysis of non-linear oscillatory systems is carried out using various methods of non-
linear mechanics [17-23] which are very time consuming. The method of direct linearisation is
not so time consuming, and it is easy of use [24-29] et al. Such features are very important when
real technical devices are designed. A model of auto-oscillatory system with limited excitation
in the presence of an external force and delays in elasticity and damping is considered below.
The model is based on the direct linearisation method. The aim of the work is to study the joint
effect of the delay of mixed forced and self-oscillation with limited power of the energy source on
the system dynamics.
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1. Equations of motion

The model for the study of frictional self-oscillations in a system with a limited power source
is based on the model given in [1-3,29]. The dynamics of the system in the simplest case is
described by non-linear differential equations

miE+ kot +coxr =T(U), (1)
I = M(p) —roT(U),

where kg = const, co = const, T(U) is the non-linear friction force causing self-oscillation,
U = rop — &, rg = const is the distance to the point of application of force T'(U), ¢ is the speed
of rotation of the engine, I is the total moment of inertia of the rotating parts, M(¢) is the
difference between the torque of the energy source and the torque of the forces resisting rotation.

In practical conditions T(U) has various forms (see, for example, results of experiments in
space [30]). Here the following form is assumed

T(U) = R(sgnU — a, U + azU?). (2)

Here R is the normal force, a; = const, ag = const, sgnU = 1 in the case U > 0 and sgnU = —1
in the case U < 0.
Let us rewrite the first equation (1) in the form

m + kod, +cox+c1zr + F(x) =T(U) — X sinvt, (3)

where F'(z) is non-linear part of elastic force, A sinvt is external force, &, = &(t — ), ., =
=xz(t — 1), n = const and T = const are delays, ¢; = const.
For greater generality characteristics of forces T(U) and F(x) are taken in the following form

5
T(U) = R[sgnU + f(&)], f(&)= Za U= 6nd", (4)

n=0
F(z) =Y ys2®, 5=2,3,4,...
dp = 041VS+ asV?2 4 asV3 + au V4 + as Vo,
81 = — (o1 + 202V + 303V + 4 V? + 5a5V*), 62 = o + 3asV + 604 V? + 1005V,
03 = —(a3 + 4,V +10a5V?), 04 = ag + 505V, 65 = —as,

where o; = const, s = const.
Using the direct linearisation method [24], forces f(&) and F(z) are replaced with linear
functions

f«(@&) =By + ki, F.(zr)=Bp+krz, (5)
where By, k¢, Br, kp are linearisation coeflicients defined as
By =3 Npa,v", n=0,2,4 (n is even),
kp = fa,LN,LU"_l, n=1,3,5(n isodd),
BF:nZNS’ySaS7 $=2,4,6,... (s is even), (6)
kp = i]\ffs'ysasfl, $=23,5,7,... (s is odd),

N, =2r+1)/@2r+1+n), N,= (2r+3)/(2r +2+n),
Ny =@2r+1)/2r+1+s), Ng= (2r+3)/(2r+2+s),

a =max |z|, v=max|Z|.
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In expressions for N,,, N,, N, N, symbol r represents the linearisation accuracy parameter
which can be chosen in the interval (0,2) [24].
Taking into account (5), equations (1) take the form

mi+kody +cx+cixr = B+ R(sgnU + kyi) — A sinuvt, (7)
I$=M(p) —roR(sgnU + By + kg &),
where B = RBy — B, c=cy + kp.

2. Solution of equations

To solve a non-linear equation with linearised functions the method of change of variables
with averaging is used [24]. Then x = acosv), © = —vsiny, » = pt + £ are taken as a solution
and the standard form of the equation for determining v and £ is derived. They can be used to
study non-stationary and stationary processes. To solve the first equation (7) the standard form
of equation is used. To solve the second equation the procedure described in [27] is used. In
accordance with this procedure, V' = rq ¢ is replaced with u = r¢ ) in expressions for dg, ..., d5
in (4).

Taking into account v = ap and p = v, the following equations for amplitude a, phase £ and
velocity u are obtained from (7) for u > ap

da 1

E = 72pim [CLA+ )\COSf} y

d& 1 .

Ut~ apma [aE + Asin¢], (8)
du 7o U
=1 M) -],

where A = p(kgcospn — Toks) — cisinpr, E = m(wg — p?) + kp + c1cospr, . = 2w —
arcsin(u/ap), wi = co/m.
Using technique described in [3], the following equations are obtained for u < ap

d 1 4T,
“a_ aA+ Acos€ — —2/a2p? —u?| |
dt 2pm Tap

€ _
dt — 2pma

du _ 1o {M(Z) —roTo(1+ By) — TO:O (37 — 21/)*)] .

[aE + Asing],

dt 1

Equations for stationary oscillations when @ = 0, € = 0, @ = 0 are obtained from (8). The
amplitude and phase of these oscillations are determined by the relations
a’(A%* + E?) = X2, tg¢ = E/A. (9)

The approximate formula ap ~ u can be used to calculate the amplitude for v < ap.
Equation for the stationary values of the velocity is obtained from the condition @ = 0

M(u/ro) — S(u) =0, (10)
where
a) u = ap, S(u) = ToR(]. + Bp),
b) u < ap, S(u)=roR [(1 - Bp)+ 737 — 2¢.)].
The term S(u) can be simplified for u < ap with the use of the approximate equality ap ~ u
for the amplitude.
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3. Conditions of stability of stationary oscillations

Equations in variations are formulated for equations of non stationary motions, and the
Routh—Hurwitz criteria is used. The conditions of stability are

D1 >0, D3>0, DiDy— D3>0, (11)

where

Dy = — (b1 + baz + bs3), Do = b11bss + b11b2a + bazbss — basbsa — bi2bar — bigbsi,
D3 = b11ba3bsa + b12ba1b33 — bi1baobss — biabasbsi — bi3baibaa.

Taking into account that v = r Q for u > ap, we have after averaging

T 0By _ T‘%R 0By _ _ ﬂ%
b1 = 7 (Q roRi@u ), bio = Jaiaa , bi3 =0, by = om ou’
1 ky Asiné
by = —— (k — Rky —aRZL), by = b1 =
22 Qm( ocospn — Rky —aR %a ), baz pm * U 0,
1 Okp A Acosé d U
by = — (28 2 bys = *
32 2pm ( 9a P sing), b33 2pma,’ du (r )s
0By 04 5002 4004 Oky - 061 = 0003 = 1005
9or _9%% | P2 N Poa N, PN AL v %
ou ou + N2 (ap) ou + Na(ap) ou’  Ou ' ou + N (ap) ou + Ns (ap) ou’
6Bf . 2 2 2 ﬁ _ 2 (N \ 2, 2
B = 2ap®(Nady + 2N4d4a°p?), 5y 2ap®(N303 + 2N5d5a°p7),
So = aru + asu® + azu® + aqut + asu®, 5 = — (o + 200u + 3azu® + dayu® + Sasu?),
§y = ag + 3azu + 6aqu? + 10asu?, J3 = — (a3 + 4aygu + 10asu?), 64 = g + Hasu, Js = —as,
1) 1)
% = a1 + 2a0u + 3asu?® + dagu® + Sasu?, % = —2(ag + 3azu + 6agu® + 10asu®),
06 5 003 004 005
%2 4 1 P _ g P _ 9% _
5 3(as + a;u + 10asu®), 5 (aq + Basu), 5 5as, 5 0,
kr

90 = 2a(Nyys + 2N5y50” + 3N7y7a +---).

When u < ap coeflicients by3, bas, b31, b3z remain as before but the following coefficients are
changed

b _To Q—rRan— 2roR b __r%R 8Bf+ 2u
n= ol - %ﬂlﬁ — | 12 = i 90 7ra /7(12192 —3 |
a Oky 4uR
boy — — Ihf
27 om R ou

7Ta2p2 a2p2 — 2

1 Ok ARu?
by = —— (& — Rk; —aRZE .

Let us note that when calculating 0B/0u, 0By /da only even powers of n (that is, dg, do,
d4) are taken into account, and when calculating 0ky/du, Oks/0a odd powers of n (that is, d1,

Jd3, 05) are taken into account. Similarly, odd powers of s and, respectively, v1, 73, V5,... are
taken into account when calculating 0k /0a.

4. Results of calculations

Calculations were carried out to obtain information on the effect of delays on the system at
wo = 1s7!, m = 1kgf -s? -em™, k = 0.02kgf -s-cm™!, ¢; = 0.05kgf - em™!, A = 0.02 kgf,
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ro = 1 cm, I = 1 kgf-s-cm?. Parameters of friction term (2) are Ty = 0.5 kgf, oy = 0.84 s-cm™1,
az = 0.18 82 - cm~3. Parameters of delays are pn = 7/2, 7, 37/2; pr = 7/2, 7, 37/2.

The amplitude-frequency relationships a(p) shown in Figs. 1-3 are obtained in the case of
linear elastic force for v = 1.2, and a, reflects the amplitude of self-oscillations. Relationships
were obtained using the straight linearisation method with the accuracy parameter r = 1.5. Solid
line in Figs. 1-3 corresponds to the absence of delays, and it is given for comparison with curves
when delays are present. In particular, it also shows results based on the asymptotic averaging
method that completely coincide with the results obtained with the direct linearisation method
with the accuracy parameter » = 1.5 . Some comparison of the numerical coefficients N and
N indicated in (6) with the corresponding coefficients obtained on the basis of well-known and
widely used methods of non-linear mechanics is given in [25]. Fig. 4 shows (without regard to
stability and, therefore, feasibility) the relationship between amplitude and speed u for frequency
p=1latn=mn/2, 7 =m/2, 7 = 3mw/2, where curve 1 corresponds to the absence of delays. On
the section of curve 1 shown by the inclined straight line AB in Fig. 4 approximate equality
ap =~ u takes place.

08 F /D! A C D
\q; 1,
LAY
\’ -"f.'" Y
oal & 3\_,};.’ Y '-.\3
./ - '.// l“ L“ I.I-
; R A w
AR e RN I
v- -_;_',':-#"."f ~ 1 o -_':E:?':‘-_@_.__ .
o L L L - "—"I
0.50 083 1 1.05 1.1 v

Fig. 1. Amplitude-frequency curves at n = 7/2: curve 1 — 7 =m/2, curve 2 — 7 =m, curve 3 —
T =37/2

Oscillations are stable if the steepness Q = dM (u/rg)/du of the energy source characteristic
is within the shaded sector. For all pn = 7/2, 7, 37/2 the entire lower branch of curve 1 (7 =n/2)
and parts of curves 2 with small amplitudes are unstable. In contrast, there is stability for curve
3 (7 = 37/2) in the frequency range p = 0.9 = 1.1 at pp = 7/2, 37/2 and in the frequency range
p=0.9-+1.06 at pn = 7.

Conclusion

The obtained results show the combined effect of delays in elasticity and damping on the
dynamics of oscillations. It was found that delays

- change the shape of the amplitude-frequency curve;

- shift the amplitude-frequency curve up/down and shift it in the frequency range (the reso-
nance zone is displaced in frequency);

- have an effect on the stability of oscillations.

Summing up the results, one can conclude that if in the absence of delay there is no resonant
curve (i.e. oscillations) then if delay is present resonant curve may appear with various intensities
that dependin on the amount of delay.
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Fig. 2. Amplitude-frequency curves at n =m: curve 1 — 7 = 7/2, curve 2 — 7 = m, curve 3 —
T =3m/2

Fig. 3. Amplitude-frequency curves at n = 37/2: curve 1 — 7 = 7/2, curve 2 — 7 = 7, curve 3 —
T =3m/2
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Fig. 4. Amplitude curves at n = 7/2: curve 1 — 7 = 7/2, curve 2 — 7 = m, curve 3 — 7 = 37/2
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O BbIHY2K/ICHHBIX U aBTOKOJICOAHUSIX IIp1 3alia3JbIBaHNAX
Anunmup A. Asiudos

WNucruryr mamuuoBenenus um. A. A. Biraronpasosa PAH
Mocksa, Poccnitickas @enepartus

Amnnoranus. PaccMorpena B3anMo/1efiCTBYIONAsS ¢ MICTOYHUKOM SHEPIUU OIDAHUYEHHOIN MOIIHOCTH aB-
ToKOJIebaTeIbHAST CUCTEMA, [IPU HAJMYINY BHEITHEN CUJIBI 1 COBMECTHOM JICHCTBUM 3aIa3/IbIBAHNI B JIEMII-
duposanun u ynpyroctu. Ha ocHOBe MeTos1a NpsAMOil JIMHEAPHU3AIIUN BBIIIOJHEHO DeEIlleHNe HEeJNMHEHHBIX
ypaBHEHUI cUCTeMbl. BbIBe/ieHbl ypaBHEHUsI HECTAIIMOHAPHBIX JIBUKEHUN W COOTHOINEHUS JIjIsi BBIYHUC-
JIEHUSI aMILUIATYIBI U (Da3bl CTAIMOHAPHBIX KOJIEOAHUI, CKOPOCTH HCTOYHUKA SHEPIUUA W HATPY3KH Ha
HEro0 CO CTOPOHBI KoJiebaTebHO#l cucrteMbl. [losydeHbl yCiioBUs YyCTONYMBOCTH CTAIMOHAPHBIX Kojeba-
Hull ¢ ucnosb3oBanneM Kpurepues Payca—I'ypsuma. IIpoBeiensr pacaerst st nosrydeHnst HHOOPMAIIN
O BJIMSTHUY 3aIa3/IbIBAHNI HA IMHAMUKY CUCTEMbI. Pe3yIbTaThl MOKa3bIBAIOT COBMECTHOE BIMSTHUE 3aI1a3-
JIBIBAHUI B YIIPYTOCTHU ¥ JIeMIIUPOBAHUS Ha JUHAMUKY KoJiebanuii. OHr n3MeHstor popMy aMILIUTY/IHO-
YaCTOTHOH KPUBOIi, CMENAIOT ee BBEPX /BHU3 U CIABUTAIOT B YaCTOTHOMH 06s1acT (30HA PE30HAHCA IIepeMe-
IIAETCs IO YaCTOTE), OKA3BIBAIOT JICHCTBHE HA YyCTONYMBOCTDL KoseGannii. [Ipu oCTAIbHBIX HEM3MEHHBIX
ImapaMeTpax CUCTEMBI €CJId B CJIydyae OTCYTCTBUs 3alla3/IbIBAHUN HET PE30HAHCHOM KPHUBOM, TO IIPH €ro
HAJIMYUU OHA MOKET MOSIBUTHCS PA3HOM MHTEHCUBHOCTHIO B 3aBUCHUMOCTH OT BEJIUYHHBI 3aIa3IbIBAHUA.

KuaroueBrble cjioBa: aBTOKOJI€OAHNS, BBIHYXKICHHBbIE KOJIEOAHWS, MCTOYHUK SHEPTHH, 3ala3/IbIBaHUeE,
AeMidupoBaHre, yIPYTroCTh, JTHHEAPUIAIS.
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