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Abstract. Let a,b and ¢ be positive integers such that a® +b* = ¢? with ged (a, b, c) = 1, a even. Terai’s
conjecture claims that the Diophantine equation z? + b¥ = ¢* has only the positive integer solution
(z,y,2) = (a,2,2). In this short note, we prove that the equation of the title, has only the positive
integer solution (u,v,w) = (2,2,47 + 1), where ¢ is a positive integer.
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1. Introduction and preliminaries
In 1956, Sierpinski [2] studied the equation
3u + 41} — 511)

and proved that it only possesses (u,v,w) = (2,2,2) as a solution in integers. In turn,
Jésmanowicz [1] showed that the only positive solution in integers of any of the following equa-
tions

U120 =13%, 7424V =25, 9% 440" =41%, 11"+ 60" = 61¥

is (u,v,w) = (2,2,2), and posed the following Conjecture 1.1 ( see [3]).
Recall that when positive integers a,b,c satisfy a? + b*> = ¢ we say that (a,b,c) is a
Pythagorean triple, and if in addition ged (a, b, ¢) = 1 it is said a primitive Pythagorean triple.
Historically, Euclid of Alexandria (323-300 BC) was the first mathematician who proved that
(a, b, ¢) is a primitive Pythagorean triple with a odd, if and only if, there exists a pair of numbers

(a, B) € N*2 with a > 8, a and 3 are coprime and of different parity, such that

a=a?>—p% b=2af and c=a’+ 3>
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Conjecture 1.1. If (a,b,c) is Pythagorean triple, then the equation
au + b’U — Cw
has the only solution (u,v,w) = (2,2,2).

In 2013, Z. Xinwen and Z. Wenpeng [6] showed that, for any positive integers n and m the
exponential Diophantine equation

(@ = Dn)" + (27'n)" = ((2*" + D)n)*

has only the positive integer solution (z,y,z) = (2,2,2).

Recently, Hai Yang and Ruiqin Fu [7] by combining Baker’s method with an elementary
approach, have proven that if a8 = 2 (mod 4) and « > 17.83, then the Conjecture 1.1 is true,
this is for (a,b,c) = (2a8,a? — 32, a% + 32).

Thirty years before, Terai had conjectured [4]

Conjecture 1.2. Let «, be positive integers such that o > B, ged(a, ) = 1 and « #
(mod 2), then the equation

2 2 2\m __ 2 2\n

27+ (a” = 7)™ = (a” + B%)

has the only positive solution in integers (x,m,n) = (2a0,2,2).

In 2020, M. Le and G. Soydan [5] studied Conjecture 1.2 in the case a = 2"s and 8 = 1, where
r, s are positive integers satisfying 21 s,7 > 2 and s < 2" L.

First Terai conjecture is "Let a, b, ¢ be relatively prime positive integers such that a? +6? = ¢”
for fixed integers p, ¢, > 2. Terai conjectured that The equation a® 4 bY = ¢* in positive integers
has only the solution (z,y, z) = (p,q,r) except for some specific cases".

There are many results and studies related to this conjecture we can cite among them:
Nobuhiro Terai [12,13] and Takafumi Miyazaki [8-11].

In this short note we prove

Theorem 1.3. Let q be a positive integer. Then the Diophantine equation
(47— 1)" + (207" = w?

has only the positive integer solution (u,v,w) = (2,2,47 + 1).

2.  Proof of the main result
Proof. Suppose that there are positive integers u, v and w such that
(49— 1" + (277)" = w? (1)

then w is odd and
w?=1 (mod 4).

Reducing equation (1) modulo 4, we get

(47—-1)"=1 (mod 4),
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or equivalently
(-1)*=1 (mod 4).

This implies v = 2t for some positive integer ¢.

Thus,
2000 — (2041)" — ? — (49 1)t)2 = (w+ @ =1)") (w- (7 1)")
Hence,
w4+ (47— 1) =2°
and

w— (47 - 1) =27,
with s > r and s+ r = (¢ + 1)v. Solving for w and (47 — 1)*, we get
w=2"1(2""+1) and (47-1)'=2""1(2""-1).

Since the left side of both previous equalities is odd, » must be equal to 1. Let x = s — r. Then
the equation

(49 -1)' =271 (2577 —1)

becomes
(47 — 1) =27 — 1,

The reduction modulo 3 gives
0=(-1)"—-1 (mod 3),

and so z is even, say x = 2k for some positive integer k. Thus,
(49— 1)f = (2¢)" -1

by the Mihailescu’s Theorem ¢t = 0 or ¢t = 1. Consequently, ¢t = 1, and so x = 2¢q. This gives us
the unique solution (u, v, w) = (2,2,49 + 1). O

If we maintain the same conditions as before we believe in the validity of the following:
Conjecture 2.1. If a® + b? = ¢? with (a,b,c) = 1, then the Diophantine equation
a’ + b’ = w?.

has only the positive integer solutions (u,v,w) = (2,2, c).
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3ameTka o aquodaHTOBOM ypaBHeHum (47 — 1)" + (2‘1+1)U = w?

xxamenb Xumane

@aKyﬂBTeT MaTeMaTUuKMI

VYuusepcurer YCTXB

Axup, Amxup

Pammun Bymaxan

HaLU/IOHaJIbHa,ﬂ CpeHdAA TIKOJIa MaTeMAaTUKN

Aunkup, Amxup

Ansortamms. Ilycrs a, b u ¢ — HaTypasbHbIe Yncia takue, 9o a’ +b% = ¢2 ¢ ged (a, b, ¢) = 1, a 9eTHBIM.
y b y b ) 7 7
T'unoresa Tepan yreep:kmaer, 9T0 auodaHTOBO ypasHeHHE T2 + bY = ¢° HMeeT TOJIBKO HATYPAJbHOE
Yy JTa€T, pis y Yy
pemenne (z,y,z) = (a,2,2). B 3Toll KOPOTKOI 3aMETKE MBI JOKA3BIBAEM, ITO yPABHEHHE 3arOJIOBKA
HMEET TOJILKO ITOJIOXKUTEJILHOE I[eJIOUUCIeHHOe pertenue (u, v, w) = (2,2,47 + 1), rue ¢ moJIoKuUTEIbHOE

[IeJI0€ YKCJIO.

Kuarouessbie cioBa: runoresa Tepan, Tpoiika [Tudaropa.
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