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Abstract. Let x be a Dirichlet character modulo a prime number p > 3 and let B, (x) (m =1,2,...)
be the generalized Bernoulli numbers associated with x. Explicit formulas for the sums:

Y. Ba()Ba(x) and Y Bu(x)Ba(X)

x mod p x mod p
x(—1)=+1,x#x0 x(=1)=-1

are given in this paper.

Keywords: character sum, Dirichlet L-function, Bernoulli number, generalized Bernoulli
number.

Citation: B. Mittou, Explicit Formula for Sums Related to the Generalized Bernoulli
Numbers, J. Sib. Fed. Univ. Math. Phys., 2023, 16(1), 135-141. EDN: TTFTGS

1. Introduction and main result

Throughout this paper, for a prime p > 3, we let G(p) = {T, T,... 751772} and é(p) =
{x0,X1,-- - Xp—2} denote the group of reduced residue classes modulo p and the group of Dirichlet
characters modulo p, respectively.

Let x be a Dirichlet character modulo k£ > 3. Then the generalized Bernoulli numbers By, (x)
(m=0,1,2,...) are defined by using the generating function:

k 0o
ze%? B (X) 27
d X => 2 el <o

m!
a=1 m=0

They can be expressed in terms of Bernoulli polynomials as:
; i
_ 1.m—1 . v
B0 =74 S 308 ()
where the Bernoulli polynomials B,, (z) are the coefficients in the power series expansion:

Tz

> m
ze z
oz — 1 = E B"L(l')m7 |Z| < 2m.

m=0
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The Bernoulli numbers B,,, are the values of the Bernoulli polynomials B,,(z) at z = 0. The
expression of the Bernoulli polynomials in terms of the Bernoulli numbers is given by:

Bu(z) = i::o (T) Bp_ja?.

Consequently, the generalized Bernoulli numbers can be expressed in terms of Bernoulli numbers

Bunlx) = gxm 3 (7 )mimiw .

j=0
Many mathematicians have been studied sums and products related to the generalized
Bernoulli numbers, for example Chen and Eie [3, Proposition 7| gave a closed expression for
sums of products of generalized Bernoulli numbers. The author and Derbal [7, Theorem 3.8]
proved, for a primitive Dirichlet character y modulo k > 3, the following formulas:

1. If x(—=1) = +1 and r > 1, then

r k27'—2m o 1
v B m - 2r
Zeor —2m 11 (2m) 2m () = 7 2" x(m)
2. If x(—=1) = =1 and r > 0, then
LRI (9r 41 1=
v B m —— 2r+1 .
;)2r2m+1<2m+1> 2m1(x) ke x(m)

It is the main purpose of this paper to prove the following formulas.

Theorem 1.1. Let p>3 be a prime and let m and n be positive integers. Forle{1,2,...,m+n},
define

Tl 7= Bmin—i izn: B _B_bw'
. a=0 b=0 a+b+1

a+b>m—+n—I
The following assertions hold:

1. If m=n=0 (mod 2), then

Z B (x)Bn(X) =

x mod p
x(—=1)=+1,x#x0

— pin <<p 1) %ml (1 - pll) P BB, (1 - pl) (1 - ;)) )

2. Ifm=n=1 (mod 2), then

3 Bu(0)Ba(X) =

x mod p
x(=1)=-1
= (p— 1)pm+n—l mfn: Frnonl (1 — 1) plmmn — 1p,.B (1 - 1) (2)
= m,n, mDn — .
pt pl P pm+n 1
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Example 1.2. Let p > 3 be a prime. Then

L
D R AL AL

x mod p
x(=1)=+1,x#x0

S BBy = -2 V@ D@9

o 120p
x(=1)=-1
_ o (p—1*(p-2)
Z Bi(x)Bi(x) = Z |Bi(x)|” = 1
x mod p X mod p

x(—1)=-1 x(—1)=-1

Y BBm= Y |Byp= 2 e=2les 3)(p* ~1)

x mod p x mod p 180p
X(=1)=FLx#x0 x(=1)=+1,x#xo0
X p—1)(p*—1)(p* -4 (P’ +5
Z Bs(x)Bs(x) = Z |BB(X)|2 - ( )( 8)4(0p )( )
x mod p x mod p

x(—1)=-1 x(—1)=-1

2. Proof of Theorem 1.1

Let k > 3 and [ be integers with ged(l, k) = 1. Let x be a Dirichlet character modulo k and

+oo
let L(s,x) = XSZ) , (R(s) > 1) be the Dirichlet L-function corresponding to x. Set
n=1
2 _
M(kvlvman) = Z X(l)L(’ff@X)L(TL,X),
W(k) x mod k
X(~1)=(-)m=(-1)"

where ¢ is the totient’s Euler function.
Liu and Zhang [5] gave the following result.

Proposition 2.1. Let k> 2, m > 1, and n > 1 be integers with m = n (mod 2). Set €,,,, =1
ifm=n=1 (mod 2) and €y =0 if m=n=0 (mod 2). Then

mn

(27.(.)m+n

2min!

m—+n
€m,n
X (Z Tm,n,lgol(k)klim*n _ k; BmBnSOm+n1(k)> )

M(k,1,m,n) :(_1)

where m n (m) (n) ( a+b+1 )
Tmnl— m+nl ZZ Bma n—>b a+bn_7,:;l
a=0 b=0
a+b>2m+4n—I
and )
wuk) =11 (1 - z) :
plk b

Let p > 3 be a prime. The following theorem gives explicit formulas for M (p,{, m,n) by using
Bernoulli and generalized Bernoulli numbers.
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Theorem 2.2. Let p > 3 be a prime. Let m > 0,n > 0, and [ be integers with ged(p,l) = 1.
Ifm=n=0 (mod 2), then

m+n (27T>m+n
2 X
2(p — I)m!nlpm+tn—1

mo_ no__ p—2
. (BmBn e ~DE" 1) | xau)Bm(xa)Bn(xa/)) SNE)

M(p,l,m,n) = (-1)

p
and if m=n =1 (mod 2), then

m—n (27T)m+n
M(p,l = (-1
(p7 7m7n) ( ) 2 2(]9— l)m!n!pm+n_1

X ZXa(l)Bm(Xa)Bn(Xa’)v (4)

where x4 € CA?(p) (1 <a<p-—2) are the non-principal characters modulo p and a +a’ =p — 1.
In order to prove Theorem 2.2 we need the following lemma.

Lemma 2.3. Let p > 3 be a prime. If Xq, Xar € é(p) (0< a,a <p-— 2), then
1. For any a € {0,1,...,p— 2} and any n € Z, the character x, is defined by:

exp (z%) , fn=7"¢€G(p);

0, otherwise.

Xa (n) = D (n)]" =

2. The character x, is odd if, and only if, a is odd.
3. The character xo conjugate to xo if, and only if, a +a’ =p— 1.
Proof. 1. For the first item, see e.g., [1, p. 218].

2. For the second item, we have according to [1, Theorem 10.10] =1 = zP~1/2 50 y;(—1) =
exp(im) = —1. Thus

Xa(—1) = D (-1)]" = (-1,
from which x, is odd character if, and only if, a is odd.

3. Now, let us prove the third item. Let n € Z such that ged(n,p) =1 and 7 = ¥ € G(p).

Then
2 2(p—1—
) = (225 o (H LT

Hence Xa = Xp—1—a = Xa’» i'e'y a+ a = p— 1.
This completes the proof of the lemma. O

Now, we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Suppose that m =n =0 (mod 2). Then

M(p,Lmyn) = —— 3 xWLm, )L, T) =

p= 1 x mod p
x(—1)=+1
2
=7 | LmxoLtnxo)+ 3 x(OLm LX)

x mod p
x(—=1)=+1,x#x0

- 138 -



Brahim Mittou Explicit Formula for Sums Related to the Generalized Bernoulli Numbers. ..

According to [1, p. 232] and to [1, Theorem 12.17], we have
1 m+2 1 2 m
Zmxo) = (1= ) m) = (- (1~ ) ) B

pm p™ ) 2m!

from which BB, (0" — 1)(p" 1)
oy m—+n PmDPn - p =
L(m, xo0)L(n, x0) = (=1)" 2 (27) Amin! prtn

On the other hand, it follows by using [2, Theorem 9.6] that:

m—+n

-\ _ [ qymin
> xHmLm ) - (0 L (2
x mod p
x(=1)=+1,x#x0

x> XW)Bu()Ba(x)- (6)
x mod p
x(=1)=+1,x#x0
Next, it is well known (see e.g., [2, Proposition 4.5]) that:
If x(—=1) = +1 and m =1 (mod 2), then B,,(x) = 0.
If x(—1) = —1 and m = 0 (mod 2), then B,,(x) =0.

This facts and Lemma 2.3 allow us to write

> X()Bum( Zxa Bu(xar), (7)

x mod p
x(—1)=+1,x#x0

where a + o’ = p — 1. Finally, from (5), (6) and (7) we get Formula (3).
Now, suppose that m = n = 1 (mod 2). Then, similarly we can get Formula (4). This proves
the theorem. O

Example 2.4. Let p > 3 be a prime. Then from [4, Corollary 1.1] we have
™ (p—1)(P* +p*+ 166p+291)

ifp=1 (mod 3);

810 »
M 2,2) =
(P.3:2,2) =\ it 1 165 — 35p — 201 iFp=—1 (mod 3)
810 P ’ p= '
, 238, 1, ,
In particular, M(5,3,2,2) = 7t and M(7,3,2,2) = 7t Louboutin [6] got

955 374
2

M(5,3,2,2) = 3—77 and showed that the above formulas are not correct. On the other hand, by
55

using the formulas of Theorem 2.2 we get

(2m)* 242 32
M(5,3,2,2) = A4 Bj - S + X(s)(?’)Bg(Xés)) =,

2m)4 482
(73,22 = o) (B% BB () B () + X (3) B2 () Ba (xé”)) =

2-6-4 7
16 4
= ﬁ 5
where Xé ) is the character modulo 5 such that X(5)( 2) = —1 and Xg) is the character modulo 7

such that X(7)(3) = exp ( ﬂ), and X4 = Xg)-
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Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let p > 3 be a prime. If we take k = p in Proposition 2.1, we obtain
e For m=n =0 (mod 2),

1) (2m)mitn L I\ e
MG Lmn) = C TS i (1 5 ) Q
o 1=0

e Form=n=1 (mod 2),

m+n
o (27)

2-m!-n!

X (mgnr ! (1 — 1) plmmn — 1B,.B (1 — 1)) (9)
m,1, 1 m=mn m+n—1 :
=0 p p p

On the other hand if we take [ = 1 in Theorem 2.2, we get
e For m=n =0 (mod 2),
wp e

X
2(p—1)-m!-nl.pmtr-1

M(p,1,m,n) = (-1)

M(p,1,m,n) =(-1)

e L R (10)

x mod p
x(=1)=+1,x#x0

e For m=n=1 (mod 2),

-1 e o )mtn
(=)= (2m) )

M(p,1,m,n) = 2(p — I)m!Inlpmtn-1 X

By (x)Bn(X)- (11)
x mod p
x(=1)=-1

Consequently, one can show that Formulas (8) and (10) imply Formula (1), while Formulas (9)
and (11) imply Formula (2). This completes the proof. O

The author would like to thank the anonymous referee for his careful reading. Also, the author
1s thankful to Bakir Farhi for his help to proofread this paper.
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ABHast popmyJia i CyMM, OTHOCAIINXCSA K 000OIITeHHBIM
qucjaaM bepryiam

Bbpaxum Mwurty
VYuusepcurer Kacin Mepbax Yapria, Amxup
Jla6oparopust EDPNL & HM ENS Ky6a, Amxup

Awunoraums. [Iycrs xy — xapakrep upuxie mo Moymo npocroro wmcia p = 3, a B, (x) (m=1,2,...)
— obobmiennble yncaa Beprym, csasannbie ¢ . SBHbIE (DOPMYJIBI JIJIS CYyMM:

Y Ba(0Ba® n Y Ba(0Ba(X)
x mod p X mod p
x(—1)=+1,x#x0 x(—1)=-1

IPUBEEHBI B 9TO# CTaThe.

KuaroueBbie cioBa: cymma xapakrepoB, L-dyukius dupuxiie, anciao Beprystui, o600IeHHOE YHUCIIO

Bepnysmm.
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