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Abstract. A method for estimating the effective dielectric permittivity tensor is described in the paper.
The method is based on variational principle for media with periodic inclusions. It allows one to obtain
upper and lower bounds for possible values of the dielectric permittivity of a two-component system.
Numerical results for composite structures with dielectric (metal) cubical and spherical inclusions are
presented.
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Introduction

Studies on dielectric properties of binary materials have been actively conducted in recent
years. The dielectric constant is one of the most important quantities that describes the optical
and electrical properties of materials. It is of special interest when composite systems are consid-
ered. There is an increasing demand for dielectric materials from a range of industries including
telecommunication, medical, auto-mobile, aerospace applications, sensors, actuators, antennas
and filters. Effective dielectric permittivity of a binary material is dependent on the dielectric
permittivity of inclusions and embedding medium and on the volume fraction and shape of the
inclusions. The method of estimation of effective dielectric permittivity based on variational
principles is proposed in the paper.

Conception of effective dielectric permittivity was proposed by Maxwell [1]. An up-to-date
treatment of effective dielectric permittivity was considered in [2]. Methods based on variational
principle were proposed by Kazantsev for problems of electrostatics of dielectrics [3,4]. Ap-
plication of these methods to estimating the dielectric permittivity of a medium with periodic
inclusions is presented in the paper. Estimations of effective dielectric permittivity with the use
of variational principle were also proposed for media with various inclusions [5-7]. Numerical
methods are also used to determined dielectric permittivity. Computer simulation data for the
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effective permittivity of a system composed of a periodic lattices of inclusions embedded in a
three-dimensional homogeneous matrix was presented in [7]. Results were obtained with the use
of the numerical method based on the solution of boundary integral equations. A simulation for
dielectric constant of two-phase disordered composites based on a three-dimensional disordered
model was presented. Numerical calculations were performed using the finite element method [8].

1. Problem formulation

Let us assume that dielectric permittivity of a medium changes periodically along the axes
of the Cartesian coordinate system:

External homogeneous electric field EO polarizes the medium. Charges induced by the electric
field are the sources of electric potential ¢ (7). This potential is a periodic function with the same
periods as dielectric permeability. The averaged over the periodic cell the electric displacement

field D is related to the external electric field E°® by the tensor of effective dielectric permittivity
gef

B = coee! . e,

The challenge is to determine %/ from the known & (7).

Let us note that described below method to determine effective dielectric permittivity can be
used to determine effective magnetic permeability, electric conductivity and heat conductivity of
a medium with periodic inclusions.

2. Variational formulation of the problem

Let us consider the functional of electrostatic energy of the periodic cell

. 2
W(@):%O/e(f’)(Ee”ngo) dV, V:{0<2<a,0<y<b0<2z<ct, (1)

|4

where test potential () is a periodic function for which W (¢) is bounded. The existence of
such functions for actual ¢ (7) is demonstrated in the given below examples. Let us show [2] that
solutions of equation

V- (5 (7) (Ew - v&)) —0, 2)

provides the minimal value of functional (1) with the assumption that potential ® is continuous
and periodic function. Boundedness of energy for the true solution of (2) is obvious as it follows
from physical consideration.

Let us consider the immediately verified identity

W (o) =W (o~ +8) =W (®) + 5 [T (0~ ®)av-
14

—so/a(ﬂ (Em—v«b) V(p—®)dV. (3)
1%

The last integral in (3), providing ® satisfies equation (2), can be transformed into the surface
integral
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/g (7) (Bt~ V@) -V (o - @) aV = / (p - @)e(7) (B - V&) - fidS—
ov

—/(go—‘b)V-(s(F) (Ee“—V@DdV:/(go—{))e(F) (Bt —ve) sids

\%4 ov

over the boundary of periodic cell with the use of the Gauss-Ostrogradsky theorem, where 7 is
the unit normal vector to a surface element dS of the boundary 0V of the periodic cell.

If periodic cell can be chosen so that e (7) is continuous on the boundary of the cell then
according to (2), e () V@ is also continuous and periodic on V. Then last integral is equal to
zero because normal vectors 77 are oppositely directed on the opposite sides of the periodic cell.
Then we transform identity (3) into inequality

W (o) =W (#) = 3 [ <(7)(V (o - @)7aV >0 (@
\%

under the natural assumption that dielectric permittivity is positive. Let us note that energy of
electric field when ¢ = ® is

W () = %0 <Em : /e (7) (Em - V<I>) av — /V<I> e (7) (Em - V<I>) dV).
% \%
Second integral in the right hand side is equal to zero (see the similar integral in (3)). Thus

1 o = . .
W(‘I’) _ §VEea:t D= %VEewt . éef . Eewt’

where . . 1 .
D = coe/ B = — / e (7) (Eezt - v¢>) av,
v
and D can be treated as effective electric displacement field. Because W () is a quadratic form

with respect to E“* then S,
W(QD) — ngezt Lé. Eezt,

where € is some constant positive definite tensor but it depends on the choice of ¢. We call it
the approximate tensor of dielectric permittivity.
Moreover, it follows that
€0, s = €0, = =
W((p) _ EOVEeIt 2. feat > EOVEEM . é:ef . et (5)
It allows one to find an estimate from above ¢ for tensor £/ with the use of rather arbitrary
periodic potentials ¢(7). Inequality (5) plays a leading part in solving problem on tensor of
effective dielectric permittivity of a medium with periodic inclusions.

3. Dual variational principal

Dual variational principle allows one to find an estimate from below for tensor of effective
dielectric permittivity of a medium with periodic inclusions. Let us consider the following obvious
inequality [2]

;V/EO;(F) (D = eoz (7) (B — w))zdv >0, (6)

where D is an arbitrary vector field. The requirements that should be imposed upon this field
are considered below.
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Let us rewrite this inequality in a more convenient form

1 D? Lo B
f/ — —2D - dV+W(<p)+/D-V<,0dV>O.
2 eoe (7)

14 Vv

Taking into account the Gauss-Ostrogradsky theorem, we obtain

/ D-VedV = / oD - itdS — / edivDdV .
14 ov 14

If test vector field D is periodic, continuous on the boundary of the cell and solenoidal field in
V then both integrals in the right hand side are equal to zero.
Then inequality (6) can be written in the form

where
| D2 R
L(D):f/ —— _ _2D.Fet | qv.
2 o€ (7)
v

Similar inequality is valid for the true potential
W (®) > L (13) . (7)

Let us note that we need not use vector potential as it is usually done to formulate dual
variational principal [2].

Finding extreme value of L (5) over a class of periodic, solenoidal fields D will obviously

produce a linear relationship between D and E°*t because L (5) is a quadratic form of D and

it contains DE**. Then one can set
L (5) - —%Ovéemt (& B,
It follows from (7) that
%Vﬁewt.éef.E_Tezt>iL(D_'):%Vﬁext.é.ﬁeazt. (8)
This Inequality is similar to inequality (5). Inequality (8) allows one to find an estimate from

below for tensor of effective dielectric permittivity of a medium with periodic inclusions with the
use of square-integrable solenoidal fields D.

4. Simple estimates for tensor of effective dielectric
permittivity of a medium with periodic inclusions

Let us use the following designation

G =5 [ £,
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Let us obtain simple estimates of effective dielectric permittivity, assuming that ¢ = 0 in W ()
and D = egE®! in L (ﬁ)

€0

— 2 — — — — 2
DV(E) (), T S DVES e Bt < D (B (e),,. (9)

Let us note that anisotropy of material of inclusions is not taken into account in (9). Let
us improve the obtained estimates. Let us introduce the coordinate system so that periodic cell
is in the first octant with three sides of the cell are on the coordinate planes. To obtain the
estimate from below, for example, for €41, let us direct Eett and D along the = axis and set the

TT)

test solenoidal field D in functional L (5) as follows

D= (D:(y,2),0,0), E“'=(E,0,0).

Then

— a _
L (D)= 5o | ((71(), D% = 220D, E) dydz,

Sy-

where the averaged over value of inverse dielectric permittivity is
I
—1 —
e (r), =-— e " () dx.
=g [
Minimizing L (5) with respect to D, (y, z), we obtain

D, (y,2) = o((e71 (7),) ' E,

and

where
(= (ﬂ>x)_1>sy2 = i/o /0 (=71 (7),)  dydz.

Thus we have the estimate from below

efze ={(@),) ")

~rx

Sy=

Estimates for £/ and ¢/ can be obtained in a similar way. As a result we have

e =) s = ((E ) ) e = o)), o

~rx Syz ~yy ~zz Syz

2

To obtain the estimate from above, for example, for €0 let us direct E°ot along the x axis:
Ee*' = (E,0,0) and assume that test potential ¢ depends only on z in functional (1). Then

€0bC e

2
W)= [ e, (B- o) @

The Euler-Lagrange equation for ¢ () is

(o, (B- fv@)) =0
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The periodic potential with period a that satisfies this equation has the form

o) =B B((s,) ") [Em—+C

where C is some constant.
Then the value of the energy functional is

==ep ({(eoms) ") )

cie=({(ems) ) )

Estimates for gyy and €., can be obtained in a similar way. Finally we have
. -1 -1
G = () ) )
-1
(11)

= () ),)

Eyy =

= ({(ema) ) )

Let us note that in the considered case tensors & and £ have diagonal form by the construction.

W ()

with the estimate
et

Generally, E«*t = (E,, E,, E.) and one can set D = (D, (y,2) Dy (x,2),D; (z,9)), ¢ = pz(x)+

©y(y) + ¢=(2). Then
((e7" (M), D2 — 2e0D, E,) dydz + % / (<5—1 (F)>yD§ - 250DyEy) dxdz+

' (ﬁ) - 2ZOS s
+é (71 (7)) _D? = 22D, E.) dady,
Say
W () = 2 Oa (e (M), (E -2 <x>)2dm 0% Ob (e (M), (E - <y>)2dy+
2 [ @, (B ) =

Minimizing with respect to periodic D and ©, we obtain

b be = -
50% (é E$2 +é Ey2 P Ez2) < EoﬂEext L gef . pewt <
2 ~rx ~yy o ~zz 2
b ~ ~ ~
< EO% (éwawQ + ényUQ + EAzzEz2) )

where tensors é and ¢ are given in (10) and (11).
One should note that if periodic cell and distribution ¢ () have non-trivial rotational symme-

try then é°f has 2 or 3 equal principal values. For example, if periodic cell is a cube and uniform
inclusion is in its centre, and the inclusion shape has cubic symmetry then £°f has diagonal form.

Let us examine the effectiveness of the obtained estimates.
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5. Examples of calculation of tensor of effective dielectric
permittivity of a medium with periodic inclusions

5.1. Dielectric cube in a dielectric medium

Let us consider a cube of edge d < a,b,c is located in the periodic cell. Cube edges are
parallel to the sides of the cell, and the cube centre coincides with the centre of the cell. The
dielectric permittivity of the cube differs from the dielectric permittivity of the medium e by the

factor .
Using (9), we obtain the following estimate of the effective dielectric permittivity

be =~ 1)\ ! be = _
505%(E6”)2 <1 - M) < 606%196‘” gel L Eert <

o abe 2 (y—1)d? (12)
< 5057(Eewt) (1 + 7) .

abc

Using (10), we obtain the following estimates from below of the principal values of tensor of
effective dielectric permittivity

A ~1 -1 _ d? yead?

yz

(o)) =< R e T (19

xz

e = (@), =2 (1 - db) ey

It follows from (11) that estimates from above are

o= ({(e5) ")) =

2w = ({(le@s.) ™) o 2 (14)
y b—d+

ac
ac+(y—1)d?

K <*>>)>> Qe

In particular, if then it follows from (12) that

18 Eewt éef Eewt 7
< e <
17 |Eext | € |Eemt | 6
Using (13) and (14), we obtain more accurate estimates
15 5 13 5 13 5\ mnr er = 9, 8 ., 8
—E + B+ —E.?) <E“ . B < (B + B+ ZE.” ).
(14 TR c g tat g

Relative error of estimates A is defined as the ratio between the difference of upper and lower
bounds and the sum of upper and lower bounds. In this example, for two cases when E°*! is
parallel or perpendicular to the x axis we have

_ 3 ~ . plext _ 5 ~ . pext
A==~ 0,012 Ea, A= 2o~ 0,013 B La.
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Relative error of estimate (12) is
11
A=— =0,024.
454 0,0

The relative error of estimates (10) and (11) is almost two times less then the relative error of
estimate (9). This is because estimates (10) and (11) take better into account the no uniformity
of distribution of dielectric permittivity in comparison with estimate (9).

5.2. Dielectric ball in a dielectric medium

Let us now consider a ball of radius R, (2R < a, b, ¢) located in the periodic cell. Using (9),
we obtain the following estimate of the effective dielectric permittivity

4 -1 3\ —1 E_'ext zef Eert 4 -1 3
| Ar( -V R el (1 O -DEN (15)
~yabe abc

< —= : =
| Fext | £ | Fext |

Using (10) and (11), after some cumbersome mathematical treatment we obtain the following

estimates L
3 2 2 V1+h2+1 -
o= (- (5)) 19

n
c L\ iR B
where index a takes the values a = z,y.2, l, = a,l, =0, 1, = ¢, h? = W.

Using (10), we obtain the following estimate

é 2

Z TR D

o2 T- Ry I 14 2p, — 20521 2 , 17
€ ( Sa ( o b n(pa1>>> (17)

abc Yo,
where So = —, po = ———.
c TP T DR
In particular, if v = 3, @ = b = ¢ = 3R then tensor of effective dielectric permittivity is a
scalar tensor, that is, all principal values of the tensor are equal: £/ = é;{/ = é&¢f = ¢¢f. Using

inequalities (15), we obtain the following estimates

ef

1,11 < == < 1,31. (18)
€
Considering now inequalities (16) and (17), we find
et
1,16 < E < 1,25. (19)

The relative error of estimate (19) is equal to 0,04. It is two times less then the relative error
of estimate (18).

It is obvious that relative error of estimates (16) and (17) increases with increasing . For
example, if v — 00, a = b = ¢ = 3R then we obtain the following estimates

ef
1,13 < &

— < 3,00. (20)
The relative error of estimate (20) is increased to 45%. Let us show how to improve this estimate.

Let us now compare the obtained estimates with the results of numerical calculations. For
comparison we take results for v = 30 [8]. Fig. 1 shows numerical results [8] and estimates (16),
(17). From this figure we notice that numerical results are between estimates from below and
estimates from above.

Fig.1 also shows that it is necessary to improve the estimate from above (16). Let us show
how to achieve this for the case v — oo.
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Fig. 1. Effective dielectric permittivity versus radius of the ball for v = 30; upper line corresponds
to estimate from above (16); line in the middle corresponds to numerical results [8]; lower line
corresponds to estimate from below (17).

5.3. Cubic lattice of uniform in size conductive balls in a dielectric
medium (improved estimate)

Let us improve estimate from above (16) for the case of cubic lattice of conductive spherical
inclusions. Let us consider a cube of edge a and dielectric permittivity & with a conductive ball
of radius R < a/2. The centre of the cube is at the origin of coordinate system, and cube edges
are parallel to the coordinate axes.

External homogeneous electric field E<* is directed along the x-axis: E®*' = (E,0,0). This
electric field induces electric charges on the boundary of the conductive ball. Electric field of
these charges compensates the external field on the boundary of the ball, and in the case of
isolated ball it coincides outside of the ball with the electric field of dipole located at the origin.
It is clear from the symmetry of the problem that one needs to consider the domain z > 0. Let
us divide this domain by the plane x = R into two parts. For 0 < x < R the trial potential
outside the ball is

3 3
n— ExzR car(1- R , (21)
¥ 3 3

(2 +y? +22)2 (2 +y% +22)2

where A is some arbitrary constant. The value of this constant is determined from the condition
of minimum of energy functional. On the boundary of the ball second term in (21) is equal to
zero, and first term in (21) compensates potential of the external field .

Taking into account that trial potential is a periodic, continuous and piecewise smooth func-
tion, we assume for that

ERR? la—u R3 lo—u
Pa>R = 71 +AR[1 - |2 n
(22 4+ y2 + R2)> sa—R

1
sa—
+B(y? + 2%)sin | 72 .
vy ) ia—R
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where B is some arbitrary constant. Potential (22) is a continuous extension of potential (21) in
a
R < x < a/2,and it is equal to zero at x = 7

Let us minimize functional (1) with respect to parameters A and B. Then we obtain ex-
pression for the upper bound of effective dielectric permittivity. To obtain parameters A and B
that minimize the value of functional W (¢) the mathematical software MAPLE was used. The
obtained expression for W (¢) is rather cumbersome, and it is omitted here.

Fig. 2 shows the relationship between estimates of the relative effective dielectric permittivity

R R
and parameter — for 0 < — < 0.45.
a a
Fig. 3 presents the relationship between the upper bound of relative error for best estimates

. . . e R
of effective dielectric permittivity and parameter —.
a

147

90-
121 807
70-
10 o]
e, 81 501
g * 40
° 30-
4 -
] 10

0 0.1 o5 0.1 02 03 0.4

R
a

Fig. 2. Relative effective dielectric permittiv- Fig. 3. Upper bound of relative error in per-
ity versus parameter R/a: 1) estimate from centage for estimates of effective dielectric
above based on potentials (21), (22); 2) esti- permittivity (16, 17) based on potentials (21),
mate from above based on potentials (21), (22) (22) versus parameter £

for A =0, B = 0; 3) estimate from below from

(15) for v — o0; 4) estimate from below (17).

Conclusions

A medium with periodic inclusions is considered. A method for estimating the effective
dielectric permittivity tensor of the medium is proposed. The method is based on variational
principle. One should note that proposed method can be used not only for a medium with
periodic inclusions but also in the case when dielectric permittivity tensor of a medium varies
periodically in space.
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DddexkTuBHAA JUITEKTPUIECKAsT ITPOHUIIAEMOCTD CPEIbI
C TIePUO/IUNYECKNMU BKJITIOUEHUSI MU

Baaaunmup 11. Kazanmesn
Ouer A. 3osoTOB
HNpuna A. Bapanosa

BukTop E. 3anusnsak
Cubupckuit derepajbHbIl YHIBEPCATET
Kpacnosipck, Poccuiickass @eneparms

Awnnoranusi. B craTbe onuchIBaeTCst METO/T OIIEHKY TeH30pa 9 MEKTUBHON II3IEKTPUIECKOM TPOHUIIAE-
MOCTH, OCHOBaHHBII Ha BapUAIIMOHHBIX IIPUHITATIAX JJIA CPEJI C IePUOANIECKIMI BKIIIOUYeHNAMA, KOTOPBIit
[IO3BOJISIET HOJIYYUTH JBYCTOPOHHME IPAHUIIBI 00JIACTA BO3MOXKHBIX 3HAYEHUN JUIIEKTPHUIECKON IPOHU-
[[AEMOCTH JBYXKOMIIOHEHTHOM CcHCTeMbl. B KadecTBe NPUMEPOB MOKa3aHbI PACUYETHI JIJIS KOMIIO3UTHBIX
CTPYKTYP C KyOMYIECKUMU ¥ MIAPOBHIMU BKJIIOUCHUSMHA U3 IMIIEKTPUKA U METAJLIA.

KuroueBrie ciioBa: TeH30p 3P HEKTUBHON MMIIEKTPUIECKON NMPOHUIIAEMOCTH, BaPUAIIMOHHBIA METO/T
OIIEHKH, CPeJia C MEePUOIUIECKIMU BKJIIOUEHUSIMU

— 86 —



