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1. Introduction and preliminaries

A vigorous research activity focuses on the research on fixed points for given mappings with
certain contractive conditions in various abstract spaces.

Hence, there exist numerous generalizations of the concept of metric spaces; symmetric spaces,
quasimetric spaces, fuzzy metric spaces, partial metric spaces, like metric spaces and this has
pulled in the consideration of many researchers to obtain some fixed point theorem for mappings
satisfying a different contractive condition, in particular, cyclic contractions and cyclic contractive
type mappings, (we refer the reader to see [2-11,13]).
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This paper points to proceed the think about of a few cyclical contractive mappings taking
after many papers from this still actual subject nowadays.

Our results extend and generalize the results [11] into b-metric like-space. The obtained
results extend many recent results in the literature.

The following definitions and results will be needed

Definition 1 ([1]). Let X be a non empty set. A function d: X x X — [0,400) such that for
all x,y,z € X, we have the following assertions :

1) d(z,y) = 0 implies x = y,

2) d(z,y) = d(y, v),

3) d(z,y) < d(z,z) +d(z,y).

The pair (X, d) is called a metric like-space. A metric-like d on X satisfies all conditions of
a metric except that d (z,x) may be positive for some x € X.

Definition 2 ([12]). Let X be a non empty set, s > 1 a fized real number, A function d :
X xX — [0,400) a mapping. Then, (X,d) is said to be b-metric like space if for all z,y,z € X,
the following statements hold true :

1) d(z,y) = 0 implies x = y,

2) d(z,y) = d(y, v),

3) d(z,y) < sld(z, z) +d(z,y)] .

Then b-metric like space is a pair (X,d),and d a b-metric-like on X.

It should be noted that the class of b-metric-like spaces is larger than the class of metric-like
spaces, since a b-metric-like is a metric-like with s = 1.

Example ([17]). Let Q ={0,1,2,3,4} and let

5 KkK=717=0
w(k,7) =4 1

— otherwise.
5

Then, (Q,w) is a b-metric-like space with a coefficient s = 5.
For more examples in metric-like and b-metric-like spaces, see [17,18].

Definition 3 ([12]). Let {x,} be a sequence in a b-metric-like space (X, d) with the coefficient s.
Then :

i) The sequence {x,} is said to be convergent to x if lirf d(zn,z) =d(x,z).
n—-—+0oo

i) The sequence {xz,} is said to be Cauchy in (X, d) if lim+ d (xp, xm) exists and is finite.
n,m—-+oo
ii) A b-metric-like space (X, d) is d-complete if for every d-Cauchy sequence {x,} in X there
exists an x € X, such that
nmll_r}n_kood (T, ) =d(x,2) = nll)rfoo d(zp,x).
Remark 1.1. The limit of the sequence need not be unique and a convergent sequence need not
be a Cauchy in the context of b-metric-like.

Lemma 1. Let {x,} be a sequence on a complete b-metric space (X,d) with s > 1 such that

nll)r_{loo d(xn, Tpy1) =0.

If her d(Xp,xm) # 0, there exist € > 0 and two sequences {mk}:;’ol,{nk}z;’cl of positive
n,m——+oo

integers with ny > my > k such that

e

d(Tnys Tmy,) = €,d (T, Tny—1) <&, —5 < HiMpsyoo SUPA (Tny—1, Ty —1) < €,

V)

€ €
. . 2
5 limy oo SUP A (T —1,Tm,,) < €, 2 limg oo SUP A (T, Ty —1) < €57,
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Definition 4 ([13,14]). Let (X, d) be a b-metric-like space with the coefficient s. A sequence
{xn} is called 0-d-Cauchy sequence if lim  d(zy,2m) = 0. The space (X,d) is said to be 0-

n,m—+00

d-complete if every 0-d-Cauchy sequence in X converges to a point x € X such that d (xz,x) = 0.

Lemma 2 ([15,16]). Let {z,} be a sequence in a b-metric-like space (X, d) with the coefficient
s > 1 such that

d(wn7xn+1) < qd (mnfbxn) ’

for some g € [0,1) and n € N then {z,} is a d-Cauchy sequence in (X,d) such that

lim d(zp,2m)=0.
n,m—-+00
Definition 5 ( [17]). Let X be a non empty set. A mapping T : X — X s said to be an
a-admissible mapping if o(x,y) > 1 implies a(Tx,Ty) > 1 for all z,y € X and o : X x X —
[0, 4+00).

Further T called a-continuous on X if lim x, = zimplies lim 7Tz, = Tz for any sequence
n—-4o0o n—+o0o

{z,} for Y which a(x,,2n+1) = 1, n € N.
Moreover, [17] present some new fixed point theorems for a af cyclic rational contraction self-
mapping on complete metric-like spaces, subsequently the authors [11] found some doubts about
some defintions and theorems, and give a new formula of it as follow:

Let denote  the class of all function ¥ : [0,4+00) — [0,400), satisfying the following
condition:

i) ¥ non-decreasing and continuous;

ii) lim U™ (¢) =0 for all t > 0.

n—-+oo

Definition 6. Let (X,d) be a b-metric-like space, p € N, By, Bs,..., B, be d-closed subsets of
X, Y=B1U---UBpanda : Y XY — [0,00) be a mapping. We say thatT : Y xY — Y is
cyclic af -rational contractive mapping if :

1) T(Bz) g BH_L?; = 1, 27 ey Dy where Bp+1 = Bl;

2) foranyx € B; andy € Bi41,1=1,2,...,p, where Byy1 = By and o (z,Tz) a (y, Ty) > 1,
holds

\Il(d(Tvay)) < \II(M (I,y)) _LM(xvy)7 (1)

where ¥ € Q, L € (0,1) and

Ma(z,y) = max {d (@.9), d(z,Ty) d(z,Tz)d(y,Ty) d(y,Ty)[1+d(z,Tz)] d(z,Ty)+d(y,Tx) } .

2s 7 1+4d(z,y) 1+d(z,y) ’ 4s

2. Main results

This part is devoted to define a cyclic a%—rational contractive mapping, and some new fixed
point results through this contractive on the setting of complete b-metric-like spaces are pre-
sented.

Theorem 2.1. Let(X,d) be a d-complete b-metric like space and o : X x X — [0,+00) be
a mapping. Assume that T : X — X is an a%—contmetive mapping satisfying the following
assertions:

(i) T is an a-admissible mapping,

(ii) o (xo,Tx) = 1 for an element zqy in X,

(11i) T is a-continuous, or;
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(iv) if {x,} is a sequence in X such that o (Ty, Tpi1) 21

for alln € N and x, = x as n — 400, then a (zn, Tx,) > 1.

Then T admits a fized point in X.

Moreover, if

(v) o (x,x) > 1, whenever x € Fix (T), then T admits a unique fize point.

Proof. Let start with define the sequence ™ = T"zo, where xg is the given point for which
a(xg,Txg) = 1. Since T is an a-admissible mapping, we get that

a(zy,Tz1) = a(Txg, TTz1) > 1.
Continuing this process, we get « (z,,Tx,) > 1 for all n € N, and so,
a(xp, Tey) a(xp—1,Txy_1) = 1 for all n eN.
If ,, = x,,_1 for some n € N, x,_1 is a fixed point of T'.
Therefore, assume that x,_, # x, for all n € N. Hence, we have that
d(xp—1,2,) >0 for all neN.

In order to prove that the sequence {z,} is a d-Cauchy sequence. According to (1), we get

U (d (@ 20s1)) < UM (@0-1,20)) — LM (01, 2) (2)
where
M(xn—laxn) -
dnfand nydn dn;n 1dn77n
A (@t o) d (g, y), Lm0 s Prer) L, P ) [T A in 1, 0n)]

= max L+d(zn—1,7n) 1+d(zpn_1,n)

d($n71,$n+1) + d(iﬂn, anrl)

4s

3 1

< max {d(xnhxn) ) d(xnaanLl) ) Zd(xnflaxn) + 4d(xna$n+1)}

< max {d (xn—la an) ) d (xna xn+1)}
Hence, we get
U (d(zn, Tnt1)) < U (max{d(zp_1,2n),d (@n, Tnt1)}) — Lmax{d (xn_1,2,),d (Tn, Tni1)} .

If
max {d (Xn_1,2,),d (Tn, Tni1)} = d(Tpn, Tpy1) for some n €N,

we have

\Il(d (xn7$n+1) < \I’(d ($n5$n+1)) - Ld (mn;mn+1)a
<

)
0 —Ld (Tpn, Tnt1) - (3)
Which contradiction.
Hence, we get

d (xnv xn+1) >d (xn, $n+1) .
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So, there exists

. s
ngr}rlood(xn,xnﬂ) dp > 0.

Letting n — +o00 in (2), we obtain that

lim ¥ (d(xn,zpe1)) < lim [V (d(zp,2ni1)) — Ld (2n, Tnt)],

n—-+oo n—-+o0o

U (dr) < V(dg)— Ldg.

Thus

nEIJIrloo d(zp,Tnt1) =0.

Now, if hm+ d (zp, m) # 0, we have sequences {my} and {nj} such that
n,m——+oo

kﬂ‘fmd(%k’xmk) =e>0.

Let u = x,, and v = z,,, in (1), we get

v (d (xnk+17xmk+1)) VU (M (x”k?x"nk)) - LM (‘r"k’zmk) s (4)

where
d(xn,, Tmy) d (T, Trngt1)
d(Tn,,Tm,),d(Tm,,Tn , e Ty s Ty )
(T, @ ")d (T, @ k+1)1 . 1+d(Tn,, Tng+1)
M(Inkaxmk) = max (wmkammk+1)[ + (xnkjmnk+1 )

1+d(Tn,, Tm,)
d (:an k) xmk+1) + d (xmk ) Ink+1)
4s

€ 5
— 7770707 7}
fax {E 2s 4s
So, as n — 400 in (4), we have
U(e)<U(e)— Le

which is a contradiction.
Hence, the sequence{z, } is a cauchy and

nm%linﬁ)o d(zp,Tm) = 0.

This means that there exists a unique point z* € X such that

* *\ . *\ . _
d(z*,z*) = ngrfwd(xn,x )= nﬂil_r}nJrood(xn,xm) = 0.
Now, we will proof that z* is fixed point of T i.e., Tx* = x*, thus is clear if T" is a-continuous.
Further, suppose that for any sequence x, in X and for all n € Nif a (2, 2n1) = 1 and
lim =z, = x*, then
n—-+4oo
a(z*, Tz*) > 1.
Let d (z*,Tz*) > 0. Since
o (xp, Txy) a (", Te") 2 1.
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According to the given contractive condition, we have
U (d(Tz,Tx*)) < V(M (x,2*)) — LM (z,z"),

where

d(xp,x*)d (x*, Tx*)
1+d(xn, Tni1)
d(z*,Te*)[1 +d(xn, Tpi1)]
1+d(zn, Tpyr)
d(zp, Tz*) + d (%, Tpi1)
4s

d(xnax*) ,d(.]?*, xn-&-l) )

)

M (z,z") = max

)

d(xp,xz*)d(z*,Ta*)

d(xp, "), d(z", zy )
( ) ( +1) 1+d($n,1‘n+1)
< max d(z*, Tz*),
sld(zp,x*) +d(@*, Ta*)] + d(x*, zpt1)
4s
d(z*,Tx*
— max{0,0,0,d(:v*,Tx*),(w;lm)} =d(z",Tx™) as n — +oo.

Now, letting the limit in for n — +o00, we get
U (d(z*,Tz*)) < U (d(z*,Ta")) — Ld («*, Tz")

which is a contradiction again. This means that d (z*, Tz*) = 0, that is, we prouve that Tz* = z*.
Finally, to show the uniqueness of the fixed point of the map T, suppose that u,v (u # v) are
two fixed point of T
Then,we get d (u,v) >0, a(u,u) > 1, a(v,v) > 1.
Further, since
a(u,u) a(v,v) =1,

we obtain
U (d(u,v)) < ¥ (M (u,v)) — LM (u,v),
where
d(u,0), d(v,u)’ d(u,v)d(v,v)’
2s 1+d(u,u)
M(U,U) = max d(v7v) [1 +d(u7u)]
1+d(u,v)
d (u,v) +d(v,u)
4s
_ d(v,u) d(v,u)|
= max{d(u,v), 5% ,0,0, 55 =d(u,v).
Hence
U (d(u,v)) <V (d(u,v)) — Ld (u,v)
which is a contradiction. This finishe the proof. O

Remark 2.1. It is useful to notice that the The case s = 1 means that (X,d) is actually a
complete metric-like space and we get the results of [11].
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Example. Let X = R be a b-metric-like space with constant s = 4.
Define the function d : R2 —: [0, 4+00) by d (z,y) = (|z] + |y])* .
It is clear that (X, d) is a complete b-metric-like space. Suppose that

By = (—O0,0], By = [Oa +OO)

and
Y = B; U Bs.
DefineT:Y =Y anda:Y xY — [0,4+00) by
x? if xe(—o0,1)
x
—— if -1,0 .
) o el [ Bl iy e[1]
Tx = 2 and a (z,y) = S
z . 0, otherwise
—7 if [07 1]
-z if (1, +00)

Also, define ¥ : [0,+00) — [0,4+00) by ¥ (t) = %t and L = % Clearly, T'(B;) C Bs and
T (B,) C By.

Letz € B,y € Byanda(z,Tz)a(y, Ty) > 1.z ¢ [-1,1]ory ¢ [—1,1], then a (z,Tz) =0
or (y,Ty) = 0. That is, a (z,Txz)a (y, Ty) = 0 which is a contradiction. Hence x € By, y € Bo
and z,y € [-1,1].

This implies that 2 € [-1,0] or y € [1,0].

Then
1 T y? 3
3 23

< 2(3+[2])
< 5 (P ael)

3

L/ .
< - :
< 5 (I + 1), since y € [1,0]
< 5 (el +1o)?

1

Then T is a cyclic af—rational contractive mapping. It is clear that a (0,70) > 1 and so the

condition (4¢) of Theorem 2.1 is satisfied.

If a(z,y) > 1, then z,y € [—1,1] which implies that a (Tx,Ty) > 1, that is, T is an a-
admissible mapping.

Let {z,} be a sequence in X such that, a (z,,Tx,) > 1 and x,, — = as n — +oo.

Then, we must have z,, € [—1,1] and so, € [—1,1], that is a (x,Tx) > 1. Hence, all the
conditions of Theorem 2.1 hold and T has a fixed point z =0 € By N Bs.
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HoBbie pe3yabTaThbl ¢ (pUKCUPOBAHHOM TOYKOIA

IJIs Oz%—pal_[I/IOHaJIbHBIX OoTOOpa kKeHmii IMIPUTIKEeHUS
B O-MeTpUYeCKNX MPOCTPAHCTBAX

Cyxeitd Mepas

Daiice1 Mepraan
Yuusepcurer Jlapbu Tebeccu
Tebecca, Asxup

Taited Xamaususa
Yuusepcurer Jlapou Ben M’Xwuau
VYum-sib-Byarn, Amxup

Croan PagenoBuu
Benrpanckuit yauBepcurer
Benrpan, Cepbust

Awnnoranusi. Ilenpio JaHHON CTATbU SIBASETCA NOKA3aTEJLCTBO HEKOTOPBIX HOBBIX PE3YJIBTATOB JIJIsT
af-pauHOHaanblx CJKAMAIOIINX U IUKJINIECKUX af-pauI/IOHaﬂbHHX CTATUBAIONINX O0TOOparKeHHil, oIpe-
JIeJIEHHBIX B d-TI0JIHBIE b-MeTpuKOonomobHble npocTpaHcTBa. Kpome TOro, mpuBeseH mpuMep, UILIIOCTPH-
PYIOIINIA CIIPABE/JIMBOCTD HAIIUX TEOPETUUECKUX PE3YJIHTATOB.

KuroueBrie cioBa: Merpuyeckoe 110J100HOE IPOCTPAHCTBO, b-MeTpHYECKOe II00OHOE IIPOCTPAHCTBO,

TUKJINYIEeCKNEe COKPAIlCHUI.
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