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Abstract. The paper considers the process of diffraction of an electromagnetic wave at the interface
"vacuum – metal – nonlinear layer (graphene) – semiconductor" with the excitation of a surface wave.
Within the framework of the theory, a modal method for calculating the process of interaction of radiation
with a multilayer structure is presented, which makes it possible to calculate the energy fluxes arising in
the process of diffraction.
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The processes of surface wave (polariton) excitation as a result of electromagnetic radiation
diffraction in media represent one of the most important problems of integrated optics. Compared
to the processes of electromagnetic radiation propagation along multilayered structures with
parallel interfaces, which have been well studied and systematized to date [1, 2], diffraction
problems are much less well studied. The excitation and propagation of electromagnetic waves
along planar nanostructures, primarily on graphene, are of particular interest. However, even
in the simplest approximation, the solution of the Maxwell equations under the given boundary
and boundary conditions leads to the cumbersome integrodifferential equations [3], which have
a strictly analytical solution only for certain geometries of the structures [4].
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In this paper the problem for the surface wave on a planar heterostructure is solved, the
attractiveness of which can be explained by the following factors:

1) relative simplicity of the used theoretical models of electromagnetic radiation propagation
along such structures;

2) fundamentality of obtained results, allowing to generalize them to more complex geometries
of structures;

3) planar geometry is sufficiently close to reality.
The surface polariton is a transverse magnetic TM-polarized optical wave propagating along

the surface of the metal-dielectric boundary. This coupled excitation includes fluctuations of the
electron charge density in metals and electromagnetic waves with a maximum at the interface
and exponentially decreasing deep into both media.

The discovery of graphene and the creation of terahertz lasers on graphene [5] stimulated
theoretical [6] and experimental [7] studies of the redistribution of electromagnetic waves on
planar structures. In [5] the diffraction of electromagnetic waves for TE and TM polarizations
for isotropic and anisotropic structures was studied. The process of reflection of the incident wave
from air (ε1 = 1) into a medium with permeability ε2 = (εt, εt, εn) (graphene) was considered.
From classical electromagnetic theory [7], the reflection coefficients for TM- and TE-waves are
derived as

rTM
1|2 =

εt cos θ −
√

εt −
(

εt
εn

)
sin2θ

εt cos θ +

√
εt −

(
εt
εn

)
sin2θ

, (1)

rTE
1|2 =

cos θ −
√

εt − sin2θ

cos θ +
√

εt − sin2θ
, (2)

where θ is the angle of incidence. Thus, the transmittance coefficients for TM- and TE-waves
are

tTM
1|2 =

2εt cos θ

εt cos θ +
√
εt − εt

εn
sin2θ

, tTE
1|2 =

2 cos θ

cos θ +
√
εt − sin2θ

, (3)

respectively; in the ideal lossless case, the transmittance of TE waves is TTE = 1−
∣∣∣rTE

1|2

∣∣∣2. When
region 2 is an isotropic medium (i.e. εt = εn), it follows from the analysis of the expressions
for the reflection coefficients that for TM- and TE-waves the reflectivity will be different from
zero, except when the incident angle is the Brewster angle for TM-waves [7]. When region
2 (graphene) is an optically uniaxial medium (i.e. εt ̸= εn), we find that full polarization
splitting can be achieved with

∣∣∣rTM
1|2

∣∣∣ = 1 and
∣∣∣rTE

1|2

∣∣∣ = 0 , i.e., full reflectivity for TM-waves
and full bandwidth for TE-waves for an arbitrary incidence angle. The corresponding condition
is εt = 1 and εn = 0. In the structure considered in [5], the total polarization splitting is
independent of the incidence angle due to the rotational symmetry of the structure with respect
to the surface normal. In addition, complete polarization splitting can also be achieved using a
thin layer of such a uniaxial medium. The drawback of this theory in this case consists, first,
in the fact that the calculations were performed without taking into account surface polariton
excitation, and, second, the dependence of dielectric permittivity on frequency was not taken
into account. However, when considering the diffraction problem, it is possible to achieve the
necessary conditions for surface polariton propagation at terahertz frequencies. Fig. 1 shows the
frequency dependences of dielectric functions for the propagation of vibrations in the directions
along and perpendicular to the plane of the planar structure.
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Fig. 1. Frequency dependence of the dielectric function for the graphene monolayer. The solid
lines represent the real part of the dielectric function, the dotted lines represent the imaginary
part. 1 — propagation of vibrations in the direction of the film plane, 2 — propagation of
vibrations in the direction perpendicular to the film plane

1. Mode method

For the first time a mode method for solving the problem of electromagnetic wave diffraction
was proposed in [8]. The planar structure, in which the interfaces are parallel and perpendicular
planes, is easily investigated within the framework of existing theories of plane and surface wave
diffraction. The main feature of the method is the reduction of rather complex integrodifferential
equations to algebraic ones, which makes this method attractive from the point of view of com-
putational procedures. For example, in [9], the problem of reflection of a surface polariton from
a "semiconductor-metal" structure was solved. Consider the process of diffraction of an electro-
magnetic wave with a Gaussian distribution on the structure of 4 media (Fig. 2) with dielectric
permittivities: ε1 — vacuum, ε2 (ω) — metal, ε3 (ω) — nonlinear thin film, ε4 — semiconductor.
In the left half-plane (at x < 0) there are reflected and incident radiation, in the right half-plane
(x > 0) there will be modes of the past radiation and, as will be shown further, modes of the
surface polariton [10][10]. The essence of the method is to represent the incident, reflected, and
transmitted radiation as an integral of mode overlap. Investigation of surface polariton excitation
on a planar structure is an ordinary boundary value problem with given boundary conditions.

According to the harmonic character along the axis we obtain:

{H (x, z) ,E (x, z)} = {H (z) ,E (z)} eikxx. (4)

The process of electromagnetic wave diffraction with surface polariton excitation is of the
greatest interest. This process is possible only in the case of an H-wave [11] (the so-called TM-
polarized radiation), for which, given the chosen structure geometry, the projections are nonzero
Ex, Ez, Hy and at ε2 (ω) < 0. It is easy to show that these electromagnetic wave projections are
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Fig. 2. Geometry of the structure and excitation process of the surface polariton. Explanations
in the text

related to each other as:

Ex (x, z) =
ic

ωε (ω)

∂Hy (x, z)

∂z
; Ex (z) =

ic

ωε (ω)

dHy (z)

dz
, (5)

Ez (x, z) =
ic

ωε (ω)

∂Hy (x, z)

∂x
; Ez (z) = − c

ωε (ω)
kxHy (z) . (6)

Taking into account the boundary conditions

Hy (z = −0) = Hy (z = +0) , Ex (z = −0) = Ex (z = +0) (7)

the wave equation for the magnetic field and the projection of the wave vectorkx for Fig. 2 is

d2Hy

dz2
+

[
ω2

c2
εi − k2x

]
Hy = 0. (8)

The solution of equation (8) at x < 0 has the form

H1y (z) = B1 exp (iβz) +B2 exp (−iβz) , (9)

E1z (z) = −ck
(1)
x

ωε1
[B1 exp (iβz) +B2 exp (−iβz)] , (10)

where β is the transverse wave number in media (3) and (4)

β2 +
(
k(1)x

)2

= k20ε1, (11)

where k0 = ω/c = 2π/λ is the wave number in vacuum, λ is the wavelength of incident
radiation. In the media (3) and (4) in the framework of the proposed model there will be two
harmonics each, i.e. such radiation will be degenerate (it is convenient to denote them by "+"
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and "–" harmonics), and accordingly due to degeneration we obtain uncertain coefficients for the
wave number kx. Using the orthogonality and normalization conditions [12], we obtain∫ ∞

−∞
Eβ±

1z Hβ∓′

1z dz = 0 (12)

and ∫ ∞

−∞
Eβ±

1z Hβ±′

1y dz = − c

ω
k(1)x δ (β − β′) . (13)

The coefficients B1 and B2 of (9) are

B1 = B∗
2 =

1

2

√
ε1
2π

(1± i) . (14)

Thus, in the medium (1) we get

Hβ±

1y (z) =
1

2
B1β [(1∓ i) exp (−iβz) + (1± i) exp (iβz)] , (15)

where B1β = (ε1/2π )
1/2 is the normalization constant. Then the incident and reflected radiation

will be written in the form

Hi
1y (x, z) =

∫ ∞

0

[
I+β Hβ+

1y + I−β Hβ−

1y

]
exp

(
ik(1)x x

)
dβ, (16)

Hr
1y (x, z) =

∫ ∞

0

[
R+

β H
β+

1y +R−
β H

β−

1y

]
exp

(
−ik(1)x x

)
dβ, (17)

where Iβ and R±
β are the amplitudes of the incident and reflected waves. Let’s represent the

magnetic field as
H (x, z) = G (z) exp (−ikxx)

when approximating a Gaussian beam

G (z) = C0/
(
1 + z2/W 2

0

)
,

where C0 is the amplitude, and W0 is the half-width of the beam. Then we use the properties of
the delta function and after elementary transformations we obtain∫ ∞

−∞
G (z)Eβ±

1z dz = − c

ω
k(1)x I±β , (18)

and
I+β = I−β ≡ Iβ = C0W0

√
π

2ε1
exp (−βW0) . (19)

The projection of the Poynting vector on the Ox axis of propagation for incident radiation
is [12].

Px =
c

8π
Re

{∫
−∞∞[

E1zH
∗
1y

]
x
dz

}
. (20)

For incident and reflected radiation [medium (1)] we obtain [11]:

P i
x =

c2

4πω

∫ ∞

0

IβI
∗
βk

(1)
x dβ =

8π

1
√
ε1

C2
0W0

π

2
, (21)
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PR
x =

c2

8πω

∫ ∞

0

(
R+

β R
+∗
β +R−

β R
−∗
β

)
k(1)x dβ. (22)

In media (2), (3), (4) the volumetric radiation is represented as:

Hβ
2y (z) =


D1 exp (−iβz) +D2 exp (iβz) , z > d

D3 exp (−iβz) +D4 exp (iβz) , 0 < z < d,

D5 exp (−ρz) , z < 0,

(23)

Eβ
2z(z) = − c

ω
k(2)x



1

ε4
[D1 exp (−iβz) +D2 exp (iβz)] , z > d,

1

ε3 (ω)
[D3 exp (−iβz) +D4 exp (iβz)] , 0 < z < d,

1

ε2 (ω)
D5 exp (−ρz) , z < 0,

(24)

with the wave numbers related by the equations:

β2 +
(
k(2)x

)2

= k20ε3 (ω) ,−ρ2 +
(
k(2)x

)2

= k20ε2. (25)

The normalizing constants are equal:

D5 = D2β ,

−D1 = D∗
2 =

1

2
D2β

(
1 + i

ρ

β

ε4
ε3 (ω)

)
,

−D3 = D∗
4 =

1

2
D2β

(
1 + i

ρ

β

ε3 (ω)

ε2 (ω)

)
,

(26)

where

D2β =

√√√√ (ε2 (ω)β)
2
ε3 (ω) ε4

π
[
(ε2 (ω)β)

2
+ (ε3 (ω) ρ)

2
+ (ε4ρ)

2
] .

Let us represent the surface polariton at the interface (2)–(3) in the form:

Hτ
2y (z) =

{
S1 exp (−k1z) , z > 0,

S2 exp (k2z) , z < 0,
(27)

Eτ
2z (z) = − c

ω
ks


S1

ε3 (ω)
exp (−k1z) , z > 0,

S2

ε2 (ω)
exp (k2z) , z < 0.

(28)

If k1 and k2 are the projections of the wave number ks on the propagation axes, then

k1 =

√
ks −

ω2

c2
ε3 (ω), k2 =

√
ks +

ω2

c2
|ε2 (ω)|. (29)

Let the surface polariton satisfy the condition∫ ∞

−∞
Eτ

2zH
τ∗

2 dz = −
ω
ks, (30)
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i.e., normalized along the axis Oz. Then for the coefficients in (27) and (28) it is true

S1 = S2 = S2τ =

[
1

2k2ε2 (ω)
+

1

2k1ε3 (ω)

]−1/2

. (31)

Hence (27) and (28) can be represented as:

Hτ
2y (z) = S2τ

{
exp (−k1z) , z > 0,

exp (k2z) , z < 0,
(32)

Eτ
2z (z) = − c

ω
S2τ


1

ε3 (ω)
exp (−k1z) , z > 0,

1

ε2 (ω)
exp (k2z) , z < 0.

(33)

Similar expressions are obtained for the interface (3), (4) in the case of ε3 (ω) < 0. Thus, the
magnetic field at x > 0 in the amplitude expression has the form

Ht
2y (x, z) = THτ

2y exp (iksx) +

∫ ∞

0

[
TβH

β
2y

]
dβ exp

(
ik(2)x x

)
, (34)

where volumetric and surface waves are expressed in terms of their amplitudes Tβ and T , re-
spectively. The projection of the Poynting vector along the propagation axis (flux passed) in the
amplitude representation has the form [12].

PT
x =

c2

8πω

[
TT ∗ks +

∫ ∞

0

TβT
∗
βk

(2)
x dβ

]
. (35)

Let us apply to the obtained equations (21), (22), (35) the condition of continuity of electric
and magnetic fields on the boundary x = 0, i.e.∫ ∞

0

[(
Iβ +R+

β

)
Hβ+

1y +
(
Iβ +R−

β

)
Hβ−

1y

]
dβ = THτ

2y +

∫ ∞

0

TβH
β
2ydβ, (36)

∫ ∞

0

[(
Iβ −R+

β

)
Eβ+

1z +
(
Iβ −R−

β

)
Eβ−

1z

]
dβ = TEτ

2z +

∫ ∞

0

TβE
β
2zdβ. (37)

Multiplying equations (36) and (37) sequentially by Eβ±′

1z and Hβ′

2y and taking into account
the normalization and orthogonality conditions, we obtain:

− c

ω
k(1)x

(
Iβ +R±

β

)
= T

∫ ∞

−∞
Eβ±′

1z Hτ
2ydz +

∫ ∞

0

Tβ

∫ ∞

−∞
Eβ±′

1z Hβ
2ydzdβ, (38)

− c

ω
k(2)x Tβ =

∫ ∞

0

[(
Iβ −R+

β

)∫ ∞

−∞
Hβ′

2yE
β+

1z dz +
(
Iβ −R−

β

)∫ ∞

−∞
Hβ′

2yE
β−

1z

]
dβ, (39)

− c

ω
ksT =

∫ ∞

0

[(
Iβ −R+

β

)∫ ∞

−∞
Hτ

2yE
β+

1z dz +
(
Iβ −R−

β

)∫ ∞

−∞
Hτ

2yE
β−

1z dz

]
dβ. (40)

Calculation of the integrals of mode overlap in (38)–(40) is not difficult:∫ ∞

−∞
Hβ′

2yE
β±

1z dz = −k(1)x

c

ω

{
Hβ′

2y , E
β±

1z

}
δ (β − β′) , (41)
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where {
Hβ

2y, E
β±

1z

}
= B1βD2β

π

2ε1

[
1± ε3 (ω)

ε2 (ω)

ρ

β

]
;

∫ ∞

−∞
Eβ±

1z Hτ
2ydz = − c

ω
k(1)x

{
Eβ±

1z , Hτ
2y

}
, (42)

where {
Eβ±

1z ,Hτ
2y

}
= B1βS2τ

1

ε1

(
k2 ± β

k22 + β2
+

k1 ∓ β

k21 + β2

)
.

The solution of the system (38)–(41) is:

Tβ = IβT
′ − TT ′′, R±

β = IβR
′
± − TR′′

±, (43)

T =

∞∫
0

k
(1)
x Iβ

[
(1−R′

+)
{
Eβ+

1z ,Hτ
2y

}
+ (1−R′

−)
{
Eβ−

1z ,Hτ
2y

}]
dβ

ks +
∞∫
0

k
(1)
x

[{
Eβ+

1z , Hτ
2y

}
R′′

+ +
{
Eβ−

1z ,Hτ
2y

}
R′′−

]
dβ

, (44)

where the notations are entered:

− T ′ =
2k

(1)
x

[{
Eβ+

1z ,Hβ
2y

}
+
{
Eβ−

1z ,Hβ
2y

}]
k
(2)
x + k

(1)
x

[{
Eβ+

1z ,Hβ
2y

}2

+
{
Eβ−

1z ,Hβ
2y

}2
] ,

− T ′′ =
k
(1)
x

[{
Eβ+

1z ,Hβ
2y

}{
Eβ+

1z , Hτ
2y

}
+
{
Eβ−

1z ,Hβ
2y

}{
Eβ−

1z ,Hτ
2y

}]
k
(2)
x + k

(1)
x

[{
Eβ+

1z ,Hβ
2y

}2

+
{
Eβ−

1z ,Hβ
2y

}2
] .

(45)

It should be noted that formulas (38)–(45) are "universal" in a sense, i.e. their general form
does not depend on the number of environments at x > 0. Thus, the number of environments
will determine only the form of integrals of overlapping modes

{
Hβ

2y, E
β±

1z

}
,
{
Eβ±

1z ,Hτ
2y

}
.

2. Discussion of results and conclusions

Directly we can check the correspondence of obtained results to the energy conservation law:
P i = PR+PT +P sp, where P i — incident radiation, PR — reflected volumetric radiation, PT —
passed radiation and P sp — surface polariton flux and Fresnel’s law.∫ ∞

0

(
2IβI

∗
β −R+

β R
+∗
β −R−

β R
−∗
β

)
k(1)x dβ = TT ∗ks +

∫ ∞

0

TβT
∗
βk

(2)
x dβ. (46)

Let’s choose such parameters of the Gaussian beam so that the passed and reflected waves
are expressed in fractions of the incident radiation. We use the normalization

Cn = C0/G ,

Wn = (2π/λ )W0,

k
′

x = kx/k0.

(47)
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The incident flux in the amplitude representation will be

P i
x =

c2

4πω

∫ ∞

0

IβI
∗
βk

(1)
x dβ =

8π

1
√
ε1

C2
0W0

π

2
=

[
cG2λ

16π2

](
πC2

nWn

2
√
ε1

)
. (48)

It follows from (48) that it is possible to arrive at a dimensionless description of the Pointer
vector flux. For example, for the incident flux we obtain:

P i
x,norm =

πC2
nWn

2
√
ε1

= 1 (49)

with Cn =

√
2
√
ε1

πWn
. Let us present a model solution. Let the normalized value of the incident

flux half-width is Wn = 25. Then the numerical calculation leads to the values shown in Tab. 1.

Table 1. Dependences of flux values on dielectric permittivity values

ε1 ε2 ε3 ε4 PR PT P sp

1 -20 1 11.7 0.45 0.45 0.1
1 -50 5 12.0 0.54 0.29 0.17
1 -100 10 12.2 0.67 0.14 0.21
1 -1000 15 12.4 0.79 0.09 0.12

For small values of the half-width of the beam, the amplitude for the surface polariton is

T =

[
2W

1/2
n Ω
√
ε3

] ∞∫
0

exp (−βWn)
[(

k2

k2
2+β2 + k1

k2
1+β2

)
+
(

β
k2
2+β2 − β

k2
1+β2

)]
dβ

√
ε3 +Ω2

∞∫
0

[(
k2+β
k2
2+β2 + k1−β

k2
1+β2

)2

+
(

k2−β
k2
2+β2 + k1+β

k2
1+β2

)2
]
dβ

, (50)

where

Ω =

[
ε3 (ω) k1ε2 (ω) k2

π (ε3 (ω) k1 + ε2 (ω) k2)

]1/2
.

Thus, we get

T = 4

√
Wnπ√
|ε2 (ω)|

[
ε3 (ω) (Y1 + Y2) +

√
ε3 (ω) (Y4 − Y3)

]
, (51)

where

Y1 = cos (k1Wn)
[π
2
− Si (k1Wn)

]
+ sin (k1Wn)Ci (k1Wn) ,

Y2 = cos (k2Wn)
[π
2
− Si (k2Wn)

]
+ sin (k2Wn)Ci (k2Wn) ,

Y3 = sin (k1Wn)
[π
2
− Si (k1Wn)

]
− cos (k1Wn)Ci (k1Wn) ,

Y4 = sin (k2Wn)
[π
2
− Si (k2Wn)

]
− cos (k2Wn)Ci (k2Wn) ,

Si (x) =

∫ x

0

sin t

t
dt,
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Ci (x) = −
∫ ∞

x

cos t

t
dt.

It should be noted that diffraction problems in which the geometry of the structure is not plane-
parallel are of undoubted interest. In addition, certain difficulties arise in solving Maxwell’s
integrodifferential equations when a Gaussian beam is incident at an angle other than normal.
Even a formal transition to the new coordinate system{

z = z′ cos θ − x′ sin θ,

x = z′ sin θ − x′ cos θ,

leads to a significant complication not only of the solution of the equations, but also of the model
itself. It is necessary to consider the surface polariton propagation not only along Ox, but also
along Ox′. This problem will be the object of further development of the proposed theory.
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Аннотация. В работе рассмотрен процесс дифракции электромагнитной волны на границе раз-
дела "вакуум – металл – нелинейная плёнка (графен) – полупроводник" с возбуждением поверх-
ностной волны. В рамках теории представлен модовый метод расчета процесса взаимодействия
излучения с многослойной структурой, позволяющий рассчитывать потоки энергий, возникающие
в процессе дифракции.

Ключевые слова: интегро-дифференциальные уравнения, поверхностный поляритон, графен,
уравнения Максвелла.
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