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Abstract. In this paper we consider an inhomogeneous competing risks model. For the likelihood ratio
statistics (LRS), proved the theorem on the locally asymptotic normality of statistical experiment.
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1. Introduction and preliminaries

In a inhomogeneous competing risks model (CRM) it’s interesting to investigate the indepen-
dent random variables (r.v.) {X,,, m > 1} with a distribution function (d.f.) {H,,(z;0), m > 1}
with values in a measurable space (X, B;,), m > 1, where X, is set of possible values
of rv. X, and B,, = o(&X,,). D.. of r.v. X, also depends on the scalar parameter
6 € ©, where ©-parametrical space; is open set in R'. In CRM with r.v. X, pairwise

disjoint and forming a complete group of events {Aﬁ}), .. .,Ag,]f)} observed. We observe the
sample of size n: {(Xm; 57(7?),57(71), . .767(5)) ,m=1,... ,n}, where (5,(7? =1 (A%)) is indi-
cator of events Aﬁf). Let H,(,i) (z;0) = Py (Xm <, 5,(,? = 1) are subdistributions such that
HSY (2:0)+ ... + HSY (2:0) = H (2:0) for all (;0) € R! x ©. By h'}) we define density of sub-

i Hm N 0
distributions HS. Then note that there is a density hS,?(x; 0O+ ...+ AP (z;0) = 667@) =
x
= hy,(z;0) for all (z;0) € R' x ©. We define A (z;0) = [ (1= Hyp, (u; 0))' dH,, (u;0) integral

— 00

and A\{Y (x;0) density of failure rate of the i-th risk. Then

hin (23 6)

m
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for all (z;0) € R' x ©.
We introduce the functional of the exponential intensity function [1,3]:

1—F9(x;0) = exp(—AD(2:0)), i=1,...,k; m=1,...,n.

Note that this functional has all the properties of a d.f. [1].
By fy(,i)(m; 0) we define density of F,(,f)(x; ). Tt is easy to see that

(1)
; , hy (x50 )
fg)(xvg)eXP{A(Z)(x,G)}l_H(@z), Z:].,...,k.

Denote by }“t(i) =0 {XmI (Xm €1), 5,(7?1 (Xm<t), 1<m< n}, flow of o-algebra, generated

by pairs of observations {(Xm, 5%)) ,1<m< n}, i =1, k. Let define a sequence of martingale

processes for m =1, n and i = 1, k:
¢
pD @) =1 (Xm <t,00) = 1) f/ I(Xm > 8)dAD(s;00), t >0,

where 6y is true value of parameter 6, 6y € ©. These martingales have zero mea

t
By = H (t560) — [ (1= H(s:60) dA) 5:0) =
0
X Y1 — H,,(s;600) X X )
— @) (4. _ m\°; Y0 (1) (- — g @) (4. — @) (4. —
Hm (t,e()) ‘/O 1_ Hm($700)de (8790) Hm (t,eo) Hm (t,go) 0,

i=1,k; m = I,n. They are members of class Mz(}"t(i)), i.e. square-integrable martingales with
a predictable quadratic characteristics [4]:

1D ) = AO(), i=j,
Hom'> Hn 0 , i#]

Therefore, these martingales are orthogonal. According to this

S () e MA(FY), ZZ“ T,

m=1 1=1 m=1

ko,
where F; = () }"t(z). To prove local asymptotic normality (LAN) we need some regularity
i=1

conditions for f$" (z;0): '
(C1) The supports Ny = {z: ,(,?(:v; 0) > 0} are independent from 0, i =1,k; m=1,n;

(C2) There exist and are continuous for all z derlvatlves — f ( 0,1 =12 i=1k;
m=1,n;
n n k .
(C3) Fisher information > I,(0) = > > I,(,zl)(ﬂ) is finite and continuous in 6 and positive
m=1 m=1i=1

at the point 6y, where

- 2
[5}};)(9):/ (aaelog)\(i)(s;ﬁ)> dH,(f;)(S;t‘)).

— 00
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Such a representation of Fisher information in terms of intensity density AR (x;0) was es-
n ~1/2

tablished by the authors of [2]. Let ¢(n) = ( > Im(ﬁo)> . Let for every u € R!,
m=1

0, = 0y + up(n) € 6. We have a likelihood ratio statistics (LRS) of the sample Z(™) =
= (X1,..., Xp): dQSY (2™) /dQYY (2™), where

. k
QY (2™) = p,(Z2™;0 HH{ S i 0) - TT1 = X’”’Q)PU}
Jj=1

m=11i=1
J#i

2. LAN for LRS.

The following theorem asserts LAN for LRS.

Theorem. Under regularity conditions (C1)-(C3) for LRS we have representation

dQy" (2™) - u?
ngZ)(Z(n)) — exp {uAn(é)O) + 5+ Rn(u)}, (1)

where A, = ¢(n) zn:: Xi: T (;9 log A (s; 00 + up(n )’y))dus,?(s), 0<y<1, L( n/Q("))

Qyr
N (0;1) and R, (u) 4 0 at n — occ.

Proof of Theorem. Let represent logarithm of LRS in terms of martingale-processes as follows:

d (")(Z(")) W(ZM): 0,
L, (u) =log ?’7’:)7 = log % =
dQ (Z(”)) (25 0)

5 L et

b %)(meen)
= Zér(rlz) log [A(Z)(X 0 ) + Z (Am<Xm79 ) (Xm790)> (2)
m ms Y0 m=1

m=14=1" ~° )
n k o (i) )
+ ZZ/ log - (X, > 5)dAY) (s;60)
m=14i=1Y > $3%
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By the mean value theorem, from (2) we have

Yy [ o720+ ) — tog A 5360 a2 () =

m=11i=1
= up(n Z Z/ log)\ (s;60 + uw(n)y)dug}(s) = ul\,(6p),
m=11i=1

where

o) S [y tou D si60 + sl a2() 3)

m=1 i=1
Integrating function in (3) is a continuous real-valued function of s, hence it is a predictable
and is a square-integrable martingale: A,, € M?(F;). We need to establish that

£ (2a(00)/Q41)) = N (0:1). (4)
It is easy to see that Eg, A, (6y) = 0 (since Egou%) (t) = 0). Moreover, the quadratic variation of
the martingale A, (6p) is

< An(fo), An(bo) >=

zz/

m=1 i=1

in view of condition (C3). Consider the Lindberg conditions

dlo )\ (s;60 +u
ZZ/ ( g 39+ @()))X

m=1 i=1

I (310gk( (831600 + up(n)y)

00
) noEL e 8logA%)(s;90+U@(n)7) ’
0y - X

m=1 i=1

K

00

oo

i 2

> w(n)) d < pl) (), ud(t) >=

9log A (5560 + up(n)y)

> 6(p(n)> (1—H,,(s; 90))dA,(f1)(s; 0o) =

00
810g)\ (s; 00 + up(n)y)
Y Z 74 x
m=1 i=1
(1) (.
x I ( 0108 A (578090 + up(n)y) > 6(p(n)> dH (s;60) = 0, n — oo,

where the convergence to zero of the integral follows from the requirement that the Fisher

information »_ I,,(0) is finite in view of condition (C3). Consequently, weak convergence (4)
m=1
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follows from the central limit theorem for martingales [5]. Consider second addition in (2).
2 Q(n) 2

Second addition in (2) converges in probability to —%: R, (u) =9 —%, n — oo. Therefore, it

remains to show that

u? QY

Rn(u)—l—? =0, n— oo. (5)
We investigate second addition inside the large curly bracket in (2). After elementary trans-
formations, we have

n

Z Z/ L(“’)] I(Xm > 8)dAD (5:00) = > (A (Xn3 0n) — A (Xon3 00)) =

m=1 i=1 90) m=1
n k ) Qs RO
m=1i=1" " Am (83 60)
n +oo
+ / (Ao (Xom: 0) — A (X 00)) AT (X > ) =
m=1"~°

= Z Z/ log <1+ A (s,Hni) A (5,90)> -

)\En) (3; 90)

S (i) (i) ©
- (X > s)/\m (3;973 — Ay (S?GO)dAm(s;eo) _
—0o0 )\yyZL (8;90)

n k oS (i), . (). .
_ 1 Z Z/ [)\m (3,6‘?1_)—&- up(n)y*) — Am (8,90)1 (X > s)dAgfz)(S;go) =
2 : A (8300 + up(n)y*)
2

_ _w/ ((939 log A(s; 6y + up(n)y* )> (X > 5)dAG) (53 00) =

.- (Z zmwo)) D Ll + wplm)y) (4 0p(1) 5 n o,
m=1 m=1

where 0 < v* < 1. Now (6) implies (5). The theorem is proved. O

Mutual contiguity of probability measures Qg:) and Qéz) follows from the theorem.
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JIokanpHag acMMOTOTHYECKAasT HOPMAaJIbHOCTh
CTATUCTUYECKNX IKCIIEPUMEHTOB B HEOHOPOJHOII MOJIeJin
KOHKYPUPYIOIINX PUCKOB

Abnypaxum A. AGayniyKypoB
Tamkenrckuit puman MockoBckoro rocymapcrsennoro yausepcurera umenu M. B. Jlomonocosa,
TamkenT, Y36ekucran

Hapruza C. HypmyxamemoBa
Hanwmonanwubrit yauBepcureTr Y3b6eknucrana nmenn Mupso Yiayrbeka
TamkenTt, Y3bekucran

AmnnHoranusi. B cratbe paccmarpuBaeTcs HEOTHOPOIHAS MOJEIb KOHKYDPHDPYIOIIUX DPHUCKOB. Jlms cra-
TUCTUKYM OTHOIIIEHUsI [TPABJOIIOI00US JOKA3aHa TeOpeMa O JIOKAJIbHO aCHUMIITOTHYECKONH HOPMAJIbHOCTH
CTATUCTUYIECKOTO SKCIIEPUMEHTA.

KuroueBrbie ciioBa: Moze/ b KOHKYPHUPYIOIIINX PUCKOB, CIIyYaifHOE IIEH3yPUPOBAHUE, JIOKAJIbHAST aCHMII-
TOTUYECKAs] HOPMAJIBbHOCTD, CTATUCTUKA OTHOIIEHUS IIPABI0IOI00NS.
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