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Abstract. This paper investigates the existence and uniqueness of solutions to boundary value prob-
lems involving the Caputo fractional derivative in Banach space by topological structures with some
appropriate conditions. It is based on the application of topological methods and fixed point theorems.
Moreover, some topological properties of the solutions set are considered. Finally, an example is provided
to illustrate the main results.
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Introduction

Fractional differential equations have been verified to be effective modeling of many phe-
nomena in several fields of science, for more details see Kilbas et al. [9], Miller and Ross [10],
Podlubny [11], Agnieszka and Delfim [3]. Topological methods are one of the important tools
that require weakly compact conditions rather than strongly compact conditions. In fact, the
use of topological methods closely to study the existence of solutions for fractional differential
equations in the last decades, see [6,7,13-16]. The fractional differential equations in Banach
space are finding increasing consideration by many researchers such as Agarwal et al. [1, 2],
Balachandran and Park [4], Benchohra et al. [5] and Zhang [19]. In 2006, Zhang [20], considered
the existence of positive solutions to nonlinear fractional boundary value problems by applying
the properties of the Green function and fixed point theorem on cones. In 2009, Benchohra
et al. [5], examined the existence and uniqueness of solutions to fractional boundary value prob-
lems with nonlocal conditions by fixed point theorem. In 2012, Wang et. al [17,18], obtained the
necessary and sufficient conditions for the fractional boundary value problems via a coincidence
degree for condensing maps in Banach spaces. In 2015, the result was extended to the case for
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solutions to a fractional order multi point boundary value problem by Khan and Shah [8], who
intentioned sufficient conditions for the existence of outcomes for a boundary value problem.
In 2017, Samina et al. [12], studied the existence to solutions for nonlinear fractional Hybrid
differential equations through some results about the existence of solutions and the Kuratowski’s
measure of non-compactness.

Stimulated by some of the mentioned results, our aim of this paper is to generate some new
results about the following boundary value problem (BVP) for fractional differential equations
involving Caputo fractional derivative with topological methods and fixed point theorems in
Banach space X.

{ “Dix(t) =E&(t,x(t) teJ=10,7], 0<g<1, (1)
B (0) +yx(r) = p,
where “D? is the Caputo fractional derivative, £ : J x X — X is a continuous function.

C(J,X) will be a Banach space of all continuous functions from J into X with the norm
llz]|c := sup{||lx(®)|| : z € C(T,X)} for t € J. B,7, i are real constants satisfy S+ vy # 0.

1. Preliminaries

In this section, we recall some of the basic definitions, propositions and basic theorem that
will be used in this paper.

Definition 1.1 ([10]). The ¢** fractional order integral of a continuous function & on the closed
interval [a,b], is defined as

TiE() = oy | (= o) el )

where I' is the gamma function.

Definition 1.2 ([10]). The ¢'* Riemann-Liowville fractional-order derivative of a continuous
function & on the closed interval [a,b], is defined as

1 d

(DLW = oo ()" [ (6= 97 e, Q

(n—q)
where n = [q] + 1 and [q] is the integer part of q.

Definition 1.3 ([10]). For a given continuous function & on the closed interval [a,b], the Caputo
fractional order derivative of £, is defined as

1

(DLW = gy [ (=56 (s, ()

where n = [¢] + 1.

Theorem 1.1 (Banach contraction mapping principle, [21]). Let X be a complete metric space,
and ¥ : X — X is a contraction mapping with a contraction constant IC, then ¥ has a unique
fized point.

Theorem 1.2 (Schaefer’s fixed point theorem, [21]). Let K be a non-empty convex, closed and
bounded subset of a Banach space X. If ¢ : K — K is a complete continuous operator such that
W(K) C X, then ¢ has at least one fized point in K.
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Definition 1.4 ([14,21]). Let Q C X and F : Q — X be a continuous bounded map. One can
say that F is a-Lipschitz if there exists k > 0 such that

a(F(B)) € ka(B) (V) B C Q bounded.
In case, k < 1, then we call F is a strict a-contraction. One can say that F is a-condensing if
a(F(B)) < a(B) (V) B C Q bounded with a(B) > 0.
We recall that F : Q — X is Lipschitz if there exists k > 0 such that
[Fe = Fyll <Ellz —yll (V) 2,y €€,
and if k <1 then F is a strict contraction.

Proposition 1.1 ([14,21]). If F,G : Q — X are a-Lipschitz maps with the constants k, K
respectively, then F + G : Q — X is a-Lipschitz with constant k + k .

Proposition 1.2 ([14,21]). If F : Q — X is compact , then F is a-Lipschitz with zero constant.

Proposition 1.3 ([14,21]). ) If F : Q — X is Lipschitz with a constant k, then F is a-Lipschitz
with the same constant k.

2. Main results

Definition 2.1. If x € C(J,X) satisfies the equation “Dix(t) = £(t,x(t)) almost everywhere on
J, and the condition Bx(0)+~yx(T) = p then x is said to be a solution of the fractional BVP (1).

In order to discuss the existence and uniqueness solutions to BVP(1), we require the following
assumptions:
[H1] £ : T x X — X is continuous.
[H2] For each t € J and all z,y € X, there exists constant § > 0 such that

1€, ) = &, y)l| < 6|z — yll

and

oL+ i)
I'(g+1)

[H3] For arbitrary (t,x) € J x X, there exist d1,d2 > 0, g1 € [0,1) such that

< 1.

1€, 2) || < Gufl]|* + 02
Lemma 2.1. The fractional integral equation

S t —8)17 ¢ (s, 2(s S—LL TT—sq_l s,x(s))ds —
o) = s | (4= eats = s [ = s ae)ds - e T )

has a solution x € C(J,X) if and only if x is a solution of the fractional BVP (1).

Proof. First, suppose that x € C(J,X) satisfies BVP(1), then we have to show that z is also a
solution of FIE(5). We have,

o) =2(0) = i [ (=9l ale))as (6)
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Then,

q
By the boundary conditions Sx(0) + vx(7) = u, we get

S i TT—Sqfl s,x(s))ds
20) = A~ G [, 9 o) B A0 M)
Replacing in equation(6), we get
N il TT—sq_l s,2z(s))ds 1 t —8)T (s, 2(s))ds

Conversely, suppose x € C(J, X) satisfies FIE(5). If t = 0 then S2(0)+~x(7) = p. Fort < 7€ J
using the facts that the Caputo fractional derivative D} is the left inverse of the fractional
integral Z; and the Caputo derivative of the constant is zero, we can get “Dixz(t) = £(¢, z(t))
which completes the proof. O

Lemma 2.2. The operator F : C(J,X) = C(J,X) defined by;

b t —5)17 ¢ (s, 2(s sfLi TTfsqfl s,z(s))ds —
Fo)) = g [ €= 9 elatonds - g |5 [ o eCalods -

s continuous and compact.

Proof. In order to prove the continuity and compactness of F. Consider a bounded set D, :=
{llz]| < r:2 € C(J,X)}. Let {x,} be a sequence of a bounded set D, C C(J,X) such that
|z, — z|| = 0 as n — co. we have to show that | Fz,, — Fz| — 0 as n — oco. It is obvious that
I€(s, zn(s)) — &(s,2(s))|| = 0 as n — oo due to the continuity of &. Using [H3], we get for each
teJd,

1€(s, zn () = £(s, 2(s)) | < [1€(s, zn ()] + 16 (s, 2 ()| < 2(01[r|*™ + b2).

As the function s — 2(d1|r|?* + d2) is integrable for s € [0,¢t], ¢ € J, by means of the Lebesgue
Dominated Convergence theorem

/0 (t — )17 €(s, 2n(5)) — E(s,2(s))||ds — 0 as n — oo.

Then, for all t € J

1

[(Fzn)(t) = (F) (@) < @/0 (t =) [IE(s, 2n(s)) — &(s,2(s)) lds+

L Tr_sq_l sz (s) — E(s. 2(s s s 1 o
i [ =T s (9) — € a9 s = 0 a5 0 = .

Which implies that F is continuous.
Let {z,} be a sequence on a bounded set M C D,, for every z, € M.

I -1
170l < 75 / (t — )7 |E(s, 2 (5)) ds-+

_ b T e ]
i | T e ol + G ey
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Consequently, by assumption [H3| we can deduce that

1 t
Fxp, <—/ t— $)97 01 ||z || T + Oo]ds+

|7| (q) / (7— - S)qfl[(slngj‘n”ql +62]d5 + ‘,U|
0

|8+~ 1B+]
[6179% + 02] [/t 1 1] T 1 } |l
R — t—s)"ds+ T—35)1""ds| + , t<T€eJ.
OB Braly 7% B
Thus,
kol )Tq(517"‘“ +d2) |l
Fr|| <1+ = 8
7 < (14 Bl ) R+ e ®)

Therefore (Fzy,) is uniformly bounded on M. Hence, (M) is bounded in D, C C(J, X). Now,
we need to prove that (Fx,,) is equicontinuous. For t1,t2 € J,€e > 0 and ¢; < ta, let p = p(e) > 0
such that ||t2 — ¢1|| < p. Consider

<

|(Frn)(t2) — (Fara) (1)) < Hr(lq) / 2<t2—s>q—1f<s,xn<s>>ds—ﬁ / (t1— )7 €(s, 2 (s))ds

1 t1 - -
g@/o [(t = )77 = (82 — )7 ] €(s, 2n(5)) 1 ds +

Consequently, by assumption [H3| we get

[(Fzn)(t2) = (Fan)(01)] <

1

I(g) / (t2 = 8)" 7 E(s, 2n(s)llds.

1 [ 1 [t
< )4l (4, — g)a ] q _g)q1 q <
S F(q) /O [(tQ S) (tl S) ](51||$n|| —+ 52)d$ + F(q) Zl (t2 S) (51||$n|| + 52)d$ S
((517“11 + 52) |:t(1] 2(t2 — tl)q tg 2((517’(11 + 62) 2pq(61,’,q1 + (52)
— + — 2l — ()i —L =
I'(q) q q q I'(g+1) (2= t1) I'(g+1)

Therefore, (Fz,) is equicontinuous. Since F is uniformly bounded and equicontinuous on
C(J,X), then applying the Arzela Ascoli theorem, we get that F(M) is a relatively compact
subset of C(J,X). Hence, F : C(J,X) = C(J, X) is compact. O

Remark 2.1. As we proved F : C(J,X) — C(J,X) is compact in Lemma (2.2). Consequently,
by Proposition (1.2) F is a— Lipschitz with zero constant.

Theorem 2.1. Assume that [H1] — [H3] hold then the fractional BVP (1) has at least one
solution.

Proof. Tt is clear that, the fixed points of the operator F : C(J,X) — C(J, X) are solutions of
BVP (1). Since the operator F : C(J,X) — C(J,X) is continuous and completely continuous
then we will prove that S(F) = {x € C(J,X) : © = kFz, for some k € (0,1)} is bounded. For
x € S(F) and k € (0,1), we have

q q1
||35|=k|]-'x||<<1+ ol )T(élr + 63) M

B+71) T(g+1) 1B+~

The above inequality with ¢; < 1 and equation (8), show that S is bounded in C(7, X). Thus,
by Schaefer’s fixed point theorem, we can conclude that F has at least one fixed point and the
set of fixed points of F is bounded in C(J, X) . O
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Remark 2.2. If [H1] — [H3] hold and F : C(J,X) — C(J, X) is a linear operator then the set
of solutions of the fractional BVP(1) is convex.

Theorem 2.2. Assume that [H1] — [H3] hold then the fractional BVP(1) has a unique solution
xelC(J,X).

Proof. According to theorem (2.1), the fractional BVP (1) has a solution x € C(J,X). It is
sufficient to show that F is a contraction mapping on C(J,X) by [H2] as follows, for z,y €
C(J,X), we get

1 ¢ -1
I(fxﬂﬂ(fyﬂﬂilwqyé(tS) [1€(s, z(s)) — &(s,y(s))[|ds+

L TT_sq_l s 2(s)) — (s u(s .
+|5+7|F(Q)A( )€, 2(s)) — £(s,y(5))llds <

1 /t 1 |,.y| /‘r 1
< = t—s)T ||l —yl|lds + —————— T —8)T ||z — yllds, <
I'(q) 0( ) | H 18+ 7IT(q) Jo ( ) | |

kel ) or?
< |1+ z—y|, B+ 0.
( 1B+ F(q+1)” vl e
[~ 6t9

Thus, F is the contraction mapping on C(7,X) with a contraction constant (1 + BT"/\) INCESIE
By applying Banach’s contraction mapping principle we can conclude that the operator F has a
unique fixed point on C(J, X). Hence, BVP(1) has a unique solution in C(J, X). O

Example 2.1. Consider the following fractional BVP

i la(t)
DRt = Graa ey €O ©
0

2(0) + 2(1) = 0.

Set ¢ = %, for (t,x) € [0,1] x [0,400), we can define £(t,x) = Also, for

O+e)1+x)

1
t € [0,1] we have z(t) = ——. For z,y € [0, +00), then

9+e
x Y
t,x) — E(t,y)| = - <
'5(’”3) 5(’3’)‘ '(9+et)(1+x) (9+et)(1+y)’
gll Y ‘gl‘w‘\
10|(1+2) (d+y)| 10|0+2)(1+y)
1 1
<7 — = — .
\10|x yl =0 10’ t €0,1]
2
If g = 3 I'(g+1) = F(%) = 0.89, we have
671(1+ F) 015 )
T(q+1) 089 =

Hence, we see that all assumptions in theorem (2.1) are satisfied which means our results can
be used to solve BVP (9).
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Conclusion

We have confirmed some sufficient conditions for the existence and uniqueness of solutions for
BVP(1) based on the fixed Point theorems as well as the topological technique of approximate
solutions. In addition, we studied some topological properties of the solutions set. Finally, an
example is provided to verify our results.

The authors appreciate the referees’ time and suggestions in helping develop this paper.
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Cyl1iecTBoBaHNE 1 € IMHCTBEHHOCTH PEIleHNI KPaeBbIX 3a1a4
C ApOOHOI ITPON3BOJHOII C MOMOIILIO TOIIOJIOTMYECKIX
CTPYKTYP

Tarapug A. @apu

Vuusepcurer Babacaxeba Ambenkapa Maparsaia
Aypanraban, Unaus

q)aKyJIbTeT IIPUKJIQIHBIX HAYK

Yuusepcurer Tans

Taus, Memen

Caruin K. ITangau
Vausepcurer Babacaxeba Ambenkapa Maparsaa
Aypanraban, Uanns

Awnnoranusi. B crarbe ucciemyercs CymnecTBOBaHNE U € IUHCTBEHHOCTD PEIIEHUI KPAEBBIX 33184 C JIPO6-
HO#t mpousBoaHo KanyTo B 6aHAXOBOM IPOCTPAHCTBE C IOMOIIBIO TOIIOJIOTUIECKUAX CTPYKTYD C HEKOTO-
PBIME COOTBETCTBYOIUMHA ycIoBUsAMU. OH OCHOBAH Ha IMPUMEHEHUH TOIOJIOTUIECKUX METOOB U TEOPEM O
HENOJIBM2KHOM Touke. KpoMe TOro, paccMaTpuBalOTCsI HEKOTOPBIE TOIOJIOTUYECKUE CBOHCTBA MHOXKECTBA
pemrennii. [IpuBeien npuMep, WILTIOCTPUPYIONINAN OCHOBHbBIE PE3YJIbTATHI.

KuaroueBbie cioBa: qpoOHBIE MPOW3BOJHBIE M WHTErPAJIbI; TOMOJOIUYIECKHE CBONCTBA OTOOpPaKEHUIL,
TEOPEeMbI O HEMOABUKHOI TOUKE
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