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Ââåäåíèå

Êîëüöî S = 〈S, +, ◦〉 ñ åäèíèöåé e 6= 0 íàçûâàþò ïîëóïîëåì (ñî-

ãëàñíî À.Ã. Êóðîøó [2, II.6.1], êâàçèòåëîì), åñëè S∗ = (S \ {0}, ◦) �

ëóïà, òî åñòü äëÿ ëþáûõ a ∈ S∗ è b ∈ S êàæäîå óðàâíåíèå a ◦ x = b

è y ◦ a = b îäíîçíà÷íî ðàçðåøèìî â S. Ïðè êîíå÷íîì S îñëàáëå-

íèå äâóñòîðîííåé äèñòðèáóòèâíîñòè äî îäíîñòîðîííåé ïðèâîäèò ê

ïîíÿòèþ êâàçèïîëÿ [18], [27]; åãî ìèíèìàëüíîå ïîäïîëå åäèíñòâåííî

è ïðîñòîãî ïîðÿäêà p, à ïîðÿäîê S � p-ïðèìàðíûé.

Ïîñòðîåíèÿ ñîáñòâåííûõ (èëè íå ÿâëÿþùèõñÿ ïîëåì) êâàçèïîëåé

âçàèìîñâÿçàíû ñ ïîñòðîåíèÿìè íåäåçàðãîâûõ ïðîåêòèâíûõ ïëîñêî-

ñòåé òðàíñëÿöèé ñ ïîìîùüþ êîîðäèíàòèçèðóþùèõ è ðåãóëÿðíûõ

ìíîæåñòâ (Î. Âåáëåí è Æ.Ì. Âåääåðáåðí [40], Ë. Äèêñîí [13],

Ä. Êíóò [23] è äð.) è ñ ñåðåäèíû ïðîøëîãî âåêà îïèðàþòñÿ íà êîì-

ïüþòåðíûå âû÷èñëåíèÿ. Ñì. òàêæå Í.Ä. Ïîäóôàëîâ [4] è åãî âîïðî-

ñû 9.43, 10.48, 11.76, 11.77 è 12.66 â [39]. Â îòëè÷èå îò êîíå÷íûõ

ïîëåé, êîíå÷íûå êâàçèïîëÿ èçó÷åíû ìàëî, ñì. [20].

Â äèññåðòàöèè èññëåäóþòñÿ èçâåñòíûå âîïðîñû î ñòðîåíèè êîíå÷-

íûõ êâàçèïîëåé äëÿ êîíå÷íûõ êâàçèïîëåé ìàëûõ ÷åòíûõ ïîðÿäêîâ.

Â 2004 ã. È. Ðóà [35] íà îñíîâå èçâåñòíîãî ïåðå÷èñëåíèÿ ïîëóïî-

ëåâûõ ïëîñêîñòåé ïîðÿäêà 32 (Ä. Êíóòà, 1963 ã.) âûÿâèë ïîëóïîëå S

ïîðÿäêà 32, â êîòîðîì ëóïà S∗ íå ÿâëÿåòñÿ ïðàâîöèêëè÷åñêîé, áîëåå

òî÷íî, 21-ÿ ïðàâîóïîðÿäî÷åííàÿ ñòåïåíü ëþáîãî åå ýëåìåíòà ðàâíà

e. Ñîãëàñíî [35], ãèïîòåçà Ã. Âåíý [43] î ïðàâîöèêëè÷íîñòè ëóïû S∗
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êîíå÷íîãî ïîëóïîëÿ S îñòàåòñÿ îòêðûòîé, êîãäà |S| > 32.

Ñëåäóþùèå âîïðîñû äëÿ êîíå÷íîãî ñîáñòâåííîãî êâàçèïîëÿ âû-

äåëèë Â.Ì. Ëåâ÷óê ( [55] è äîêëàä â ÌÃÓ, 2013 ã.).

(A) Ïåðå÷èñëèòü ìàêñèìàëüíûå ïîäïîëÿ è èõ ïîðÿäêè.

(Á) Âûÿâèòü êîíå÷íûå êâàçèïîëÿ S ñ íå îäíîïîðîæäåííîé ëó-

ïîé S∗. Ãèïîòåçà: Âåðíî ëè, ÷òî äëÿ êîíå÷íîãî ïîëóïîëÿ S ëóïà

S∗ âñåãäà îäíîïîðîæäåíà ?

(Â) Êàêèå âîçìîæíû ñïåêòðû ëóïû S∗ êîíå÷íîãî ïîëóïîëÿ è

êâàçèïîëÿ ?

Ñïåêòðîì ëóïû â [55] íàçâàíî ìíîæåñòâî ïîðÿäêîâ âñåõ åå ýëå-

ìåíòîâ. Ïîðÿäîê |v| ýëåìåíòà v ëóïû îáîáùàåò ïîíÿòèå ïîðÿäêà

ýëåìåíòà ãðóïïû: ýòî íàèìåíüøåå öåëîå ÷èñëî m ≥ 1 òàêîå, ÷òî õî-

òÿ áû îäíà m-ÿ ñòåïåíü ýëåìåíòà v ïðè âñåâîçìîæíûõ ðàññòàíîâêàõ

ñêîáîê ðàâíà e; ïîðÿäîê áåñêîíå÷åí, êîãäà òàêîå m íå ñóùåñòâóåò.

Íàèìåíüøèå ÷åòíûå ïîðÿäêè íåäåçàðãîâûõ ïðîåêòèâíûõ ïîëóïî-

ëåâûõ ïëîñêîñòåé è ïëîñêîñòåé òðàíñëÿöèé ñîâïàäàþò è ðàâíû 16;

äëÿ íå÷åòíûõ p-ïðèìàðíûõ ïîðÿäêîâ îíè ðàâíû p2 è p3, ñîîòâåò-

ñòâåííî (Ë. Äèêñîí [14], Æ. Âåññîí [44] è Ä. Êíóò [23]). Ïåðå÷èñëå-

íèå, ñ òî÷íîñòüþ äî èçîìîðôèçìîâ, òàêèõ ïëîñêîñòåé çàâåðøåíî â

80-õ ãîäàõ (Ï. Ëîðèìåð [26], Ó. Äåìïâîëô è À. Ðåéôàðò [11], [12]),

à ïîðÿäêà 32 � â ðàáîòàõ Ð. Âîëêåðà [41], äëÿ ñëó÷àÿ ïîëóïîëåâûõ

ïëîñêîñòåé, è çàâåðøåíî â 2011 ã., Ð. Ðîêåíôåëëåðîì è Ó. Äåìïâîë-

ôîì â [34] (ñì. òàêæå [12]).
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Òàáëèöó Êýëè ëóïû S∗ ëþáîãî êîíå÷íîãî êâàçèïîëÿ S åñòåñòâåí-

íî ðàññìàòðèâàòü, êàê ëàòèíñêèé êâàäðàò, è ìåòîäû ëàòèíñêèõ

ïðÿìîóãîëüíèêîâ äëÿ ïîñòðîåíèÿ êâàçèïîëåé ïîðÿäêà 16 ïðèìåíÿë

Å. Êëåéíôèëä [21].

Öåëü äèññåðòàöèè � èññëåäîâàòü âîïðîñû (A) � (B) äëÿ êâàçèïî-

ëåé ïðîåêòèâíûõ ïëîñêîñòåé òðàíñëÿöèé ìàëûõ ÷åòíûõ ïîðÿäêîâ.

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, äâóõ ãëàâ ïî 4 ïàðàãðàôà è

ñïèñêà ëèòåðàòóðû, âêëþ÷àþùåãî 55 íàèìåíîâàíèé. Íîìåð òåîðå-

ìû, ëåììû è äð. âêëþ÷àåò ïîñëåäîâàòåëüíî íîìåð ãëàâû, ïàðàãðàôà

è ïîðÿäêîâûé íîìåð â ïàðàãðàôå.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè íàïðàâëåíû íà ðåøåíèå âî-

ïðîñîâ (A) � (B) äëÿ êâàçèïîëåé ìàëûõ ÷åòíûõ ïîðÿäêîâ.

1) Îïèñàíî ñòðîåíèå ïðåäñòàâèòåëåé èçîòîïíûõ êëàññîâ êâàçèïî-

ëåé ïîðÿäêà 16, â ÷àñòíîñòè, âûÿâëåíî êâàçèïîëå, êàæäûé ýëåìåíò

êîòîðîãî ëåæèò â ïîäïîëå ïîðÿäêà 4, à òàêæå êâàçèïîëå ñ ýëåìåí-

òàìè ïîðÿäêà 3, íå ëåæàùèìè â ïîäïîëå ïîðÿäêà 4.

2) Äëÿ ïîëóïîëåé ïîðÿäêà 16 ïåðå÷èñëåíû ìàêñèìàëüíûå ïîä-

ïîëÿ, äîêàçàíà îäíîïîðîæäåííîñòü ëóïû íåíóëåâûõ ýëåìåíòîâ, è

íàéäåí åå ñïåêòð.

3) Îïèñàíî ñòðîåíèå ïîëóïîëåé ïðîåêòèâíûõ ïîëóïîëåâûõ ïëîñ-

êîñòåé ïîðÿäêà 32.

4) Äîêàçàíà îäíîïîðîæäåííîñòü ëóïû ïîëóïîëÿ Êíóòà � Ðóà, íå

ÿâëÿþùåãîñÿ ïðàâîöèêëè÷åñêèì.

Ïîëó÷åí òàêæå îòâåò íà âîïðîñû Â.Â. Áåëÿåâà î ëàòèíñêèõ ïðÿ-
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ìîóãîëüíèêàõ, çàïèñàííûõ èì äëÿ ìîëîäûõ èññëåäîâàòåëåé â [1].

Â � 1.1 ãëàâû 1, íàðÿäó ñ ïîñòàíîâêîé îñíîâíûõ çàäà÷, ïðèâîäÿòñÿ

îñíîâíûå îïðåäåëåíèÿ è ñâîéñòâà êâàçèïîëåé è ïëîñêîñòåé òðàíñëÿ-

öèé, ïîêàçàíà èõ õàðàêòåðèçóåìîñòü ðåãóëÿðíûì ìíîæåñòâîì.

Ñ èñïîëüçîâàíèåì èçâåñòíûõ ðåãóëÿðíûõ ìíîæåñòâ ïðîåêòèâíûõ

ïëîñêîñòåé òðàíñëÿöèé ïîðÿäêà 16 (Ó. Äåìïâîëô [12]), â � 1.2 ïî-

ñòðîåíû êâàçèïîëÿ Qi (1 ≤ i ≤ 5), èñ÷åðïûâàþùèå, ñ òî÷íîñòüþ äî

èçîòîïèçìîâ, âñå êâàçèïîëÿ ïîðÿäêà 16. Òåîðåìû 1.2.1 è 1.2.2 ïîêà-

çûâàþò, ÷òî êâàçèïîëÿ Q2 è Q5 èìåþò, ñîîòâåòñòâåííî, 1 è 3 ìàê-

ñèìàëüíûõ ïîäïîëÿ ïîðÿäêà 4, êàæäûé, íå ëåæàùèé â íèõ ýëåìåíò,

ïîðîæäàåò ëóïó Q∗
2 èëè, ñîîòâåòñòâåííî, Q∗

5, à åå ñïåêòð â îáîèõ

ñëó÷àÿõ ñîâïàäàþò ñ {1, 3, 5}. Àíîìàëüíûå ñâîéñòâà âûÿâëÿåò

Òåîðåìà 1.2.3. Êàæäîå èç êâàçèïîëåé Qi, i = 1, 3, 4, åñòü

òåîðåòèêî-ìíîæåñòâåííîå îáúåäèíåíèå 7 ìàêñèìàëüíûõ ïîäïîëåé

ïîðÿäêà 4. Â ÷àñòíîñòè, ëóïà Q∗
i íå îäíîïîðîæäåíà è åå ñïåêòð

ñîâïàäàåò ñ {1, 3}.

Â � 1.3 ïðèâåäåíû äâà ìåòîäà Å. Êëåéíôèëäà ïîñòðîåíèÿ êâàçè-

ïîëåé ïîðÿäêà 16 ñ ïîìîùüþ ëàòèíñêèõ ïðÿìîóãîëüíèêîâ è ñïåöè-

àëüíûõ ïîðîæäàþùèõ ïîñëåäîâàòåëüíîñòåé. Â òåîðåìå 1.3.3 ïðèâå-

äåíà êëàññèôèêàöèÿ Å. Êëåéíôèëäà ïîëóïîëåé ïîðÿäêà 16, ñ òî÷-

íîñòüþ äî èçîìîðôèçìîâ.

Îòâåòû íà âîïðîñû Â.Â. Áåëÿåâà î ëàòèíñêèõ r × 6-ïðÿìîóãîëü-

íèêàõ, çàïèñàííûå èì â 2004 ã. äëÿ ìîëîäûõ èññëåäîâàòåëåé [1], ïðè-

âîäÿòñÿ â � 1.4.
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Òåîðåìà 1.2.1 è ðåçóëüòàòû � 1.4 îïóáëèêîâàíû àâòîðîì â [46] è

[49], ñîîòâåòñòâåííî. Òåîðåìû 1.2.2 è 1.2.3 îïóáëèêîâàíû â íåðàç-

äåëüíîì ñîàâòîðñòâå (ñîàâòîð Â.Ì. Ëåâ÷óê) â ñòàòüå [47].

Ãëàâà 2 ïîñâÿùåíà ñòðîåíèþ ïîëóïîëåé ïîðÿäêîâ 16 è 32.

Ñîãëàñíî òåîðåìå Å. Êëåéíôèëäà [21], ÷èñëî ïîïàðíî íåèçîìîðô-

íûõ ñîáñòâåííûõ ïîëóïîëåé ïîðÿäêà 16 ðàâíî 23. Íàðÿäó ñ êëàññè-

ôèêàöèîííîé òåîðåìîé Å. Êëåéíôèëäà (òåîðåìà 1.3.3), â � 1.3 óêà-

çàí ïðåäëîæåííûé Å. Êëåéíôèëäîì àëãîðèòì ïîñòðîåíèÿ òàáëèöû

Êýëè ëóïû S∗ ïîëóïîëÿ S ïîðÿäêà 16. ßâíûå ôîðìóëû óìíîæåíèÿ

äâóõ ïîëóïîëåé âûïèñàë Ä. Êíóò [22], [23].

Â � 2.1 âûïèñàíû ôîðìóëû óìíîæåíèÿ âñåõ Êëåéíôèëäîâûõ ïî-

ëóïîëåé. Ñ èõ ïîìîùüþ â òåîðåìå 2.1.1 ïîêàçàíî, ÷òî ÷èñëî ïîëóïî-

ëåé ïîðÿäêà 16, ñ òî÷íîñòüþ äî èçîìîðôèçìîâ è àíòèèçîìîðôèçìîâ,

ðàâíî 16; èìåííî äëÿ íèõ ñòðîÿòñÿ òàáëèöû Êýëè.

Òåîðåìû 2.2.2 � 2.2.4 è ñâîäíàÿ òàáëèöà 2.2.5 â � 2.2 ðåøàþò âî-

ïðîñû (À) � (Â) äëÿ ïîëóïîëåé ïîðÿäêà 16.

Ñòðîåíèå îïðîâåðãàþùåãî ãèïîòåçó Ã. Âåíý ïîëóïîëÿ < ïîðÿä-

êà 32, íå ÿâëÿþùåãîñÿ ïðàâîöèêëè÷åñêèì (ïîëóïîëå Êíóòà � Ðóà),

èññëåäóåòñÿ â � 2.4. Îñíîâíàÿ òåîðåìà 2.4.1 ïîêàçûâàåò îäíîïîðîæ-

äåííîñòü ëóïû <∗. Îñíîâíûå ðåçóëüòàòû � 2.2 è òåîðåìà 2.4.1 îïóá-

ëèêîâàíû àâòîðîì â ñîâìåñòíîé ñòàòüå [47] (ñîàâòîð Â.Ì. Ëåâ÷óê).

Èñïîëüçóÿ ðåãóëÿðíûå ìíîæåñòâà ïðîåêòèâíûõ ïëîñêîñòåé

òðàíñëÿöèé Ó. Äåìïâîëüôà [12], ìû âûïèñûâàåì â � 2.3 ïðåäñòà-

âèòåëè âñåõ èçîòîïíûõ êëàññîâ ñîáñòâåííûõ ïîëóïîëåé ïîðÿäêà 32.
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Èõ ñòðîåíèå âûÿâëÿþò îïóáëèêîâàííûå àâòîðîì â [46] òåîðåìà 2.3.2

è

Òåîðåìà 2.3.3. Â ïîëóïîëå P5 ñóùåñòâóåò ïîäïîëå H ïîðÿäêà

4, ÿâëÿþùååñÿ åäèíñòâåííûì ìàêñèìàëüíûì ïîäïîëåì è íå ÿâëÿ-

þùååñÿ íè ïðàâûì, íè ëåâûì ÿäðîì. Êàæäûé ýëåìåíò èç P5 \ H

ïîðîæäàåò ëóïó P ∗
5 è èìååò ïîðÿäîê > 3; ñïåêòð ëóïû P ∗

5 ñîâïà-

äàåò ñ {1, 3, 4, 5, 6, 7, 8}.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ðàáîòàõ [46] �

[55] è âêëþ÷àþò ñòàòüè [46] è [47] â èçäàíèÿõ èç ïåðå÷íÿ ÂÀÊ.

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü àâòîðîì íà Êðàñíîÿð-

ñêîì àëãåáðàè÷åñêîì ñåìèíàðå (2014). Îíè àïðîáèðîâàëèñü íà IV

Ðîññèéñêîé øêîëå-ñåìèíàðå "Ñèíòàêñèñ è ñåìàíòèêà ëîãè÷åñêèõ

ñèñòåì" â Óëàí-Óäý (2012); "VII Âñåñèáèðñêèé êîíãðåññ æåíùèí-

ìàòåìàòèêîâ" â Êðàñíîÿðñêå (2012); íà ìåæäóíàðîäíûõ êîíôåðåí-

öèÿõ â Êèåâå (Óêðàèíà, 2012), "Ìàëüöåâñêèå ÷òåíèÿ" â Íîâîñèáèð-

ñêå (2012, 2013); "Àëãåáðà è ëîãèêà: òåîðèÿ è ïðèëîæåíèÿ" â Êðàñ-

íîÿðñêå (2013); "Àëãåáðà è òåîðèÿ ÷èñåë" â Òóëå (2014).

Àâòîð áëàãîäàðíà äîöåíòó Î.Â. Êðàâöîâîé çà ïîñòàíîâêó ïåðâîé

çàäà÷è è ïîìîùü â ïîäãîòîâêå ïåðâîé ðàáîòû, è íàó÷íîìó ðóêîâî-

äèòåëþ, ïðîôåññîðó Â.Ì. Ëåâ÷óêó, çà ïðåäëîæåííóþ òåìó. Ïðèçíà-

òåëüíà ñîòðóäíèêàì êàôåäðû àëãåáðû è ìàòåìàòè÷åñêîé ëîãèêè è

ÈÌèÔÈ ÑÔÓ çà õîðîøèå óñëîâèÿ äëÿ íàó÷íîé ðàáîòû.

Ðàáîòà íàä äèññåðòàöèåé áûëà ïîääåðæàíà ãðàíòîì Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà 12-01-00968).



1 Êâàçèïîëÿ ïðîåêòèâíûõ ïëîñêîñòåé
òðàíñëÿöèé è ìåòîäû èõ ïîñòðîåíèÿ

Êëàññèôèêàöèþ íåäåçàðãîâûõ ïëîñêîñòåé òðàíñëÿöèé ïîðÿäêà

16 çàâåðøèëè â 1983 ã. Ó. Äåìïâîëô è À. Ðåéôàðò [11], à ïîðÿäêà

32 � Ð. Ðîêåíôåëëåð è Ó. Äåìïâîëô â 2011 ã. Íà îñíîâå èõ ðåãóëÿð-

íûõ ìíîæåñòâ â äèññåðòàöèè óäàåòñÿ âûïèñàòü ïðåäñòàâèòåëè âñåõ

èçîòîïíûõ êëàññîâ êâàçèïîëåé èëè ïîëóïîëåé çàäàííûõ ïîðÿäêîâ.

Â � 1.2 ìû ðåøàåì âîïðîñû (À) � (Â) äëÿ ïðåäñòàâèòåëåé êâà-

çèïîëåé ïîðÿäêà 16 (òåîðåìû 1.2.1 � 1.2.3). Â ÷àñòíîñòè, âûÿâëåíî

êâàçèïîëå, êàæäûé ýëåìåíò êîòîðîãî ëåæèò â ïîäïîëå ïîðÿäêà 4, à

òàêæå êâàçèïîëå ñ ýëåìåíòàìè ïîðÿäêà 3, íå ëåæàùèìè â ïîäïîëå

ïîðÿäêà 4.

Â � 1.3 ïðèâåäåíû äâà ìåòîäà Å. Êëåéíôèëäà ïîñòðîåíèÿ òàáëèöû

Êýëè ëóïû íåíóëåâûõ ýëåìåíòîâ êâàçèïîëÿ ïîðÿäêà 16 ñ ïîìîùüþ

ëàòèíñêèõ ïðÿìîóãîëüíèêîâ è ñïåöèàëüíûõ ïîðîæäàþùèõ ïîñëåäî-

âàòåëüíîñòåé.

Â � 1.4 ïîëó÷åí îòâåò íà âîïðîñû Â.Â. Áåëÿåâà î ëàòèíñêèõ ïðÿ-

ìîóãîëüíèêàõ, çàïèñàííûõ èì äëÿ ìîëîäûõ èññëåäîâàòåëåé â [1].

Ïðåäâàðèòåëüíûå ñâåäåíèÿ è ïîñòàíîâêà îñíîâíûõ çàäà÷ ïðèâî-

äÿòñÿ â � 1.1.
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1.1 Êâàçèïîëÿ è ðåãóëÿðíûå ìíîæåñòâà ïðîåêòèâíûõ
ïëîñêîñòåé òðàíñëÿöèé. Ïîñòàíîâêà îñíîâíûõ çàäà÷

Îïðåäåëåíèå 1.1.1. Êîíå÷íîå ìíîæåñòâî Q ñ áèíàðíûìè îïå-

ðàöèÿìè ñëîæåíèÿ + è óìíîæåíèÿ ◦ íàçûâàþò ëåâûì êâàçèïî-

ëåì, åñëè:

1) (Q, +) � àáåëåâà ãðóïïà; 2) 0 ◦ x = 0 (x ∈ Q);

3) (Q \ {0}, ◦) � ëóïà;

4) âûïîëíÿåòñÿ ëåâûé äèñòðèáóòèâíûé çàêîí

x ◦ (y + z) = x ◦ y + x ◦ z (x, y, z ∈ Q).

Íàïîìíèì, ÷òî ìíîæåñòâî L ñ áèíàðíîé îïåðàöèåé ◦ íàçûâàþò

ëóïîé, åñëè â (L, ◦) ñóùåñòâóåò íåéòðàëüíûé ýëåìåíò è óðàâíåíèÿ

a ◦ x = b è x ◦ a = b îäíîçíà÷íî ðàçðåøèìû ïðè ëþáûõ a, b ∈ L. Â

÷àñòíîñòè, ãðóïïà � ýòî àññîöèàòèâíàÿ ëóïà.

Êîíå÷íîå ïðàâîå êâàçèïîëå îïðåäåëÿåòñÿ àíàëîãè÷íî ñ ñîîòâåò-

ñòâóþùèìè èçìåíåíèÿìè ñâîéñòâ 3) è 4). (Õ. Ëþíåáóðã [27] ïîä

"êâàçèïîëåì" ïîíèìàåò "ïðàâîå êâàçèïîëå".) Äàëåå, êàê è Ä. Õüþ-

ãåñ [18], ãîâîðèì "êâàçèïîëå" âìåñòî "ëåâîå êâàçèïîëå" , åñëè íå

îãîâîðåíî ïðîòèâíîå.

Çàìå÷àíèå 1.1.2. Ä. Õüþãåñ [18] íàçûâàåò (Q, +, ◦) ñ ïðîèç-

âîëüíûì (íå îáÿçàòåëüíî êîíå÷íûì) Q è óñëîâèÿìè 1) � 4) ñëàáûì
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êâàçèïîëåì, à êâàçèïîëåì � ïðè äîïîëíèòåëüíîì óñëîâèè îäíîçíà÷-

íîé ðàçðåøèìîñòè óðàâíåíèÿ a ◦x = b ◦x+ c ïðè ëþáûõ a, b, c ∈ Q,

a 6= b. Ñîãëàñíî [18, Òåîðåìà 7.3], êîíå÷íîå ñëàáîå êâàçèïîëå åñòü

êâàçèïîëå.

Êâàçèïîëå ñ äâóñòîðîííåé äèñòðèáóòèâíîñòüþ íàçûâàþò ïîëóïî-

ëåì. (Â òåðìèíîëîãèè À.Ã. Êóðîøà [2, II.6.1] � ýòî êâàçèòåëî.)

Îïðåäåëåíèå 1.1.3. Êâàçèïîëÿ 〈S1, +, ◦〉 è 〈S2, +, ·〉 íàçûâàþò
èçîòîïíûìè, åñëè ñóùåñòâóþò èçîìîðôèçìû F, G, H àääèòèâíûõ

ãðóïï S1 → S2 òàêèå, ÷òî

xF · yG = (x ◦ y)H (x, y ∈ S1).

Ïîñòðîåíèÿ ñîáñòâåííûõ (èëè íå ÿâëÿþùèõñÿ ïîëåì) êâàçèïîëåé

ñ íà÷àëà ïðîøëîãî âåêà òåñíî ñâÿçàíû ñ ïîñòðîåíèÿìè íåäåçàðãîâûõ

ïðîåêòèâíûõ ïëîñêîñòåé òðàíñëÿöèé ñ ïîìîùüþ êîîðäèíàòèçèðóþ-

ùèõ è ðåãóëÿðíûõ ìíîæåñòâ.

Ñîãëàñíî [5, � 20.1], ïðîåêòèâíàÿ ïëîñêîñòü π � ýòî ìíîæåñòâî

òî÷åê ñ îïðåäåëåííûìè ïîäìíîæåñòâàìè, íàçûâàåìûìè ïðÿìûìè, è

óäîâëåòâîðÿþùèìè ñëåäóþùèì àêñèîìàì:

1) äâå ðàçëè÷íûå òî÷êè ëåæàò íà îäíîé è òîëüêî îäíîé ïðÿìîé;

2) äâå ðàçëè÷íûå ïðÿìûå ïåðåñåêàþòñÿ â åäèíñòâåííîé òî÷êå;

3) ñóùåñòâóþò ÷åòûðå òî÷êè, íèêàêèå òðè èç êîòîðûõ íå ëåæàò

íà îäíîé ïðÿìîé.

Ïðîåêòèâíóþ ïëîñêîñòü íàçûâàþò êîíå÷íîé, åñëè êîíå÷íî ÷èñ-

ëî òî÷åê õîòÿ áû îäíîé åå ïðÿìîé. Îêàçûâàåòñÿ, òîãäà îäíîçíà÷íî



12

îïðåäåëåíî ÷èñëî n, íàçûâàåìîå ïîðÿäêîì ïðîåêòèâíîé ïëîñêîñòè,

õàðàêòåðèçóåìîå ëþáûì èç ñëåäóþùèõ ñâîéñòâ [5, Òåîðåìà 20.1.1]:

1) íåêîòîðàÿ ïðÿìàÿ ñîäåðæèò òî÷íî n + 1 òî÷åê;

2) íåêîòîðàÿ òî÷êà ïðèíàäëåæèò òî÷íî n + 1 ïðÿìûì;

3) êàæäàÿ ïðÿìàÿ ñîäåðæèò òî÷íî n + 1 òî÷åê;

4) êàæäàÿ òî÷êà ëåæèò òî÷íî íà n + 1 ïðÿìûõ;

5) â ïëîñêîñòè π ðîâíî n2 + n + 1 òî÷åê;

6) â ïëîñêîñòè π ðîâíî n2 + n + 1 ïðÿìûõ.

Êîíå÷íûå ïëîñêîñòè ïîðÿäêà n ñóùåñòâóþò íå äëÿ ëþáîãî íà-

òóðàëüíîãî ÷èñëà n ≥ 2. Â ñâÿçè ñî ñòàðîé ãèïîòåçîé Ë. Ýéëåðà î

ïëîñêîñòÿõ ïîðÿäêà n > 2, n ≡ 2 mod 4, Ã. Òàððè äîêàçàë â 1900 ã.

èõ íåñóùåñòâîâàíèå ïðè n = 6. Ñì., íàïðèìåð, [5].

Îïðåäåëåíèå 1.1.4. Èçîìîðôèçìîì ïðîåêòèâíûõ ïëîñêîñòåé

π1 è π2 íàçûâàþò áèåêòèâíîå îòîáðàæåíèå òî÷åê è ïðÿìûõ ïëîñ-

êîñòè π1, ñîîòâåòñòâåííî, â òî÷êè è ïðÿìûå ïëîñêîñòè π2, ñî-

õðàíÿþùåå èíöèäåíòíîñòü.

Äëÿ ïîñòðîåíèÿ ïëîñêîñòåé òðàíñëÿöèé âûáèðàþò n-ìåðíîå ëè-

íåéíîå ïðîñòðàíñòâî W íàä ïîëåì F (êîîðäèíàòèçèðóþùåå ìíî-

æåñòâî), âíåøíþþ ïðÿìóþ ñóììó

V = W ⊕W = {(x, y) | x, y ∈ W}

äâóõ êîïèé W è ðàñùåïëåíèå µ àääèòèâíîé ãðóïïû (V, +) òàêîå, ÷òî

V = M ⊕N äëÿ ëþáûõ M 6= N èç µ. Òî÷êè ïðîåêòèâíîé ïëîñêîñòè
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òðàíñëÿöèé π = π(V, µ) ðàíãà n íàä F äàþò 1-ìåðíûå ïîäïðîñòðàí-

ñòâà èç V , à ïðÿìûå � ïîäãðóïïû èç µ è ñìåæíûå êëàññû ïî íèì,

ïðè÷åì ñìåæíûå êëàññû ïî îäíîé è òîé æå ïîäãðóïïå, ïî îïðåäåëå-

íèþ, ïåðåñåêàþòñÿ â îäíîé è òîé æå òî÷êå (∞), íàçûâàåìîé îñîáîé,

à îñîáóþ ïðÿìóþ [∞] â π ñîñòàâëÿþò âñå îñîáûå òî÷êè, [18], [27].

Íàïîìíèì, ÷òî ðàñùåïëåíèåì àääèòèâíîé ãðóïïû íàçûâàþò íà-

áîð åå ïîäãðóïï (êîìïîíåíòû ðàñùåïëåíèÿ) ñ ïîïàðíî íóëåâûìè ïå-

ðåñå÷åíèÿìè, äàþùèõ â òåîðåòèêî-ìíîæåñòâåííîì îáúåäèíåíèè âñþ

ãðóïïó. Êîìïîíåíòû ðàñùåïëåíèÿ µ åñòü n-ìåðíûå ïîäïðîñòðàíñòâà

â V [27]. Èçâåñòíà [33] ñëåäóþùàÿ ëåììà, ãäå V (∞) = (0,W ) è

V (σ) = {(v, vσ) | v ∈ W} (σ ∈ GL(W )), V (0) = (W, 0).

Ëåììà 1.1.5. Äîïóñòèì, ÷òî V (0), V (∞) ∈ µ. Òîãäà:

à) åñëè M ∈ µ è M 6= V (0), V (∞), òî M = V (σ) ïðè åäèíñòâåííîì

σ ∈ GL(W ) è, ïîëàãàÿ R∗ = {σ ∈ GL(W ) | V (σ) ∈ µ}, èìååì

µ = {V (σ) | σ ∈ R∗ ∪ {0}} ∪ {V (∞)};

á) åñëè u, v ∈ W \ {0}, òî uσ = v ïðè åäèíñòâåííîì σ ∈ R∗;

â) åñëè τ, ρ ∈ R∗ è τ 6= ρ, òî τ − ρ ∈ GL(W ).

Âåðíî è îáðàòíîå: åñëè ïîäìíîæåñòâî R∗ â GL(W ) óäîâëåòâî-

ðÿåò óñëîâèÿì á) è â), òî µ = {V (0), V (∞)} ∪ {V (σ) | σ ∈ R∗}
åñòü ðàñùåïëåíèå ãðóïïû (V, +) òàêîå, ÷òî V = M⊕N äëÿ ëþáûõ

M 6= N èç µ. 2
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Çàìåòèì, ÷òî ñâîéñòâî á) äàåò áèåêòèâíîå îòîáðàæåíèå θ : W →
R∗ ∪ {0} ïî ïðàâèëó:

θ(u) = σ (v ∈ W \ {0}, uσ = v), θ(0) = 0.

Ñîâîêóïíîñòü R íóëåâîãî ïðåîáðàçîâàíèÿ è ïîäìíîæåñòâà R∗ â

GL(W ) ñ åäèíèöåé è óñëîâèÿìè á), â) íàçûâàþò ðåãóëÿðíûì ìíî-

æåñòâîì ïëîñêîñòè π. Çàïèñûâàÿ âåêòîðû èç W êîîðäèíàòíûìè

ñòðîêàìè, ïîëàãàåì

x ◦ y := x · θ(y) (x, y ∈ W ). (1.1)

Ïëîñêîñòü π íàçûâàþò ïëîñêîñòüþ òðàíñëÿöèé, åñëè (W, +, ◦) åñòü
êâàçèïîëå. Ïëîñêîñòü íàçûâàþò ïîëóïîëåâîé, åñëè W � ïîëóïîëå,

[18], [27], [4]. Õîðîøî èçâåñòíû ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1.1.6. Åñëè êîîðäèíàòèçèðóþùåå ìíîæåñòâî åñòü ïî-

ëå, òî è ðåãóëÿðíîå ìíîæåñòâî åñòü ïîäïîëå êîëüöà M(n, F ), à

ñîîòâåòñòâóþùàÿ ïëîñêîñòü � äåçàðãîâà. 2

Ëåììà 1.1.7. Ïîëóïîëåâàÿ ïëîñêîñòü äåçàðãîâà òîãäà è òîëüêî

òîãäà, êîãäà ñîîòâåòñòâóþùåå åé ïîëóïîëå åñòü ïîëå. 2

Òåîðåìà 1.1.8. (À. Àëüáåðò [7]) Ïîëóïîëåâûå ïëîñêîñòè èçî-

ìîðôíû òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå ïîëóïîëÿ

èçîòîïíû. 2

Òåîðåìà î ìèíèìàëüíîì ïîäïîëå êîíå÷íîãî ïîëÿ ïåðåíîñèòñÿ íà

êîíå÷íûå êâàçèïîëÿ, êàê ïîêàçûâàåò ñëåäóþùàÿ èçâåñòíàÿ ëåììà
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äëÿ êîíå÷íîãî êâàçèïîëÿ S ñ åäèíèöåé e, ãäå

ke = e + e + ... + e︸ ︷︷ ︸
k ðàç

, (−k)e = −ke ïðè k ∈ Z, k > 0.

Ëåììà 1.1.9. Îòîáðàæåíèå χ : k → ke (k ∈ Z) åñòü ãîìîìîð-

ôèçì êîëüöà Z öåëûõ ÷èñåë â êâàçèïîëå S, ïðè÷åì ëèáî χ(Z) ' Z,

ëèáî χ(Z) ' Zp äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà p. 2

Òàêèì îáðàçîì, õàðàêòåðèñòèêà ïðîèçâîëüíîãî êâàçèïîëÿ S òàê-

æå îïðåäåëåíà, ïðè÷åì ïîðÿäîê êîíå÷íîãî êâàçèïîëÿ S âñåãäà ðàâåí

ñòåïåíè åãî õàðàêòåðèñòèêè p. Êðîìå òîãî, ñïðàâåäëèâà [22]

Òåîðåìà 1.1.10. Ïîëóïîëå ïîðÿäêà pn (p - ïðîñòîå ÷èñëî) ñóùå-

ñòâóåò òîãäà è òîëüêî òîãäà, êîãäà n ≥ 3 è pn ≥ 16.

Äîêàçàòåëüñòâî. Ñì. [22, Òåîðåìà 6.1 è Ñëåäñòâèå 8.2.2]. 2

Îòìåòèì, ÷òî êâàçèïîëÿ ïîðÿäêà p2 ñ ïðîñòûì p > 2 ïîñòðîèë

Ë. Äèêñîí [14]. Ñ äðóãîé ñòîðîíû, êâàçèïîëÿ ïîðÿäêà 2n ïðè n ≤ 3

ÿâëÿþòñÿ ïîëÿìè (Æ. Âåññîí [44]). Òàêèì îáðàçîì, íàèìåíüøèå ÷åò-

íûå ïîðÿäêè íåäåçàðãîâûõ ïðîåêòèâíûõ ïîëóïîëåâûõ ïëîñêîñòåé

è ïëîñêîñòåé òðàíñëÿöèé ñîâïàäàþò è ðàâíû 16. (Äëÿ íå÷åòíûõ

p-ïðèìàðíûõ ïîðÿäêîâ îíè ðàâíû p2 è p3, ñîîòâåòñòâåííî.) Òàêèå

ïëîñêîñòè è èõ êâàçèïîëÿ êëàññèôèöèðîâàëè Å. Êëåéíôèëä [21],

Ó. Äåìïâîëô è À. Ðåéôàðò [11].

Â äèññåðòàöèè èññëåäóþòñÿ ñëåäóþùèå âîïðîñû äëÿ êîíå÷íûõ

êâàçèïîëåé è ïîëóïîëåé, êîòîðûå çàïèñàë Â.Ì. Ëåâ÷óê [55].

(A) Ïåðå÷èñëèòü ìàêñèìàëüíûå ïîäïîëÿ è èõ âîçìîæíûå ïî-

ðÿäêè.
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(Á) Êàêèå âîçìîæíû ñïåêòðû ëóïû S∗ êîíå÷íîãî ïîëóïîëÿ è

êâàçèïîëÿ ?

(Â) Ïåðå÷èñëèòü êîíå÷íûå êâàçèïîëÿ è, â ÷àñòíîñòè, ïîëóïîëÿ,

ó êîòîðûõ ëóïà S∗ íå ÿâëÿåòñÿ îäíîïîðîæäåííîé.

Ñì. òàêæå âîïðîñû 9.43, 10.48, 11.76, 11.77 è 12.66 Í.Ä. Ïîäóôà-

ëîâà [39]. Îñòàåòñÿ îòêðûòîé ãèïîòåçà Ã. Âåíý î ïðàâîöèêëè÷íîñòè

ëóïû S∗ ïîëóïîëÿ ïîðÿäêà > 32: âñåãäà ëè åå èñ÷åðïûâàþò ïðàâî-

óïîðÿäî÷åííûå ñòåïåíè ôèêñèðîâàííîãî ýëåìåíòà [43], [35].

1.2 Ñòðîåíèå êâàçèïîëåé ïðîåêòèâíûõ ïëîñêîñòåé
òðàíñëÿöèé ïîðÿäêà 16

Îïèñàííûé â � 1.1 ìåòîä ïîñòðîåíèÿ êîíå÷íûõ êâàçèïîëåé ñ ïî-

ìîùüþ ðåãóëÿðíûõ ìíîæåñòâ ïðîåêòèâíûõ ïëîñêîñòåé òðàíñëÿöèé

ÿâëÿåòñÿ íàèáîëåå ðàñïðîñòðàíåííûì. Ýòîò ìåòîä, íàçûâàåìûé äà-

ëåå êëàññè÷åñêèì, ïîçâîëÿåò êëàññèôèöèðîâàòü êâàçèïîëÿ, ñ òî÷íî-

ñòüþ äî èçîòîïèçìîâ. Ñì. òàêæå òåîðåìó À. Àëüáåðòà 1.1.8.

Ïëîñêîñòè òðàíñëÿöèé ïîðÿäêà 16 êëàññèôèöèðîâàëè ïîëíîñòüþ

Ó. Äåìïâîëô è À. Ðåéôàðò â ðàáîòå [11]. Ñ òî÷íîñòüþ äî èçîìîð-

ôèçìîâ, èõ âñåãî 8, à ÷èñëî êëàññîâ èçîìîðôíûõ ïîëóïîëåâûõ ïëîñ-

êîñòåé ðàâíî 3. Ïîëóïîëÿ ïîðÿäêà 16 ìû èññëåäóåì â � 2.2.

Êîîðäèíàòèçèðóþùåå ìíîæåñòâî ïëîñêîñòåé òðàíñëÿöèé ïîðÿä-

êà 16 åñòü ïðîñòðàíñòâî W ñòðîê äëèíû 4 íàä Z2. Ðåãóëÿðíûå ìíî-

æåñòâà ïðåäñòàâèòåëåé 5 èçîìîðôíûõ êëàññîâ ïëîñêîñòåé òðàíñëÿ-
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öèé, íå ÿâëÿþùèõñÿ ïîëóïîëåâûìè, ïðèâåäåíû íà ñàéòå Ó. Äåìï-

âîëôà [12]. Âûïèøåì èõ â ñëåäóþùåì ïîðÿäêå (÷åðåç O è E îáîçíà-

÷àþòñÿ íóëåâàÿ è åäèíè÷íàÿ ìàòðèöû):

{O, E,




0 0 0 1

1 0 1 0

1 1 1 1

1 0 0 1




,




0 0 1 0

0 0 1 1

1 0 1 0

1 1 0 1




,




0 0 1 1

1 0 0 1

0 1 0 1

1 1 1 0




,




0 1 0 0

1 1 0 0

1 0 1 1

0 1 1 0




,




0 1 0 1

0 1 1 0

0 1 0 0

1 0 1 1




,




0 1 1 0

1 1 1 1

0 0 0 1

0 0 1 1




,




0 1 1 1

0 1 0 1

1 1 1 0

0 1 0 0




,




1 0 0 1

1 1 1 0

1 1 0 1

1 0 0 0




,




1 0 1 0

0 1 1 1

1 0 0 0

1 1 0 0




,




1 0 1 1

1 1 0 1

0 1 1 1

1 1 1 1




,




1 1 0 0

1 0 0 0

1 0 0 1

0 1 1 1




,




1 1 0 1

0 0 1 0

0 1 1 0

1 0 1 0




,




1 1 1 0

1 0 1 1

0 0 1 1

0 0 1 0




,




1 1 1 1

0 0 0 1

1 1 0 0

0 1 0 1



};

{O, E,




0 0 0 1

0 1 1 0

1 1 0 1

0 1 0 0




,




0 0 1 0

0 0 1 1

1 0 1 0

1 1 0 1




,




0 0 1 1

1 1 0 1

0 1 1 1

1 0 1 1




,




0 1 0 0

1 1 1 1

0 0 1 1

0 1 0 1




,




0 1 0 1

1 1 0 0

1 1 1 0

1 1 1 1




,




0 1 1 0

1 1 1 0

1 0 0 1

0 0 1 0




,




0 1 1 1

0 1 0 1

0 1 0 0

1 0 1 0




,




1 0 0 1

1 0 1 0

1 1 1 1

0 1 1 1




,




1 0 1 0

0 1 1 1

1 1 1 1

0 1 1 1




,




1 0 1 1

0 0 0 1

0 1 0 1

1 0 0 0




,




1 1 0 0

1 0 0 1

0 0 0 1

1 1 1 0




,




1 1 0 1

0 0 1 0

1 1 0 0

0 1 1 0




,




1 1 1 0

1 0 0 0

1 0 1 1

1 0 0 1




,




1 1 1 1

1 0 1 1

0 1 1 0

0 0 1 1



};
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{O, E,




0 0 0 1

1 0 1 0

1 1 1 1

1 0 0 1




,




0 0 1 0

0 0 1 1

1 0 1 0

1 1 0 1




,




0 0 1 1

1 0 0 1

0 1 0 1

1 1 1 0




,




0 1 0 0

1 1 0 0

0 0 0 1

0 0 1 1




,




0 1 0 1

1 0 1 1

1 1 0 0

0 1 1 0




,




0 1 1 0

0 1 0 1

1 0 1 1

0 1 0 0




,




0 1 1 1

0 0 1 0

0 1 1 0

1 0 1 1




,




1 0 0 1

1 1 1 0

1 1 0 1

1 0 0 0




,




1 0 1 0

0 1 1 1

1 0 0 0

1 1 0 0




,




1 0 1 1

1 1 0 1

0 1 1 1

1 1 1 1




,




1 1 0 0

1 0 0 0

0 0 1 1

0 0 1 0




,




1 1 0 1

1 1 1 1

1 1 1 0

0 1 1 1




,




1 1 1 0

0 0 0 1

1 0 0 1

0 1 0 1




,




1 1 1 1

0 1 1 0

0 1 0 0

1 0 1 0



};

{O, E,




0 0 0 1

1 1 1 1

1 1 0 0

1 0 0 1




,




0 0 1 0

0 0 1 1

1 0 1 0

1 1 0 1




,




0 0 1 1

0 1 1 0

0 1 0 0

1 1 1 1




,




0 1 0 0

1 1 0 0

0 1 1 1

1 1 1 0




,




0 1 0 1

1 0 1 0

1 0 1 1

0 1 1 1




,




0 1 1 0

0 0 0 1

1 1 1 1

0 1 0 1




,




0 1 1 1

1 1 1 0

0 0 1 1

0 0 1 0




,




1 0 0 1

0 0 1 0

0 1 1 0

1 0 0 0




,




1 0 1 0

0 1 1 1

1 0 0 0

1 1 0 0




,




1 0 1 1

1 0 0 1

1 1 1 0

0 1 1 0




,




1 1 0 0

1 0 0 0

1 1 0 1

1 0 1 1




,




1 1 0 1

1 0 1 1

0 0 0 1

0 0 1 1




,




1 1 1 0

1 1 0 1

0 1 0 1

1 0 1 0




,




1 1 1 1

0 1 0 1

1 0 0 1

0 1 0 0



};
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{O, E,




0 0 0 1

0 0 1 0

1 1 0 0

0 1 0 1




,




0 0 1 0

0 0 1 1

1 0 1 0

1 1 0 1




,




0 0 1 1

0 0 0 1

0 1 0 0

1 0 1 1




,




0 1 0 0

1 1 1 1

0 1 1 1

1 0 0 1




,




0 1 0 1

1 0 1 0

1 0 1 1

0 1 1 1




,




0 1 1 0

1 0 0 0

1 1 1 1

1 0 1 0




,




0 1 1 1

1 1 1 0

0 0 1 1

0 0 1 0




,




1 0 0 1

1 1 0 1

0 1 1 0

1 1 1 0




,




1 0 1 0

0 1 1 1

1 0 0 0

1 1 0 0




,




1 0 1 1

1 1 0 0

1 1 1 0

1 0 0 0




,




1 1 0 0

1 0 0 1

1 1 0 1

0 1 1 0




,




1 1 0 1

1 0 1 1

0 0 0 1

0 0 1 1




,




1 1 1 0

0 1 1 0

0 1 0 1

1 1 1 1




,




1 1 1 1

0 1 0 1

1 0 0 1

0 1 0 0



}.

Êàæäîå èç íèõ äàåò óìíîæåíèå íà W ïî ôîðìóëå (1.1). Ïîëó÷àåì 5

èçîòîïíûõ êëàññîâ êâàçèïîëåé ñ ïðåäñòàâèòåëÿìè Qi, i = 1, 2, 3, 4, 5,

ñîîòâåòñòâåííî. Èññëåäóåì äëÿ íèõ âîïðîñû (À) � (Â).
Ñëåäóþùèå äâå òåîðåìû âûÿâëÿþò ñòðîåíèå êâàçèïîëåé Q2 è Q5,

íàèáîëåå áëèçêèõ ïî ñâîéñòâàì ê êîíå÷íûì ïîëÿì.

Òåîðåìà 1.2.1. Êâàçèïîëå Q2 èìååò åäèíñòâåííîå ìàêñèìàëü-

íîå ïîäïîëå H, ïðè÷åì |H| = 4 è êàæäûé ýëåìåíò èç Q2\H èìååò

ïîðÿäîê 5 è ïîðîæäàåò ëóïó Q∗
2.

Äîêàçàòåëüñòâî. Òàáëèöó Êýëè ëóïû Q∗
2 ñòðîèì ïî ïðàâèëó

(1.1); óìíîæåíèå íà åäèíè÷íûé ýëåìåíò e = (1, 0, 0, 0) îïóñêàåì.
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Òàáëèöà 1.2.1. Òàáëèöà Êýëè ëóïû Q∗
2

(0,0,0,1) (0,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,0,1) (0,1,1,0) (0,1,1,1)
(0,0,0,1) (0,1,0,0) (1,1,0,1) (1,0,1,1) (0,1,0,1) (1,1,1,1) (0,0,1,0) (1,0,1,0)
(0,0,1,0) (1,1,0,1) (1,0,1,0) (0,1,1,1) (0,0,1,1) (1,1,1,0) (1,0,0,1) (0,1,0,0)
(0,0,1,1) (1,0,0,1) (0,1,1,1) (1,1,0,0) (0,1,1,0) (0,0,0,1) (1,0,1,1) (1,1,1,0)
(0,1,0,0) (0,1,1,0) (0,0,1,1) (1,1,0,1) (1,1,1,1) (1,1,0,0) (1,1,1,0) (0,1,0,1)
(0,1,0,1) (0,0,1,0) (1,1,1,0) (0,1,1,0) (1,0,1,0) (0,0,1,1) (1,1,0,0) (1,1,1,1)
(0,1,1,0) (1,0,1,1) (1,0,0,1) (1,0,1,0) (1,1,0,0) (0,0,1,0) (0,1,1,1) (0,0,0,1)
(0,1,1,1) (1,1,1,1) (0,1,0,0) (0,0,0,1) (1,0,0,1) (1,1,0,1) (0,1,0,1) (1,0,1,1)
(1,0,0,1) (0,1,0,1) (1,1,1,1) (1,0,0,0) (0,0,0,1) (1,0,1,0) (0,1,0,0) (1,1,0,1)
(1,0,1,0) (1,1,0,0) (1,0,0,0) (0,1,0,0) (0,1,1,1) (1,0,1,1) (1,1,1,1) (0,0,1,1)
(1,0,1,1) (1,0,0,0) (0,1,0,1) (1,1,1,1) (0,0,1,0) (0,1,0,0) (1,1,0,1) (1,0,0,1)
(1,1,0,0) (0,1,1,1) (0,0,0,1) (1,1,1,0) (1,0,1,1) (1,0,0,1) (1,0,0,0) (0,0,1,0)
(1,1,0,1) (0,0,1,1) (1,1,0,0) (0,1,0,1) (1,1,1,0) (0,1,1,0) (1,0,1,0) (1,0,0,0)
(1,1,1,0) (1,0,1,0) (1,0,1,1) (1,0,0,1) (1,0,0,0) (0,1,1,1) (0,0,0,1) (0,1,1,0)
(1,1,1,1) (1,1,1,0) (0,1,1,0) (0,0,1,0) (1,1,0,1) (1,0,0,0) (0,0,1,1) (1,1,0,0)

(1,0,0,1) (1,0,1,0) (1,0,1,1) (1,1,0,0) (1,1,0,1) (1,1,1,0) (1,1,1,1)
(0,0,0,1) (0,1,1,1) (1,1,0,0) (1,0,0,0) (1,1,1,0) (0,1,1,0) (1,0,0,1) (0,0,1,1)
(0,0,1,0) (1,1,1,1) (1,0,0,0) (0,1,0,1) (0,0,0,1) (1,1,0,0) (1,0,1,1) (0,1,1,0)
(0,0,1,1) (1,0,0,0) (0,1,0,0) (1,1,0,1) (1,1,1,1) (1,0,1,0) (0,0,1,0) (0,1,0,1)
(0,1,0,0) (1,0,1,0) (0,1,1,1) (0,0,0,1) (1,0,0,1) (0,0,1,0) (1,0,0,0) (1,0,1,1)
(0,1,0,1) (1,1,0,1) (1,0,1,1) (1,0,0,1) (0,1,1,1) (0,1,0,0) (0,0,0,1) (1,0,0,0)
(0,1,1,0) (0,1,0,1) (1,1,1,1) (0,1,0,0) (1,0,0,0) (1,1,1,0) (0,0,1,1) (1,1,0,1)
(0,1,1,1) (1,1,1,0) (0,0,1,1) (1,1,0,0) (0,1,1,0) (1,0,0,0) (1,0,1,0) (1,1,1,0)
(1,0,0,1) (1,1,1,0) (0,1,1,0) (0,0,1,1) (0,0,1,0) (1,0,1,1) (0,1,1,1) (1,1,0,0)
(1,0,1,0) (0,1,1,0) (0,0,1,0) (1,1,1,0) (1,1,0,1) (0,0,0,1) (0,1,0,1) (1,0,0,1)
(1,0,1,1) (0,0,0,1) (1,1,1,0) (0,1,1,0) (0,0,1,1) (0,1,1,1) (1,1,0,0) (1,0,1,0)
(1,1,0,0) (0,0,1,1) (1,1,0,1) (1,0,1,0) (0,1,0,1) (1,1,1,1) (0,1,1,0) (0,1,0,0)
(1,1,0,1) (0,1,0,0) (0,0,0,1) (0,0,1,0) (1,0,1,1) (1,0,0,1) (1,1,1,1) (0,1,1,1)
(1,1,1,0) (1,1,0,0) (0,1,0,1) (1,1,1,1) (0,1,0,0) (0,0,1,1) (1,1,0,1) (0,0,1,0)
(1,1,1,1) (1,0,1,1) (1,0,0,1) (0,1,1,1) (1,0,1,0) (0,1,0,1) (0,1,0,0) (0,0,0,1)

C ïîìîùüþ òàáëèöû Êýëè óñòàíàâëèâàåì ðàâåíñòâî ëåâîãî è ïðà-

âîãî îáðàòíûõ ýëåìåíòîâ ê ëþáîìó ýëåìåíòó ëóïû Q∗
2. Êðîìå òîãî,

(0, 0, 1, 0), (1, 0, 1, 0) èñ÷åðïûâàþò ýëåìåíòû ïîðÿäêà 3; âìåñòå ñ íó-

ëåì è åäèíèöåé îáðàçóþò åäèíñòâåííîå ìàêñèìàëüíîå ïîäïîëå H.

Äàëåå gk îáîçíà÷àåò k−þ ñòåïåíü ýëåìåíòà g ñ ïðàâèëüíîé (èëè

ñ ïðàâîíîðìèðîâàííîé) ðàññòàíîâêîé ñêîáîê. Äëÿ âû÷èñëåíèÿ ïî-

ðÿäêîâ ýëåìåíòîâ çàìåòèì, ÷òî ÷èñëî ðàçëè÷íûõ íåàññîöèàòèâíûõ

ïðîèçâåäåíèé äëèíû n ýëåìåíòà g, òî åñòü ñ ðàçëè÷íûìè ðàññòàíîâ-

êàìè ñêîáîê, ïðè n = 1, 2, 3, 4, 5 ðàâíî 1, 1, 2, 5, 14, ñîîòâåòñòâåííî.

Â ÷àñòíîñòè, âñå îíè ïðè n = 1, 2, 3, 4 îòëè÷íû îò e äëÿ ýëåìåíòà

g = (0, 0, 0, 1), à g5 = e. Àíàëîãè÷íî, ïðîèçâåäåíèÿ äëèíû < 5 ëþ-
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áîãî ýëåìåíòà f ∈ Q1 \H íå ðàâíû e è f 5 = e. Ïðîâåðêà c ïîìîùüþ

òàáëèöû Êýëè ïîêàçûâàåò, ÷òî f ïîðîæäàåò ëóïó Q∗
2. 2

Îòìåòèì, ÷òî òàáëèöà Êýëè ëóïû Q∗
i ïîñòðîåíà äëÿ âñåõ êâàçèïî-

ëåé Qi. Â îòëè÷èå îò Q2, êâàçèïîëå Q5 èìååò 3 ïîäïîëÿ ïîðÿäêà 4:

G1 = {0, e, (0, 0, 1, 0), (1, 0, 1, 0)}, G2 = {0, e, (0, 1, 0, 1), (1, 1, 0, 1)},

G3 = {0, e, (0, 1, 1, 1), (1, 1, 1, 1)}.

Òåîðåìà 1.2.2. Ìàêñèìàëüíûå ïîäïîëÿ êâàçèïîëÿ Q5 èñ÷åðïû-

âàþòñÿ ïîäïîëÿìè G1, G2, G3. Êàæäûé ýëåìåíò èç Q5 \ {G1 ∪
G2 ∪G3} èìååò ïîðÿäîê 5 è ïîðîæäàåò ëóïó Q∗

5, â ÷àñòíîñòè, åå

ñïåêòð ñîâïàäàåò ñ {1, 3, 5}.

Äîêàçàòåëüñòâî. Âíà÷àëå âîññòàíàâëèâàåì òàáëèöó Êýëè ëóïû

Q∗
5 ñ ïîìîùüþ óìíîæåíèÿ (1.1). Îíà ïîêàçûâàåò, ÷òî ëåâûé è ïðàâûé

îáðàòíûå ê ëþáîìó ýëåìåíòó ëóïû Q∗
5 ñîâïàäàþò.

Ñ ïîìîùüþ òàáëèöû Êýëè ëóïû Q∗
5 óñòàíàâëèâàåì, ÷òî ñòåïåíè

≤ 4 ýëåìåíòà g = (0, 1, 0, 0) ïðè ëþáûõ ðàññòàíîâêàõ ñêîáîê îòëè÷-

íû îò e, ïðè÷åì g5 = e. Àíàëîãè÷íî, ýëåìåíò f = (0, 0, 1, 1) èìååò

ïîðÿäîê 5. Ïîðÿäêè |y| âñåõ ýëåìåíòîâ y ∈ Q∗
5 ïåðå÷èñëÿåò

Òàáëèöà 1.2.2. Ïîðÿäêè ýëåìåíòîâ ëóïû Q∗
5

y (1,0,0,0) (0,0,1,0) (1,0,1,0) (0,1,0,1) (1,1,0,1) (0,1,1,1) (1,1,1,1) (0,0,0,1)
|y| 1 3 3 3 3 3 3 5

y (0,0,1,1) (0,1,0,0) (0,1,1,0) (1,0,0,1) (1,0,1,1) (1,1,0,0) (1,1,1,0)
|y| 5 5 5 5 5 5 5

Òàáëèöà Êýëè è òàáëèöà 1.2.2 ïîêàçûâàþò, ÷òî G1, G2 è G3 åñòü

ïîäïîëÿ ïîðÿäêà 4, ñîäåðæàùèå âñå ýëåìåíòû ïîðÿäêà 3 èç Q5, êàæ-

äûé ýëåìåíò èç Q5\{G1∪G2∪G3} èìååò ïîðÿäîê 5 è ïîðîæäàåò ëóïó
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Q∗
5. Îòñþäà ñðàçó æå ñëåäóåò, ÷òî ïîäïîëÿ G1, G2, G3 èñ÷åðïûâà-

þò âñå ìàêñèìàëüíûå ïîäïîëÿ êâàçèïîëÿ Q5. Òåì ñàìûì, çàâåðøåíî

äîêàçàòåëüñòâî òåîðåìû. 2

Ñóùåñòâåííî àíîìàëüíûìè ñâîéñòâàìè, ïî ñðàâíåíèþ ñ êîíå÷íû-

ìè ïîëÿìè, îáëàäàþò êâàçèïîëÿ Q1, Q3 è Q4: ëþáîé ýëåìåíò êàæ-

äîãî èç íèõ ëåæèò â êàêîì-ëèáî ïîäïîëå ïîðÿäêà 4, êàê ïîêàçûâàåò

Òåîðåìà 1.2.3. Êàæäîå èç êâàçèïîëåé Qi, i = 1, 3, 4, åñòü

òåîðåòèêî-ìíîæåñòâåííîå îáúåäèíåíèå 7 ìàêñèìàëüíûõ ïîäïîëåé

ïîðÿäêà 4. Â ÷àñòíîñòè, ëóïà Q∗
i íå îäíîïîðîæäåíà è åå ñïåêòð

ñîâïàäàåò ñ {1, 3}.

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ ïåðâîãî ðåãóëÿðíîãî ìíîæåñòâà

îïðåäåëÿåì óìíîæåíèå (1.1) â êâàçèïîëå Q1 è íàõîäèì òàáëèöó Êýëè

óìíîæåíèÿ ýëåìåíòîâ ëóïû Q∗
1; óìíîæåíèå íà åäèíè÷íûé ýëåìåíò

(1, 0, 0, 0) â íåé îïóñêàåì.

Òàáëèöà 1.2.3. Òàáëèöà Êýëè ëóïû Q∗
1

(0,0,0,1) (0,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,0,1) (0,1,1,0) (0,1,1,1)
(0,0,0,1) (1,0,0,1) (1,1,0,1) (1,1,1,0) (0,1,1,0) (1,0,1,1) (0,0,1,1) (0,1,0,0)
(0,0,1,0) (1,1,1,1) (1,0,1,0) (0,1,0,1) (1,0,1,1) (0,1,0,0) (0,0,0,1) (1,1,1,0)
(0,0,1,1) (0,1,1,0) (0,1,1,1) (1,0,1,1) (1,1,0,1) (1,1,1,1) (0,0,1,0) (1,0,1,0)
(0,1,0,0) (1,0,1,0) (0,0,1,1) (1,0,0,1) (1,1,0,0) (0,1,1,0) (1,1,1,1) (0,1,0,1)
(0,1,0,1) (0,0,1,1) (1,1,1,0) (0,1,1,1) (1,0,1,0) (1,1,0,1) (1,1,0,0) (0,0,0,1)
(0,1,1,0) (0,1,0,1) (1,0,0,1) (1,1,0,0) (0,1,1,1) (0,0,1,0) (1,1,1,0) (1,0,1,1)
(0,1,1,1) (1,1,0,0) (0,1,0,0) (0,0,1,0) (0,0,0,1) (1,0,0,1) (1,1,0,1) (1,1,1,1)
(1,0,0,1) (1,0,0,0) (1,1,1,1) (1,1,0,1) (0,0,1,0) (1,1,1,0) (0,1,0,1) (0,0,1,1)
(1,0,1,0) (1,1,1,0) (1,0,0,0) (0,1,1,0) (1,1,1,1) (0,0,0,1) (0,1,1,1) (1,0,0,1)
(1,0,1,1) (0,1,1,1) (0,1,0,1) (1,0,0,0) (1,0,0,1) (1,0,1,0) (0,1,0,0) (1,1,0,1)
(1,1,0,0) (1,0,1,1) (0,0,0,1) (1,0,1,0) (1,0,0,0) (0,0,1,1) (1,0,0,1) (0,0,1,0)
(1,1,0,1) (0,0,1,0) (1,1,0,0) (0,1,0,0) (1,1,1,0) (1,0,0,0) (1,0,1,0) (0,1,1,0)
(1,1,1,0) (0,1,0,0) (1,0,1,1) (1,1,1,1) (0,0,1,1) (0,1,1,1) (1,0,0,0) (1,1,0,0)
(1,1,1,1) (1,1,0,1) (0,1,1,0) (0,0,0,1) (0,1,0,1) (1,1,0,0) (1,0,1,1) (1,0,0,0)
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(1,0,0,1) (1,0,1,0) (1,0,1,1) (1,1,0,0) (1,1,0,1) (1,1,1,0) (1,1,1,1)
(0,0,0,1) (1,0,0,0) (1,1,0,0) (1,1,1,1) (0,1,1,1) (1,0,1,0) (0,0,1,0) (0,1,0,1)
(0,0,1,0) (1,1,0,1) (1,0,0,0) (0,1,1,1) (1,0,0,1) (0,1,1,0) (0,0,1,1) (1,1,0,0)
(0,0,1,1) (0,1,0,1) (0,1,0,0) (1,0,0,0) (1,1,1,0) (1,1,0,0) (0,0,0,1) (1,0,0,1)
(0,1,0,0) (1,1,1,0) (0,1,1,1) (1,1,0,1) (1,0,0,0) (0,0,1,0) (1,0,1,1) (0,0,0,1)
(0,1,0,1) (0,1,1,0) (1,0,1,1) (0,0,1,0) (1,1,1,1) (1,0,0,0) (1,0,0,1) (0,1,0,0)
(0,1,1,0) (0,0,1,1) (1,1,1,1) (1,0,1,0) (0,0,0,1) (0,1,0,0) (1,0,0,0) (1,1,0,1)
(0,1,1,1) (1,0,1,1) (0,0,1,1) (0,1,0,1) (0,1,1,0) (1,1,1,0) (1,0,1,0) (1,0,0,0)
(1,0,0,1) (0,0,0,1) (0,1,1,0) (0,1,0,0) (1,0,1,1) (0,1,1,1) (1,1,0,0) (1,0,1,0)
(1,0,1,0) (0,1,0,0) (0,0,1,0) (1,1,0,0) (0,1,0,1) (1,0,1,1) (1,1,0,1) (0,0,1,1)
(1,0,1,1) (1,1,0,1) (1,1,1,0) (0,0,1,1) (0,0,1,0) (0,0,0,1) (1,1,1,1) (0,1,1,0)
(1,1,0,0) (0,1,1,1) (1,1,0,1) (0,1,1,0) (0,1,0,0) (1,1,1,1) (0,1,0,1) (1,1,1,0)
(1,1,0,1) (1,1,1,1) (0,0,0,1) (1,0,0,1) (0,0,1,1) (0,1,0,1) (0,1,1,1) (1,0,1,1)
(1,1,1,0) (1,0,1,0) (0,1,0,1) (0,0,0,1) (1,1,0,1) (1,0,0,1) (0,1,1,0) (0,0,1,0)
(1,1,1,1) (0,0,1,0) (1,0,0,1) (1,1,1,0) (1,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,1,1)

Àíàëîãè÷íî íàõîäèì òàáëèöû Êýëè ëóïû Q∗
3 è Q∗

4. Êàê ïîêà-

çûâàþò òàáëèöû Êýëè, äëÿ ëþáîãî ýëåìåíòà ëóïû Q∗
i ïðè ëþáîì

i = 1, 3, 4 ëåâûé è ïðàâûé îáðàòíûå ýëåìåíòû ñîâïàäàþò, è â êàæ-

äîì êâàçèïîëå Q∗
i âûÿâëÿþòñÿ ñëåäóþùèå ïîäïîëÿ:

F1 = {0, e, (0, 0, 0, 1), (1, 0, 0, 1)}, F2 = {0, e, (0, 0, 1, 0), (1, 0, 1, 0)},

F3 = {0, e, (0, 0, 1, 1), (1, 0, 1, 1)}, F4 = {0, e, (0, 1, 0, 0), (1, 1, 0, 0)},

F5 = {0, e, (0, 1, 0, 1), (1, 1, 0, 1)}, F6 = {0, e, (0, 1, 1, 0), (1, 1, 1, 0)},

F7 = {0, e, (0, 1, 1, 1), (1, 1, 1, 1)}.

ßñíî, ÷òî òåîðåòèêî-ìíîæåñòâåííîå îáúåäèíåíèå ñåìè ðàçëè÷íûõ

ïîäïîëåé ïîðÿäêà 4 ñîâïàäàåò ñ Qi. Îêîí÷àòåëüíî, ëóïà Q∗
i íå îä-

íîïîðîæäåíà. 2

Ïîñòðîåííûå Å. Êëåéíôèëäîì [21] êâàçèïîëÿ Si, 1 ≤ i ≤ 25, èñ-

÷åðïûâàþò âñå, ñ òî÷íîñòüþ äî èçîìîðôèçìîâ, êâàçèïîëÿ ïîðÿäêà

16 ñ ÿäðîì ïîðÿäêà 4, íåèçîòîïíûå ïîëóïîëþ. Íåñëîæíî äîêàçûâà-

åòñÿ

Ïðåäëîæåíèå 1.2.4. Êàæäîå èç êâàçèïîëåé Êëåéíôèëäà S3 è S10

èìååò ýëåìåíò ïîðÿäêà 3, íå ëåæàùèé íè â îäíîì ïîäïîëå.
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Òåîðåìà 1.2.1 îïóáëèêîâàíà àâòîðîì â [46].

Òåîðåìû 1.2.2 è 1.2.3 îïóáëèêîâàíû â íåðàçäåëüíîì ñîàâòîðñòâå

â ñòàòüå [47] (ñîàâòîð Â.Ì. Ëåâ÷óê).

1.3 Ëàòèíñêèå ïðÿìîóãîëüíèêè è ïîðîæäàþùèå ïîñëå-
äîâàòåëüíîñòè â ïîñòðîåíèè êâàçèïîëåé Êëåéíôèëäà

Å. Êëåéíôèëä [21] ðàçðàáîòàë â 1960 ãîäó àëãîðèòì ïîñòðîåíèÿ

êâàçèïîëåé ïîðÿäêà 16 ñ ïîìîùüþ ëàòèíñêèõ ïðÿìîóãîëüíèêîâ. Ñ

åãî ïîìîùüþ îí êëàññèôèöèðîâàë âñå (ñ òî÷íîñòüþ äî èçîìîðôèç-

ìîâ) êâàçèïîëÿ ïîðÿäêà 16 ñ ÿäðîì ïîðÿäêà 4.

Íà ñàìîì äåëå, äëÿ ïîñòðîåíèÿ òàêîãî êâàçèïîëÿ Q ñ ëåâûì ÿä-

ðîì ïîðÿäêà 4 � êàê êâàçèïîëÿ ðàíãà 4 íàä Z2 � Å. Êëåéíôèëä

âíà÷àëå çàäàåò ëóïó Q∗ ÷àñòüþ åå òàáëèöû Êýëè. Íàì ïîòðåáóåòñÿ

Îïðåäåëåíèå 1.3.1. Ëàòèíñêèì r × n-ïðÿìîóãîëüíèêîì ïðè

r ≤ n íàçûâàåòñÿ r × n-ìàòðèöà, ó êîòîðîé ñòðîêè ÿâëÿþòñÿ

ïåðåñòàíîâêàìè ïåðâîé ñòðîêè è â êàæäîé ñòðîêå è â êàæäîì

ñòîëáöå ýëåìåíòû ïîïàðíî ðàçëè÷íû.

ßñíî, ÷òî òàáëèöà Êýëè ëóïû Q∗ åñòü ëàòèíñêèé êâàäðàò ïî-

ðÿäêà 15. Ïåðâûå åãî òðè ñòðîêè çàïîëíÿþòñÿ ïðîèçâåäåíèÿìè ýëå-

ìåíòîâ ëóïû Q∗ íà íåíóëåâûå ýëåìåíòû èç ëåâîãî ÿäðà. Êëþ÷åâàÿ

4-àÿ ñòðîêà çàïîëíÿåòñÿ ñ ïîìîùüþ ââåäåííîãî ïîíÿòèÿ ñïåöèàëü-

íîé ïîðîæäàþùåé ïîñëåäîâàòåëüíîñòè. Êàê îòìå÷àåò Å. Êëåéí-

ôèëä [21, ñòð. 333], äëÿ åå âûáîðà è ïîñòðîåíèÿ ëàòèíñêîãî 4 × 15-

ïðÿìîóãîëüíèêà ñóùåñòâóåò 1264 âîçìîæíîñòåé, äàæå åñëè ñ÷è-
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òàòü êâàçèïîëÿ. Èçîìîðôíûìè ïðåîáðàçîâàíèÿìè ýòî ÷èñëî óäàåòñÿ

óìåíüøèòü äî 76 ñëó÷àåâ. Â êàæäîì èç íèõ 5, 6 è 7-þ ñòðîêè ïîëó-

÷àåì êàê ñóììó 4-é ñòðîêè, ñîîòâåòñòâåííî, ñ 1, 2 èëè 3-é ñòðîêîé.

Òåîðåìà 1.3.2. [21, Òåîðåìà 2] Ïîñòðîåííàÿ 7 × 15-ìàòðèöà

îäíîçíà÷íî îïðåäåëÿåò òàáëèöó Êýëè ëóïû Q∗ òîãäà è òîëüêî òî-

ãäà, êîãäà îíà ÿâëÿåòñÿ ëàòèíñêèì 7× 15-ïðÿìîóãîëüíèêîì. 2

Òàêèì îáðàçîì, â [21] ïîñòðîåíû 75 ñîáñòâåííûõ êâàçèïîëåé ïî-

ðÿäêà 16 ñ ÿäðîì ïîðÿäêà 4. Èç íèõ îäèí èçîòîïíûé êëàññ ñîñòàâ-

ëÿþò 25 ïîïàðíî íåèçîìîðôíûõ êâàçèïîëåé Si, 1 ≤ i ≤ 25; âòîðîé

èçîòîïíûé êëàññ îáðàçóþò 50 ïîïàðíî íåèçîìîðôíûõ êâàçèïîëåé

Ti, 1 ≤ i ≤ 50. Èç ïåðå÷èñëåííûõ êâàçèïîëåé ïîëóïîëÿìè ÿâëÿþò-

ñÿ òîëüêî T24, T25, T35, T45 è T50.

Êàê îòìå÷àåò Å. Êëåéíôèëä, ãðîìîçäêîñòü âû÷èñëåíèé íå ïîçâî-

ëèëà åìó ïåðå÷èñëèòü âñå êâàçèïîëÿ ïîðÿäêà 16 ñ ÿäðîì ïîðÿäêà 2.

Îäíàêî, ïîëóïîëÿ ïîðÿäêà 16 â [21] êëàññèôèöèðîâàíû ïîëíîñòüþ ñ

ïîìîùüþ ñïåöèàëüíûõ ïîðîæäàþùèõ ïîñëåäîâàòåëüíîñòåé. Ê ïåðå-

÷èñëåííûì âûøå äîáàâëÿþòñÿ ïîïàðíî íåèçîìîðôíûå ïîëóïîëÿ Vi,

1 ≤ i ≤ 18, ñ ÿäðîì ïîðÿäêà 2, îáðàçóþùèå îäèí èçîòîïíûé êëàññ.

Êàæäûé èç äâóõ ìåòîäîâ Å. Êëåéíôèëäà íàïðàâëåí íà ïðÿìîå

ïîñòðîåíèå ëóïû Q∗ íåíóëåâûõ ýëåìåíòîâ êâàçèïîëÿ Q è ñóùåñòâåí-

íî îòëè÷àåòñÿ îò êëàññè÷åñêîãî ìåòîäà (ñì. � 1.2). Èòàê, â [21] äî-

êàçàíà



26

Òåîðåìà 1.3.3. Ñîáñòâåííûå ïîëóïîëÿ ïîðÿäêà 16 ñîñòàâëÿþò

2 êëàññà èçîòîïíûõ ïîëóïîëåé. Îäèí ñîñòàâëÿþò 5 ïîïàðíî íåèçî-

ìîðôíûõ ïîëóïîëåé T24, T25, T35, T45 è T50 ñ ÿäðîì ïîðÿäêà 4, à äðó-

ãîé � 18 ïîïàðíî íåèçîìîðôíûõ ïîëóïîëåé Vi, 1 ≤ i ≤ 18, ñ ÿäðîì

ïîðÿäêà 2. 2

1.4 Âîïðîñû Â.Â. Áåëÿåâà î ëàòèíñêèõ ïðÿìîóãîëüíèêàõ

Â ýòîì ïàðàãðàôå îòìå÷àþòñÿ íåêîòîðûå èçâåñòíûå ñâÿçè ëàòèí-

ñêèõ êâàäðàòîâ è ïðîåêòèâíûõ ïëîñêîñòåé è ïðèâîäÿòñÿ îòâåòû íà

âîïðîñû î ëàòèíñêèõ r × 6-ïðÿìîóãîëüíèêàõ, çàïèñàííûå Â.Â. Áå-

ëÿåâûì â 2004 ã. äëÿ ìîëîäûõ èññëåäîâàòåëåé [1].

Íàðÿäó ñ òåîðåìîé 1.3.2 Å. Êëåéíôèëäà, ñâÿçè ïðîåêòèâíûõ ïëîñ-

êîñòåé è ëàòèíñêèõ êâàäðàòîâ èçó÷àëèñü â [18], [31] è äð. Ñ äðóãîé

ñòîðîíû, Ì. Ãîðèññåí [17, Òåîðåìà 10] èññëåäîâàë ñâÿçü îòíîøåíèÿ

èçîìîðôíîñòè ïðîåêòèâíûõ ïëîñêîñòåé è îòíîøåíèÿ èçîòîïíîñòè

ëàòèíñêèõ êâàäðàòîâ.

Îòìåòèì, ÷òî ëàòèíñêèé r×n-ïðÿìîóãîëüíèê (îïðåäåëåíèå 1.3.1)

ÿâëÿåòñÿ ëàòèíñêèì êâàäðàòîì ïðè r = n. Íàì ïîòðåáóåòñÿ

Îïðåäåëåíèå 1.4.1. Ëàòèíñêèé r×n-ïðÿìîóãîëüíèê íàçûâàåò-

ñÿ ðåäóöèðîâàííûì, åñëè ýëåìåíòû åãî 1-é ñòðîêè ðàñïîëîæåíû ïî

âîçðàñòàíèþ, à ýëåìåíòû 1-ãî ñòîëáöà âîçðàñòàþò îò 1 äî r.

Ñâÿçè ïðîåêòèâíûõ ïëîñêîñòåé è ëàòèíñêèõ êâàäðàòîâ âûÿâëÿ-

þòñÿ â [18], [31] è äð. Ïåðå÷èñëåíèÿ ëàòèíñêèõ êâàäðàòîâ ïîðÿä-

êà n äàæå äëÿ íåáîëüøèõ n ïðåäñòàâëÿþò ñîáîé òðóäíóþ êîìáè-



27

íàòîðíóþ çàäà÷ó. ×èñëî Rn ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðàòîâ

ïîðÿäêà n ≤ 5 âû÷èñëèëè Ë. Ýéëåð [15] è À. Êýëè [10]. Äðóãîé ïîä-

õîä ê âû÷èñëåíèþ òåõ æå ÷èñåë èñïîëüçîâàë Ï. ÌàêÌàõîí [28], íî

äëÿ R5 îí ïîëó÷èë îøèáî÷íîå çíà÷åíèå. Á. ÌàêÊåé, À. Ìåéíåðò è

Â. Ìèðâîëä [31] îòìå÷àþò: "Èñòîðèÿ ëàòèíñêèõ êâàäðàòîâ äëèííà

è íàïîëíåíà ìíîãèìè îïóáëèêîâàííûìè îøèáêàìè". Ýòî âûçûâàåò

ïîòðåáíîñòü â íîâûõ ïîäõîäàõ è íîâûõ ïðàâèëàõ ïåðå÷èñëåíèÿ.

Â.Â. Áåëÿåâ çàïèñàë âîïðîñ î ÷èñëå Ln ëàòèíñêèõ êâàäðàòîâ ïî-

ðÿäêîâ n = 4, 5, 6 è âîïðîñû î ÷èñëå ëàòèíñêèõ r × 6-ïðÿìîóãîëü-

íèêîâ äëÿ ñëó÷àåâ r = 2, 3, 4 è 5 (âîïðîñû 1.1 � 1.4 èç [1]).

Ëàòèíñêèå êâàäðàòû ïîðÿäêà ≤ 6 ñî ñïåöèàëüíûìè ñâîéñòâàìè

âûÿâëÿþòñÿ â [31], [6]. ×èñëî R6 èññëåäîâàë Ì. Ôðîëîâ [16], à óòî÷-

íåíèå äàëè Ì. ßêîáñîí è Ï. Ìàòåâñ [19] è Å. Øåíõàðä [38]. Èñ-

ñëåäîâàíèå Õ. Íîðòîíà [32] ÷èñëà R7 óòî÷íÿëè À. Ñýéä [36] è Ï.

Ñàêñåíà [37]. Äàëåå, çíà÷åíèå Rn íàõîäèëè Ì. Âåëëñ [42] ïðè n = 8,

Ñ. Áàììåë è Æ. Ðîñòåéí [9] ïðè n = 9, Á. ÌàêÊåé è Å. Ðîãîé-

ñêèé [29] ïðè n = 10, íàêîíåö, Á. ÌàêÊåé è È. Âàíëåñ [30] äëÿ

n = 11. Ïåðå÷èñëåíèÿ ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðàòîâ ïî-

ðÿäêà 4 ≤ n ≤ 11 (îí åäèíñòâåí, êîãäà n = 1, 2 èëè 3) îòðàæàåò

Òàáëèöà 1.4.1. ×èñëî Rn ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðàòîâ
n Rn ãîä
4 4 1782
5 56 1782
6 9408 1890
7 16942080 1948
8 5352281401856 1967
9 377597570964258816 1975
10 7580721483160132811489280 1995
11 5363937773277371298119673540771840 2005
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Õîðîøî èçâåñòíà ñâÿçü ÷èñåë Ln è Rn.

Òåîðåìà 1.4.2. ×èñëî Ln âñåõ ëàòèíñêèõ êâàäðàòîâ ïîðÿäêà n

ðàâíî n! · (n− 1)! ·Rn. 2

Èññëåäîâàíèÿ Ln ê íàñòîÿùåìó âðåìåíè îòðàæàåò

Òàáëèöà 1.4.2. ×èñëî Ln ëàòèíñêèõ êâàäðàòîâ ïîðÿäêà n

n Ln

1 1
2 2
3 12
4 576
5 161280
6 812851200
7 614794199040000
8 108776032459082956800
9 5524751496156892842531225600
10 99824376582130398717250647569203320000
11 776966836171770144107444346734230682311065600000

Ñ èñïîëüçîâàíèåì êîìïüþòåðíûõ âû÷èñëåíèé, ÷èñëî Rr×n ðåäó-

öèðîâàííûõ ëàòèíñêèõ r × n-ïðÿìîóãîëüíèêîâ íàéäåíî â [31] äëÿ

r = 4 ≤ n ≤ 28 è r = 5 ≤ n ≤ 28, à ðàíåå Á. ÌàêÊåé è È. Âîíëåñ

[30] ïîëó÷èëè ñëåäóþùóþ òàáëèöó.

Òàáëèöà 1.4.3. ×èñëî Rr×n ëàòèíñêèõ ïðÿìîóãîëüíèêîâ
r × n Rr×n

2× 3 1
2× 4 3
3× 4 4
2× 5 11
3× 5 46
4× 5 56
2× 6 53
3× 6 1064
4× 6 6552
5× 6 9408
2× 7 309
3× 7 35792
4× 7 1293216
5× 7 11270400
6× 7 16942080
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2× 8 2119
3× 8 1673792
4× 8 420909504
5× 8 27206658048
6× 8 335390189568
7× 8 535281401856
2× 9 16687
3× 9 103443808
4× 9 207624560256
5× 9 112681643083776
6× 9 12952605404381184
7× 9 224382697916691456
8× 9 377597570964258816
2× 10 148329
3× 10 8154999232
4× 10 147174521059584
5× 10 746988383076286464
6× 10 870735405591003709440
7× 10 177144296983054185922560
8× 10 4292039421591854273003520
9× 10 7580721483160132811489280
2× 11 1468457
3× 11 798030483328
4× 11 143968880078466048
5× 11 7533492323047902093312
6× 11 96299552373292505158778880
7× 11 240123216475173515502173552640
8× 11 86108204357787266780858343751680
9× 11 2905990310033882693113989027594240
10× 11 5363937773277371298119673540771840

Îöåíêè ÷èñëà Rn ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðàòîâ ïîðÿäêà

n äëÿ ñëó÷àåâ n = 12, 13, 14 è 15 èçó÷àëè Á. ÌàêÊåé è Å. Ðîãîéñêèé

[29]. Â 2009 ãîäó Í.Þ. Êóçíåöîâ [24], Ê. Æàíã è Æ. Ìà [45] óñòàíî-

âèëè áîëåå òî÷íûå îöåíêè, êîòîðûå ðåçþìèðóåò ñëåäóþùàÿ òàáëèöà

(÷åðåç ξn îáîçíà÷àåòñÿ ïîãðåøíîñòü â ïðîöåíòàõ îöåíêè Rn).

Òàáëèöà 1.4.4. Îöåíêà ÷èñëà Rn ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðàòîâ
C. Zhang � J. Ma Í.Þ. Êóçíåöîâ

n Rn Rn Èíòåðâàë ξn

12 1,622 ·1044 1,612 ·1044 (1,596 ·1044, 1,629 ·1044) 1
13 2 2,514 ·1056 2,489 ·1056 (2,465 ·1056, 2,515 ·1056) 1
14 2,332 ·1070 2,323 ·1070 (2,3 ·1070, 2,347 ·1070) 1
15 1,516 ·1086 1,516 ·1086 (1,499 ·1086, 1,531 ·1086) 1
16 7,898 ·10103 8,081 ·10103 (7,92 ·10103, 8,242 ·10103) 2
17 3,768 ·10123 3,717 ·10123 (3,642 ·10123, 3,791 ·10123) 2
18 1,869 ·10145 1,828 ·10145 (1,773 ·10145, 1,883 ·10145) 3
19 1,073 ·10169 1,103 ·10169 (1,059 ·10169, 1,147 ·10169) 4
20 7,991 ·10194 7,647 ·10194 (7,264 ·10194, 8,028 ·10194) 5
50 3,06 ·102123

100 1,78 ·1011139
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Êëàññè÷åñêèé ðåçóëüòàò Æ. Ëèíòà è Ð. Âèëüñîíà [25] äàåò îöåí-

êó:
n∏

k=1

(k!)
n
k ≥ Ln ≥ (n!)2n

nn2 .

Óñòàíîâèì ñâÿçü ÷èñåë Lr×n è Rr×n. Òåîðåìó 1.4.2 îáîáùàåò

Òåîðåìà 1.4.3. ×èñëî Lr×n âñåõ ëàòèíñêèõ r × n-ïðÿìîóãîëü-

íèêîâ ïðè 1 ≤ r ≤ n ðàâíî

Lr×n =
n!(n− 1)!

(n− r)!
·Rr×n.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì ðåäóöèðîâàííûé ëàòèíñêèé r×
n-ïðÿìîóãîëüíèê. Òîãäà âñåâîçìîæíûå ïåðåñòàíîâêè åãî ñòðîê, êðî-

ìå ïåðâîé, äàþò (r − 1)! ðàçëè÷íûõ ëàòèíñêèõ r × n-ïðÿìîóãîëü-

íèêîâ, ó êîòîðûõ ïåðâûå ýëåìåíòû 2-é, 3-é, · · · , r-é ñòðîê îáðàçóþò

ìíîæåñòâî {2, 3, · · · , r}.
ßñíî, ÷òî ìû ïîëó÷àåì ñòîëüêî æå ðàçëè÷íûõ ëàòèíñêèõ r × n-

ïðÿìîóãîëüíèêîâ ñ àíàëîãè÷íîé ïåðâîé ñòðîêîé, ó êîòîðûõ ïåðâûå

ýëåìåíòû 2-é, 3-é, · · · , r-é ñòðîê îáðàçóþò ôèêñèðîâàííîå ïðîèç-

âîëüíî (r−1)-ýëåìåíòíîå ïîäìíîæåñòâî âî ìíîæåñòâå {2, 3, · · · , n}.
Ñëåäîâàòåëüíî, ÷èñëî âñåõ ëàòèíñêèõ r× n-ïðÿìîóãîëüíèêîâ, ó êî-

òîðûõ ýëåìåíòû ïåðâîé ñòðîêè ðàñïîëîæåíû ïî âîçðàñòàíèþ, ðàâíî

 n-1

r-1


 · (r − 1)! ·Rr×n =

(n− 1)!

(n− r)!
·Rr×n.

Ïðèìåíÿÿ äàëåå ê ïîëó÷åííûì ëàòèíñêèì r×n-ïðÿìîóãîëüíèêàì

âñåâîçìîæíûå n! ïåðåñòàíîâîê ñòîëáöîâ, î÷åâèäíî, ïîëó÷àåì âñå ëà-

òèíñêèå r × n-ïðÿìîóãîëüíèêè. 2
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Ñëåäóþùàÿ òåîðåìà âûÿâëÿåò ÷èñëî L2×n.

Òåîðåìà 1.4.4. ×èñëî ëàòèíñêèõ 2× n-ïðÿìîóãîëüíèêîâ ðàâíî

L2×n = (n!)2 ·
n∑

k=2

(−1)k

k!
.

Äîêàçàòåëüñòâî. ßñíî, ÷òî 1-þ ñòðîêó â ëàòèíñêèõ 2 × n-ïðÿ-

ìîóãîëüíèêàõ ìîæíî âûáðàòü n! ñïîñîáàìè. Ôèêñèðóÿ 1-þ ñòðîêó,

ìû ñâîäèì çàäà÷ó âûáîðà âòîðîé ñòðîêè ê ñëåäóþùåé èçâåñòíîé

êîìáèíàòîðíîé çàäà÷å.

Çàäà÷à î áåñïîðÿäêàõ. Ïóñòü äàíû n ïðåäìåòîâ a1, a2, · · · , an è

n ÿ÷ååê b1, b2, ..., bn. Êàêîå ÷èñëî N ñïîñîáîâ âîçìîæíî äëÿ ðàçìåùå-

íèÿ âñåõ ïðåäìåòîâ îäíîâðåìåííî ïî ÿ÷åéêàì (ñ÷èòàåì, ÷òî êàæäàÿ

ÿ÷åéêà âìåùàåò îäèí ïðåäìåò) òàê, ÷òîáû êàæäûé ïðåäìåò ai íå

ïîïàë â ÿ÷åéêó bi?

Ïî êîìáèíàòîðíîé ôîðìóëå âêëþ÷åíèé è èñêëþ÷åíèé [5, � 2.1]

íàõîäèì:

N = n!+
n∑

k=1

(−1)kn!

k!
= n!

n∑

k=0

(−1)k 1

k!
= n!·(1−1+

1

2!
− 1

3!
+...+

(−1)k

n!
).

Ïîýòîìó ÷èñëî ðàçëè÷íûõ ëàòèíñêèõ 2× n-ïðÿìîóãîëüíèêîâ ðàâíî

n! ·N = n! · n!
n∑

k=0

(−1)k 1

k!
= (n!)2

n∑

k=2

(−1)k 1

k!

è òåîðåìà äîêàçàíà. 2

Ðàññìîòðèì ñåé÷àñ âîïðîñû 1.1 � 1.4 èç [1].

Çàìåòèì, ÷òî ëþáûå äâå ñòðîêè ïðîèçâîëüíîãî ëàòèíñêîãî êâàä-

ðàòà (àíàëîãè÷íî, r × n-ïðÿìîóãîëüíèêà ñ r ≤ n) îáðàçóþò ëàòèí-

ñêèé 2×n-ïðÿìîóãîëüíèê. Ñ äðóãîé ñòîðîíû, îíè äàþò ïîäñòàíîâêó
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n-îé ñòåïåíè, â öèêëè÷åñêîé çàïèñè êîòîðîé íåò öèêëîâ äëèíû 1, à,

ñëåäîâàòåëüíî, è öèêëîâ äëèíû n − 1. Çàôèêñèðóåì ïðîèçâîëüíûé

ðåäóöèðîâàííûé ëàòèíñêèé ïðÿìîóãîëüíèê.

Ïðè n = 4 âòîðîé ýëåìåíò 2-é ñòðîêè ìîæíî âûáèðàòü ëþáûì

6= 2, è òîãäà 2-ÿ ñòðîêà îïðåäåëÿåòñÿ îäíîçíà÷íî. Êîãäà ýòîò ýëå-

ìåíò ðàâåí 1, 3-þ ñòðîêó ñî âòîðûì ýëåìåíòîì 4 ìîæíî âûáðàòü

äâóìÿ ñïîñîáàìè; â îñòàëüíûõ ñëó÷àÿõ 3-ÿ ñòðîêà îïðåäåëåíà âû-

áîðîì âòîðîãî ýëåìåíòà îäíîçíà÷íî. Îòñþäà R3×4 = R4 è, ñ ó÷åòîì

òåîðåìû 1.4.2, ïîëó÷àåì L4 = 4!3! ·R4 = 576.

Ïðè n = 5 ïåðâàÿ ñòðîêà ñ ëþáîé äðóãîé ñòðîêîé îáðàçóåò ïîä-

ñòàíîâêó, êîòîðàÿ ëèáî öèêëè÷åñêàÿ (6 âîçìîæíîñòåé), ëèáî ïîäñòà-

íîâêà ñ äâóìÿ íåçàâèñèìûìè öèêëàìè äëèíû 2 è 3 (5 âîçìîæíîñòåé).

Ïðè ýòîì ó÷èòûâàåì, ÷òî â ñèëó òåîðåìû 1.4.3 èìååì,

L2×5 = 5280 =
R2×5 · 5!4!

3!
, R2×5 = 11.

Àíàëîãè÷íûìè ðàññóæäåíèÿìè óñòàíàâëèâàþòñÿ ðàâåíñòâà:

R5 = 56, L5 = 5!4! ·R5 = 161280.

Ïðè n = 6, â ñèëó òåîðåì 1.4.2 è 1.4.3,

L2×6 = 190800 =
6!5!

4!
·R2×6, R2×6 = 53.

Òàêèì îáðàçîì, ÷èñëî âîçìîæíîñòåé äëÿ âòîðîé ñòðîêè ðàâíî 53.

Èç íèõ ïðèâîäÿò (âìåñòå ñ ïåðâîé ñòðîêîé):

a) 24 ê öèêëè÷åñêîé ïîäñòàíîâêå âèäà (12...);

b) 3 ê ïðîèçâåäåíèþ òðåõ (íåçàâèñèìûõ) äâîéíûõ öèêëîâ, âêëþ÷àÿ
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(12...);

c) 8 ê ïðîèçâåäåíèþ äâóõ òðîéíûõ öèêëîâ;

d) 18 ê ïîäñòàíîâêå âèäà (12)(...) èëè (...)(12...) ñ ÷åòâåðíûì öèêëîì.

Îêàçûâàåòñÿ, ïðè ëþáîì âûáîðå ðåäóöèðîâàííîãî ëàòèíñêîãî

2 × 6-ïðÿìîóãîëüíèêà â ñëó÷àÿõ a), b) è d) ñóùåñòâóåò òî÷íî 20

ñïîñîáîâ ïðèñîåäèíåíèÿ 3-é ñòðîêè äî ðåäóöèðîâàííîãî ëàòèíñêîãî

3× 6-ïðÿìîóãîëüíèêà, òî åñòü (24 + 18 + 3) · 20 = 900 âñåãî. Àíàëî-

ãè÷íî, â ñëó÷àå ñ): ðîâíî 3 òàêèõ ïîäñòàíîâêè èìåþò ïî 19 ñïîñîáîâ

ïðèñîåäèíåíèÿ 3-é ñòðîêè, 3 - ïî 21 ñïîñîáó è 2 - ïî 22 ñïîñîáà.

Òàêèì îáðàçîì ïîëó÷àåì 3 · 19 + 3 · 21 + 2 × 22 = 164. Íåòðóäíî

ïîñ÷èòàòü ÷èñëî ëàòèíñêèõ R3×6 = 900 + 164 = 1064.

Íåïîñðåäñòâåííîå ïåðå÷èñëåíèå ïîêàçûâàåò, ÷òî îáùåå ÷èñëî âîç-

ìîæíûõ âàðèàíòîâ ïðèñîåäèíåíèÿ 3-é ñòðîêè ê ïåðâûì äâóì, îáðà-

çóþùèì ïîäñòàíîâêè òèïîâ a), b) è d) ðàâíî 80, â ñëó÷àå ñ) - 82. Ýòî

äàåò îòâåò íà âîïðîñ 1.3 Â.Â. Áåëÿåâà.

×èñëî L3×6 ëàòèíñêèõ 3×6-ïðÿìîóãîëüíèêîâ, ïîëó÷åííûõ äîáàâ-

ëåíèåì 3-é ñòðîêè ê ïåðâûì äâóì, îáðàçóþùèì ïîäñòàíîâêó ïåðâîãî

òèïà, ðàâíî 9440. Ïðè ýòîì èìååì 4248, 472, 1534 è 3186 ñëó÷àåâ, êî-

ãäà 2-ÿ è 3-ÿ ñòðîêè îáðàçóþò ïîäñòàíîâêó, ñîîòâåòñòâåííî, ïåðâîãî,

âòîðîãî, òðåòüåãî èëè ÷åòâåðòîãî òèïà. Äîáàâëåíèåì 3-é ñòðîêè, êî-

ãäà 1-ÿ è 2-ÿ îáðàçóþò ïîäñòàíîâêó âòîðîãî òèïà, äàåò 1200 ñëó÷àåâ.

Èç íèõ èìååì 540, 60, 180 è 420 ñëó÷àåâ, êîãäà 2-ÿ è 3-ÿ ñòðîêè îá-

ðàçóþò ïîäñòàíîâêó, ñîîòâåòñòâåííî, ïåðâîãî, âòîðîãî, òðåòüåãî èëè

÷åòâåðòîãî òèïà. Àíàëîãè÷íî, åñëè 1-ÿ è 2-ÿ ñòðîêè îáðàçóþò ïîäñòà-
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íîâêó òðåòüåãî òèïà, òî 3-þ ñòðîêó ìîæíî äîáàâèòü 3280 ñïîñîáàìè.

Èç íèõ 1600, 240, 400 è 1040 ñëó÷àåâ, êîãäà 2-ÿ è 3-ÿ ñòðîêè îáðàçóþò

ïîäñòàíîâêó, ñîîòâåòñòâåííî, ïåðâîãî, âòîðîãî, òðåòüåãî èëè ÷åòâåð-

òîãî òèïà. Åñëè 1-ÿ è 2-ÿ ñòðîêè îáðàçóþò ïîäñòàíîâêó ÷åòâåðòîãî

òèïà, òî 3-þ ñòðîêó ìîæíî äîáàâèòü 7360 ñïîñîáàìè. Èç íèõ 3312,

368, 1104 è 2576 ñëó÷àåâ, êîãäà 2-ÿ è 3-ÿ ñòðîêè îáðàçóþò ïîäñòàíîâ-

êó, ñîîòâåòñòâåííî, ïåðâîãî, âòîðîãî, òðåòüåãî èëè ÷åòâåðòîãî òèïà.

Îòñþäà ïîëó÷àåì ðàâåíñòâî L3×6 = 15321600. Ïî òåîðåìå 1.4.3,

L3×6 = 15321600 =
6!5!

3!
·R3×6, R3×6 = 1064.

Ïðèñîåäèíèì 4-þ ñòðîêó ê ïåðå÷èñëåííûì ëàòèíñêèì 3 × 6-

ïðÿìîóãîëüíèêàì. Åñëè 2-ÿ è 3-ÿ ñòðîêè îáðàçóþò ïîäñòàíîâêó ïåð-

âîãî òèïà, òî â êàæäîì ñëó÷àå 4-þ ñòðîêó ìîæíî çàäàòü òîëüêî 20

âàðèàíòàìè; âî âñåõ îñòàëüíûõ ñëó÷àÿõ 4-þ ñòðîêó ìîæíî çàäàòü

17, 18, 19, 20 èëè 21 ñïîñîáàìè. Òàêèì îáðàçîì, ñ ó÷åòîì òåîðåìû

1.4.3, ïîëó÷àåì:

L4×6 = 283086400 =
6!5!

2!
·R4×6, R4×6 = 6552.

Äëÿ äàëüíåéøåãî ïîñòðîåíèÿ îïðåäåëÿåì ÷èñëî öèêëîâ òèïîâ à),

b), ñ), d) â ïîäñòàíîâêå, îáðàçîâàííîé 3-é è 4-é ñòðîêàìè. ×èñ-

ëî âîçìîæíîñòåé çàäàíèÿ 5-é ñòðîêè â ñëó÷àÿõ ëàòèíñêèõ 5 × 6-

ïðÿìîóãîëüíèêàõ ïåðâîãî, âòîðîãî è ÷åòâåðòîãî òèïîâ ðàâíî 2 èëè

4, à â ñëó÷àå òðåòüåãî òèïà - 2, 4 èëè 8. Èòàê,

L5×6 = 812851200 =
6!5!

1!
·R5×6, R5×6 = 9408.
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6-ÿ ñòðîêà çàäàåòñÿ îäíîçíà÷íî, òàê ÷òî ÷èñëî ëàòèíñêèõ êâàäðà-

òîâ ïîðÿäêà 6 ðàâíî 812851200; ýòî îòâåò íà âîïðîñ 1.4 Â.Â. Áåëÿåâà.

Ïåðå÷èñëèì ðåäóöèðîâàííûå ëàòèíñêèå êâàäðàòû ïîðÿäêà n =

6. ×èñëî âîçìîæíîñòåé âûáîðà 2-é ñòðîêè ðàâíî 53. Ïîëó÷åííûå

2× 6 ðåäóöèðîâàííûå ëàòèíñêèå ïðÿìîóãîëüíèêè ìîæíî ïðåäñòàâ-

ëÿòü öèêëè÷åñêèìè ïîäñòàíîâêàìè ñ íàáîðàìè äëèí öèêëîâ:

a) 6 � 24 ïîäñòàíîâêè; b) 2,2,2 � 2 ïîäñòàíîâêè;

c) 3, 3 � 8 ïîäñòàíîâîê; d) 2, 4 � 19 ïîäñòàíîâîê.
Ñîîòâåòñòâåííî ïîëó÷àåì:

 1 2 3 4 5 6

2 1 4 6 3 5


 ,


 1 2 3 4 5 6

2 1 4 3 6 5


 ,


 1 2 3 4 5 6

2 1 4 5 6 3


 ,


 1 2 3 4 5 6

2 1 5 6 3 4


 ,


 1 2 3 4 5 6

2 1 5 6 4 3


 ,


 1 2 3 4 5 6

2 1 5 3 6 4


 ,


 1 2 3 4 5 6

2 1 6 5 3 4


 ,


 1 2 3 4 5 6

2 1 6 3 4 5


 ,


 1 2 3 4 5 6

2 1 6 5 4 3


 ,


 1 2 3 4 5 6

2 3 1 6 4 5


 ,


 1 2 3 4 5 6

2 3 1 5 6 4


 ,


 1 2 3 4 5 6

2 3 4 5 6 1


 ,


 1 2 3 4 5 6

2 3 4 5 1 5


 ,


 1 2 3 4 5 6

2 3 4 1 6 5


 ,


 1 2 3 4 5 6

2 3 5 1 6 4


 ,


 1 2 3 4 5 6

2 3 5 6 1 4


 ,


 1 2 3 4 5 6

2 3 5 6 4 1


 ,


 1 2 3 4 5 6

2 3 6 1 4 5


 ,


 1 2 3 4 5 6

2 3 6 5 1 4


 ,


 1 2 3 4 5 6

2 3 6 5 4 1


 ,


 1 2 3 4 5 6

2 4 1 3 6 5


 ,


 1 2 3 4 5 6

2 4 1 5 6 3


 ,


 1 2 3 4 5 6

2 4 1 6 3 5


 ,


 1 2 3 4 5 6

2 4 5 1 6 3


 ,


 1 2 3 4 5 6

2 4 5 3 6 1


 ,


 1 2 3 4 5 6

2 4 5 6 1 3


 ,


 1 2 3 4 5 6

2 4 5 6 3 1


 ,


 1 2 3 4 5 6

2 4 6 1 3 5


 ,


 1 2 3 4 5 6

2 4 6 3 1 5


 ,


 1 2 3 4 5 6

2 4 6 5 1 3


 ,


 1 2 3 4 5 6

2 4 6 5 3 1


 ,


 1 2 3 4 5 6

2 5 1 3 6 4


 ,


 1 2 3 4 5 6

2 5 1 6 3 4


 ,


 1 2 3 4 5 6

2 5 1 6 4 3


 ,


 1 2 3 4 5 6

2 5 4 1 6 3


 ,


 1 2 3 4 5 6

2 5 4 3 6 1


 ,


 1 2 3 4 5 6

2 5 4 6 1 3


 ,


 1 2 3 4 5 6

2 5 4 6 3 1


 ,


 1 2 3 4 5 6

2 5 6 1 3 4


 ,


 1 2 3 4 5 6

2 5 6 1 4 3


 ,


 1 2 3 4 5 6

2 5 6 3 1 4


 ,


 1 2 3 4 5 6

2 5 6 3 4 1


 ,


 1 2 3 4 5 6

2 6 1 3 4 5


 ,


 1 2 3 4 5 6

2 6 1 5 4 3


 ,


 1 2 3 4 5 6

2 6 1 5 3 4


 ,


 1 2 3 4 5 6

2 6 4 1 3 5


 ,


 1 2 3 4 5 6

2 6 4 3 1 5


 ,


 1 2 3 4 5 6

2 6 4 5 1 3


 ,


 1 2 3 4 5 6

2 6 4 5 3 1


 ,


 1 2 3 4 5 6

2 6 5 1 3 4


 ,


 1 2 3 4 5 6

2 6 5 1 4 3


 ,


 1 2 3 4 5 6

2 6 5 3 1 4


 ,


 1 2 3 4 5 6

2 6 5 3 4 1


 .
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Êàæäûé ðåäóöèðîâàííûé ëàòèíñêèé 2×6-ïðÿìîóãîëüíèê òèïîâ à),

b) èëè d) èìååò ïî 20 âàðèàíòîâ ïðèñîåäèíåíèÿ 3-é ñòðîêè, à äëÿ

òèïà c) - 19, 21 èëè 22 âàðèàíòà. Òàêèì îáðàçîì,

R3×6 = 1064.

Íèæå ïðèâåäåíû ðåçóëüòàòû îòäåëüíî äëÿ íåêîòîðûõ âèäîâ ïîä-

ñòàíîâîê (ïåðå÷èñëÿþòñÿ ïîñëå îòäåëüíîé ëèíèè).

Òèï à) Òèï b) Òèï d)

1 2 3 4 5 6

2 3 4 5 6 1

3 1 2 6 4 5

3 1 5 6 2 4

3 1 5 6 4 2

3 1 6 2 4 5

3 4 1 6 2 5

3 4 2 6 1 5

3 4 5 6 1 2

3 4 6 1 2 5

3 4 6 2 1 5

3 5 1 6 2 4

3 5 1 6 4 2

3 5 1 6 1 4

3 5 6 1 2 4

3 5 6 1 4 2

3 5 6 2 1 4

3 6 1 2 4 5

3 6 2 1 4 5

3 6 5 1 2 4

3 6 5 1 4 2

3 6 5 2 1 4

1 2 3 4 5 6

2 1 4 3 6 5

3 4 5 6 1 2

3 4 5 6 2 1

3 4 6 5 1 2

3 4 6 5 2 1

3 5 1 6 2 4

3 5 1 6 4 2

3 5 2 6 1 4

3 5 2 6 4 1

3 5 6 1 2 4

3 5 6 1 4 2

3 5 6 2 1 4

3 5 6 2 4 1

3 6 1 5 2 4

3 6 1 5 4 2

3 6 2 5 1 4

3 6 2 5 4 1

3 6 5 1 2 4

3 6 5 1 4 2

3 6 5 2 1 4

3 6 5 2 4 1

1 2 3 4 5 6

2 1 4 6 3 5

3 4 1 5 6 2

3 4 2 5 6 1

3 4 5 1 6 2

3 4 5 2 6 1

3 4 6 5 1 2

3 4 6 5 2 1

3 5 1 2 6 4

3 5 2 1 6 4

3 5 6 1 2 4

3 5 6 1 4 2

3 5 6 2 1 4

3 5 6 2 4 1

3 6 1 5 2 4

3 6 1 5 4 2

3 6 2 5 1 4

3 6 2 5 4 1

3 6 5 1 2 4

3 6 5 1 4 2

3 6 5 2 1 4

3 6 5 2 4 1

Àíàëîãè÷íî ïåðå÷èñëÿåì âàðèàíòû âûáîðà 3-õ ñòðîê äëÿ òèïà

c). Äëÿ äàëüíåéøåãî ïðèñîåäèíåíèÿ 4-é ñòðîêè íåîáõîäèìî ðàç-

áèòü ìíîæåñòâî ïîëó÷åííûõ ðåäóöèðîâàííûõ ëàòèíñêèõ 3 × 6-

ïðÿìîóãîëüíèêîâ íà ïîäìíîæåñòâà, â êàæäîì èç êîòîðûõ 1-ÿ è 3-ÿ

ñòðîêè îáðàçóþò ïîäñòàíîâêó îïèñàííûõ âûøå òèïîâ. ×èñëî ñïîñî-

áîâ ïðèñîåäèíåíèÿ 4-é ñòðîêè äëÿ ëàòèíñêèõ 3×6-ïðÿìîóãîëüíèêîâ

ðàâíî 5 äëÿ òèïîâ à), c) è d), è ðàâíî 5, 6 èëè 8 äëÿ b). Òàêèì îá-

ðàçîì, R4×6 = 6552.
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×èñëî âîçìîæíûõ âàðèàíòîâ ïðèñîåäèíåíèÿ 5-é ñòðîêè ðàâíî 2

èëè 4 íåçàâèñèìî îò öèêëè÷åñêîé çàïèñè ïîäñòàíîâêè, îáðàçîâàííîé

1 è 4 ñòðîêàìè. Ïîýòîìó R5×6 = 9408.

Íèæå ïðèâåäåíû ïðèìåðû ïðèñîåäèíåíèÿ 4-é è 5-é ñòðîê (ïåðå-

÷èñëÿþòñÿ ïîñëå îòäåëüíîé ëèíèè) äëÿ ðàçëè÷íûõ òèïîâ ïîäñòàíî-

âîê.

Ïðèìåðû ïðèñîåäèíåíèÿ ÷åòâåðòîé ñòðîêè äëÿ òèïîâ à), b), c):

Òèï à) Òèï b) Òèï c)

1 2 3 4 5 6

2 1 4 3 6 5

3 4 5 6 2 1

4 3 6 5 1 2

4 5 6 1 3 2

4 5 6 2 1 3

4 6 1 5 3 2

4 6 2 5 1 3

1 2 3 4 5 6

2 1 4 3 6 5

3 5 1 6 2 4

4 3 6 5 1 2

4 6 2 5 1 3

4 6 2 5 3 1

4 6 5 1 3 2

4 6 5 2 1 3

4 6 5 2 3 1

1 2 3 4 5 6

2 1 4 3 6 5

3 4 5 6 1 2

4 3 6 5 2 1

4 5 6 1 2 3

4 5 6 2 3 1

4 6 1 5 2 3

4 6 2 5 3 1

.

Ïðèìåðû ïðèñîåäèíåíèÿ ïÿòîé ñòðîêè:

Òèï à) Òèï b) Òèï c) Òèï d)

1 2 3 4 5 6

2 1 4 3 6 5

3 4 5 6 1 2

4 3 6 5 2 1

5 6 1 2 3 4

5 6 1 2 4 3

5 6 2 1 3 4

5 6 2 1 4 3

1 2 3 4 5 6

2 1 4 3 6 5

3 5 1 6 2 4

4 6 5 1 3 2

5 3 6 2 4 1

5 4 6 2 1 3

1 2 3 4 5 6

2 1 4 3 6 5

3 4 5 6 1 2

4 3 5 6 2 1

5 6 1 2 3 4

5 6 1 2 4 3

5 6 2 1 3 4

5 6 2 1 4 3

1 2 3 4 5 6

2 1 4 3 6 5

3 4 5 6 1 2

4 5 6 1 2 3

5 6 1 2 3 4

5 6 2 1 3 4
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ßñíî, ÷òî ïîñëåäíÿÿ ñòðîêà îïðåäåëÿåòñÿ îäíîçíà÷íî è ïîýòîìó

R6 = 9408.

Âîïðîñû 1.5 - 1.10 Â.Â. Áåëÿåâà [1] çàêëþ÷àþòñÿ â îïðåäåëåíèè

÷èñëà êëàññîâ RC- è RCN - ýêâèâàëåíòíûõ ëàòèíñêèõ êâàäðàòîâ

ïîðÿäêîâ n = 4, 5, 6 è ÷èñåë ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðàòîâ

â êàæäîì ýêâèâàëåíòíîì êëàññå. Íàì ïîòðåáóþòñÿ îïðåäåëåíèÿ.

Îïðåäåëåíèå 1.4.5. Äâà ëàòèíñêèõ êâàäðàòà íàçûâàþò R-

(àíàëîãè÷íî, C- èëè N -) ýêâèâàëåíòíûìè, åñëè ëþáîé èç íèõ ïîëó-

÷àåòñÿ èç äðóãîãî ïåðåñòàíîâêàìè ñòðîê (ñîîòâåòñòâåííî, ñòîëá-

öîâ èëè ýëåìåíòîâ).

Ðàññìîòðèì ïîäðîáíî ïðåîáðàçîâàíèÿ RC- è RCN - ýêâèâàëåíò-

íûõ ëàòèíñêèõ êâàäðàòîâ ïîðÿäêà n = 4. Äëÿ ýòîãî óäîáíåå ðàñ-

ñìîòðåòü ñíà÷àëà áîëåå ïðîñòûå R- è C- ïðåîáðàçîâàíèÿ.

Èçó÷åíèå R- è C- ïðåîáðàçîâàíèé ïîçâîëèëî ïîñòðîèòü 24 êëàñ-

ñà R-ýêâèâàëåíòíûõ ëàòèíñêèõ êâàäðàòîâ ïîðÿäêà n = 4, è ñòîëü-

êî æå C-ýêâèâàëåíòíûõ êëàññîâ. Êàæäûé íàéäåííûé êëàññ èìååò

ìîùíîñòü 24. Îêàçàëîñü, ÷òî íåêîòîðûå ëàòèíñêèå êâàäðàòû ïîðÿä-

êà 4 ëåæàò îäíîâðåìåííî è â R- è â C- ýêâèâàëåíòíûõ êëàññàõ.

Çíà÷èò, îíè îáðàçóþò îäèí RC-ýêâèâàëåíòíûé êëàññ. Òàê êàê RC-

ïðåîáðàçîâàíèå - ýòî îäíîâðåìåííàÿ ïåðåñòàíîâêà ñòðîê è ñòîëáöîâ

ëàòèíñêîãî êâàäðàòà, òî íåêîòîðûå R- è C- ýêâèâàëåíòíûå êëàññû

áóäóò ñîâïàäàòü. Îòñþäà ïîñëåäîâàòåëüíî ïîëó÷àåì ñëåäóþùèå äâà

ïðåäëîæåíèÿ.
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Ïðåäëîæåíèå 1.4.6. Ïîëíàÿ ñèñòåìà ëàòèíñêèõ êâàäðàòîâ ïî-

ðÿäêà 4 èìååò òî÷íî 4 RC-ýêâèâàëåíòíûõ êëàññà. Ìîùíîñòè

êëàññîâ ðàâíû 144, ïðè÷åì êàæäûé êëàññ RC-ýêâèâàëåíòíîñòè ñî-

äåðæèò òî÷íî 1 ðåäóöèðîâàííûé ëàòèíñêèé êâàäðàò.

Ïðåäëîæåíèå 1.4.7. ×èñëî êëàññîâ RC-ýêâèâàëåíòíûõ ëàòèí-

ñêèõ êâàäðàòîâ ïîðÿäêà n ñîâïàäàåò ñ ÷èñëîì Rn.

Äîêàçàòåëüñòâî. ßñíî, ÷òî ïåðåñòàíîâêè ñòðîê è ñòîëáöîâ íå

ìîãóò ïðåîáðàçîâàòü ðåäóöèðîâàííûé ëàòèíñêèé êâàäðàò â íîâûé

ðåäóöèðîâàííûé ëàòèíñêèé êâàäðàò. Ñëåäîâàòåëüíî, â êàæäîì RC-

ýêâèâàëåíòíîì êëàññå ðåäóöèðîâàííûé ëàòèíñêèé êâàäðàò åäèí-

ñòâåííûé. 2

Â ñèëó ïðåäëîæåíèÿ 1.4.7, ÷èñëî RC-ýêâèâàëåíòíûõ êëàññîâ ëà-

òèíñêèõ êâàäðàòîâ ïîðÿäêîâ n = 5, 6 ðàâíû 56 è 9408, ñîîòâåòñòâåí-

íî. Äëÿ îïðåäåëåíèÿ ìîùíîñòè RC-ýêâèâàëåíòíûõ êëàññîâ ëàòèí-

ñêèõ êâàäðàòîâ ïîðÿäêîâ n = 5, 6 äîñòàòî÷íî çíàòü ÷èñëî ðåäóöè-

ðîâàííûõ ëàòèíñêèõ êâàäðàòîâ çàäàííûõ ïîðÿäêîâ. Íåòðóäíî ïîä-

ñ÷èòàòü, ÷òî ýòè ìîùíîñòè ðàâíû äëÿ n = 5 è n = 6, ñîîòâåòñòâåííî

L5

R5
=

161280

56
= 2880 è L6

R6
=

812851200

9408
= 86400

Òàêèì îáðàçîì, çàâåðøàåòñÿ îòâåò íà âîïðîñ 1.7 Â.Â. Áåëÿåâà. Îòâåò

íà âîïðîñ 1.8 ÿâíî ñëåäóåò èç òåîðåìû 1.4.2 è ïðåäëîæåíèÿ 1.4.7.

Ðåøåíèå âîïðîñà 1.6 èç [1] îá îïðåäåëåíèè ïðèíàäëåæíîñòè äâóõ

ëàòèíñêèõ êâàäðàòîâ ê îäíîìó RC-ýêâèâàëåíòíîìó êëàññó äàåò
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Ïðåäëîæåíèå 1.4.8. Äâà ëàòèíñêèõ êâàäðàòà ëþáîãî ôèêñèðî-

âàííîãî ïîðÿäêà n ëåæàò â îäíîì RC-ýêâèâàëåíòíîì êëàññå, åñëè

îíè ïðèâîäÿòñÿ ê îäíîìó è òîìó æå ðåäóöèðîâàííîìó âèäó.

Ïîíÿòíî, ÷òî RCN -ïðåîáðàçîâàíèÿ âêëþ÷àþò âñå RC-ïðåîáðà-

çîâàíèÿ. Ïîýòîìó äëÿ îïðåäåëåíèÿ ÷èñëà êëàññîâ RCN -ýêâèâà-

ëåíòíûõ ëàòèíñêèõ êâàäðàòîâ ïîðÿäêà n äîñòàòî÷íî ðàáîòàòü ñ RC-

ýêâèâàëåíòíûìè êëàññàìè. Äëÿ óñòàíîâëåíèÿ ïðèíàäëåæíîñòè äâóõ

ëàòèíñêèõ êâàäðàòîâ èç ðàçíûõ RC-ýêâèâàëåíòíûõ êëàññîâ ê îä-

íîìó RCN -ýêâèâàëåíòíîìó êëàññó äîñòàòî÷íî óñòàíîâèòü RCN -

ýêâèâàëåíòíîñòü ëþáîãî êâàäðàòà èç îäíîãî RC-ýêâèâàëåíòíîãî

êëàññà ñ êâàäðàòîì èç äðóãîãî RC-ýêâèâàëåíòíîãî êëàññà.

Ïðåäëîæåíèÿ 1.4.7, 1.4.8 è ñëåäóþùèå 2 ïðåäëîæåíèÿ äàþò îòâåò

íà âîïðîñû 1.5, 1.9 è 1.10 èç [1].

Ïðåäëîæåíèå 1.4.9. Âñå ëàòèíñêèå êâàäðàòû ïîðÿäêà n = 4 îá-

ðàçóþò åäèíñòâåííûé RCN -ýêâèâàëåíòíûé êëàññ.

Ïðåäëîæåíèå 1.4.10. Ëàòèíñêèå êâàäðàòû ïîðÿäêà n = 5 îáðàçó-

þò 2 RCN -ýêâèâàëåíòíûõ êëàññà, ìîùíîñòè êëàññîâ îäèíàêîâûå

è ðàâíû 80640.

Çàìåòèì, ÷òî ïåðå÷èñëåíèå ðåäóöèðîâàííûõ ëàòèíñêèõ êâàäðà-

òîâ ïîðÿäêîâ n = 4, 5, 6 äàåò ïåðå÷èñëåíèå RC-ýêâèâàëåíòíûõ êëàñ-

ñîâ ëàòèíñêèõ êâàäðàòîâ òåõ æå ïîðÿäêîâ. Ýòî çàâåðøàåò èññëåäî-

âàíèå ïîñëåäíåãî âîïðîñà 1.9 èç [1].

Ðåøåíèå âîïðîñîâ Â.Â. Áåëÿåâà îïóáëèêîâàíî àâòîðîì â [49].



2 Ñòðîåíèå ïîëóïîëåé ïîðÿäêîâ 16 è 32

Ñîãëàñíî Å. Êëåéíôèëäó [21], ÷èñëî âñåõ, ñ òî÷íîñòüþ äî èçî-

ìîðôèçìîâ, ñîáñòâåííûõ ïîëóïîëåé ïîðÿäêà 16 ðàâíî 23. Â ãëàâå 2

âîïðîñû (A) � (B) ðåøàþòñÿ â � 2.2 äëÿ âñåõ ïîëóïîëåé ïîðÿäêà 16

(òåîðåìû 2.2.2 � 2.2.4 è òàáëèöà 2.2.5). Ïðåäâàðèòåëüíî â � 2.1 ïîêà-

çûâàåòñÿ, ÷òî ñ òî÷íîñòüþ äî èçîìîðôèçìîâ è àíòèèçîìîðôèçìîâ,

÷èñëî ïîëóïîëåé ïîðÿäêà 16 ðàâíî 16 (òåîðåìà 2.1.1) è âûïèñàíû

ôîðìóëû óìíîæåíèÿ.

Îñíîâíàÿ òåîðåìà 2.4.1 â � 2.4 ïîêàçûâàåò, ÷òî äëÿ îïðîâåðãàþ-

ùåãî ãèïîòåçó Ã. Âåíý ïîëóïîëÿ Êíóòà � Ðóà (íå ÿâëÿþùåãîñÿ ïðà-

âîöèêëè÷åñêèì) ëóïà íåíóëåâûõ ýëåìåíòîâ îäíîïîðîæäåíà.

Ñ ïîìîùüþ èçâåñòíûõ ðåãóëÿðíûõ ìíîæåñòâ ïðîåêòèâíûõ ïëîñ-

êîñòåé òðàíñëÿöèé (Ó. Äåìïâîëüô è Ð. Ðîêåíôåëëåð, 2011 ã.), â � 2.3

âûïèñàíû ïðåäñòàâèòåëè âñåõ èçîòîïíûõ êëàññîâ ñîáñòâåííûõ ïîëó-

ïîëåé ïîðÿäêà 32. Èõ ñòðîåíèå âûÿâëÿþò òåîðåìû 2.3.2 è 2.3.3.
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2.1 Ôîðìóëû óìíîæåíèÿ ïîëóïîëåé Êëåéíôèëäà

Ïåðå÷èñëåííûå Å. Êëåéíôèëäîì ñîáñòâåííûå ïîëóïîëÿ ïîðÿäêà

16 (òåîðåìà 1.3.3 â � 1.3) îáðàçóþò äâà èçîòîïíûõ êëàññà, ñîñòàâëåí-

íûå èç 18 è 5 ïîïàðíî íå èçîìîðôíûõ ïîëóïîëåé ñ ÿäðàìè ïîðÿäêîâ

2 è 4, ñîîòâåòñòâåííî. ßâíûå ôîðìóëû óìíîæåíèÿ äâóõ ïðåäñòàâè-

òåëåé èçîòîïíûõ êëàññîâ ïîëóïîëåé óêàçàë Ä. Êíóò [22], [23].

Äëÿ èññëåäîâàíèÿ ñòðîåíèÿ ìû íàõîäèì â ýòîì ïàðàãðàôå ôîð-

ìóëû óìíîæåíèÿ âñåõ 23-õ Êëåéíôèëäîâûõ ïîëóïîëåé, à òàêæå èõ

ïåðå÷èñëåíèå, ñ òî÷íîñòüþ äî èçîìîðôèçìîâ è àíòèèçîìîðôèçìîâ.

Òåîðåìà 2.1.1. Âñÿêîå ñîáñòâåííîå ïîëóïîëå ïîðÿäêà 16, ñ

òî÷íîñòüþ äî èçîìîðôèçìîâ, åñòü ëèáî îäíî èç 9-è ïîëóïî-

ëåé V2, V10, V12, V13, V17, V18, T24, T35, T45, ëèáî îäíî èç 7-è ïîëóïîëåé

V1, V3, V4, V8, V11, V15, T25 èëè îäíî èç ïðîòèâîïîëîæíûõ ê íèì ïî-

ëóïîëåé V6, V7, V5, V9, V14, V16, T50, ñîîòâåòñòâåííî.

Íàïîìíèì, ÷òî äëÿ ëþáîãî êîëüöà R = (R, +, ·) ïðîòèâîïîëîæ-

íîå êîëüöî Rop = (R, +, ◦) ïîëó÷àþò, ïîëàãàÿ a ◦ b = b · a (a, b ∈ R).

(Àíàëîãè÷íî îïðåäåëÿþò ïðîòèâîïîëîæíûå êâàçèïîëÿ.)

Äëÿ ïîëó÷åíèÿ ôîðìóë óìíîæåíèÿ è äîêàçàòåëüñòâà òåîðåìû

óñòàíîâèì ñîîòâåòñòâèå ìåæäó ïîëóïîëÿìè Å. Êëåéíôèëäà è ðå-

ãóëÿðíûìè ìíîæåñòâàìè ïðîåêòèâíûõ ïîëóïîëåâûõ ïëîñêîñòåé.

C ïîìîùüþ êîìïüþòåðíûõ âû÷èñëåíèé Ä. Êíóò â ðàáîòàõ [22] è

[23] ïîäòâåðæäàåò ðåçóëüòàò Å. Êëåéíôèëäà: ÷èñëî íåäåçàðãîâûõ ïî-

ëóïîëåâûõ ïëîñêîñòåé ïîðÿäêà 16 ðàâíî äâóì è îáå îíè êîîðäèíàòè-
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çèðóþòñÿ ïîëóïîëÿìè, ñîäåðæàùèìè ïîëå GF (4) = {0, 1, ω, ω2}.
Äëÿ óêàçàííûõ ïîëóïîëåé Ä. Êíóò [23] çàïèñàë ÿâíî óìíîæåíèÿ:

(u, v) ◦ (x, y) = (ux + v2y, vx + u2y + v2y2),

(u, v) ◦ (x, y) = (ux + ωv2y, vx + u2y) (u, v, x, y ∈ GF (4)).

Ìû èñïîëüçóåì êëàññè÷åñêèé ñïîñîá ïîñòðîåíèÿ ïîëóïîëåé, îñ-

íîâàííûé íà ïåðå÷èñëåíèè ïîëóïîëåâûõ ïëîñêîñòåé è âîññòàíîâ-

ëåíèè ïîëóïîëÿ ñ ïîìîùüþ ðåãóëÿðíîãî ìíîæåñòâà è óìíîæåíèÿ

(1.1) (ñì. � 1.1). Âñÿêàÿ òàêàÿ ïëîñêîñòü π èìååò ðàíã 4 íàä Z2

è êîîðäèíàòèçèðóåòñÿ 4-õ ìåðíûì ïðîñòðàíñòâîì W íàä Z2. Ðåãó-

ëÿðíîå ìíîæåñòâî R = θ(W ) ìîæíî îïðåäåëÿòü áèåêòèâíûì (èëè

Z2-ëèíåéíûì) îòîáðàæåíèåì θ : W → M(4, Z2), òîæäåñòâåííûì

íà (1, 0, 0, 0). Â îáùåì ñëó÷àå, äëÿ ïîäõîäÿùèõ ëèíåéíûõ ôóíêöèé

bij, cij, dij (2 ≤ i ≤ 4, 1 ≤ j ≤ 4) îò x1, x2, x3, x4 èìååì:

θ(x1, x2, x3, x4) = x1 · E + x2 ·B + x3 · C + x4 ·D (B,C, D ∈ GL(4, Z2)), (2.1)

B =




0 1 0 0

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44




, C =




0 0 1 0

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44




, D =




0 0 0 1

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44




.

Â êà÷åñòâå áàçû ïîëóïîëåé T24, T25, T35, T45 è T50 íàä Z2e

Å. Êëåéíôèëä âûáèðàåò âåêòîðû

(0, 0, 0, 1) = 1, (0, 0, 1, 0) = c, (0, 1, 0, 0) = b, (1, 0, 0, 0) = a.

Çàìåòèì, ÷òî åñëè â êàêèõ-òî áàçàõ äâóõ ïîëóïîëåé òàáëèöû Êýëè

ëóïû íåíóëåâûõ ýëåìåíòîâ ñîâïàäàþò, òî ïîëóïîëÿ èçîìîðôíû. Äëÿ

íàøèõ ïîñòðîåíèé ìû èñïîëüçóåì áàçó
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(1, 0, 0, 0) = 1′, (0, 1, 0, 0) = a′, (0, 0, 1, 0) = b′, (0, 0, 0, 1) = c′.

Ðàññìîòðèì ïîäðîáíî ñëó÷àé ïîëóïîëÿ Å. Êëåéíôèëäà T24. Ìå-

òîä Å. Êëåéíôèëäà [21], îñíîâàííûé íà ëàòèíñêèõ ïðÿìîóãîëüíè-

êàõ (ñì. òàêæå �1.3), ïîçâîëÿåò âîññòàíîâèòü òàáëèöó Êýëè ëóïû

T ∗
24 (óìíîæåíèå íà åäèíè÷íûé ýëåìåíò e = (0, 0, 0, 1) îïóñêàåì):

Òàáëèöà 2.1.1. Òàáëèöà Êýëè ëóïû T ∗24

(0,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,0,1) (0,1,1,0) (0,1,1,1) (1,0,0,0)
(0,0,1,0) (0,0,1,0) (0,0,0,1) (1,0,0,0) (1,0,1,0) (1,0,1,1) (1,0,0,1) (1,1,0,0)
(0,0,1,1) (0,0,0,1) (0,0,1,0) (1,1,0,0) (1,1,1,1) (1,1,0,1) (1,1,1,0) (0,1,0,0)
(0,1,0,0) (1,1,0,1) (1,0,0,1) (1,0,1,0) (1,1,1,0) (0,1,1,1) (0,0,1,1) (1,0,1,1)
(0,1,0,1) (1,1,1,1) (1,0,1,0) (1,1,1,0) (1,0,1,1) (0,0,0,1) (0,1,0,0) (0,0,1,1)
(0,1,1,0) (1,1,1,0) (1,0,0,0) (0,0,1,0) (0,1,0,0) (1,1,0,0) (1,0,1,0) (0,1,1,1)
(0,1,1,1) (1,1,0,0) (1,0,1,1) (0,1,1,0) (0,0,0,1) (1,0,1,0) (1,1,0,1) (1,1,1,1)
(1,0,0,0) (0,1,1,0) (1,1,1,0) (1,1,1,1) (0,1,1,1) (1,0,0,1) (0,0,0,1) (1,1,0,1)
(1,0,0,1) (0,1,0,0) (1,1,0,1) (1,0,1,1) (0,0,1,0) (1,1,1,1) (0,1,1,0) (0,1,0,1)
(1,0,1,0) (0,1,0,1) (1,1,1,1) (0,1,1,1) (1,1,0,1) (0,0,1,0) (1,0,0,0) (0,0,0,1)
(1,0,1,1) (0,1,1,1) (1,1,0,0) (0,0,1,1) (1,0,0,0) (0,1,0,0) (1,1,1,1) (1,0,0,1)
(1,1,0,0) (1,0,1,1) (0,1,1,1) (0,1,0,1) (1,0,0,1) (1,1,1,0) (0,0,1,0) (0,1,1,0)
(1,1,0,1) (1,0,0,1) (0,1,0,0) (0,0,0,1) (1,1,0,0) (1,0,0,0) (0,1,0,1) (1,1,1,0)
(1,1,1,0) (1,0,0,0) (0,1,1,0) (1,1,0,1) (0,0,1,1) (0,1,0,1) (1,0,1,1) (1,0,1,0)
(1,1,1,1) (1,0,1,0) (0,1,0,1) (1,0,0,1) (0,1,1,0) (0,0,1,1) (1,1,0,0) (0,0,1,0)

(1,0,0,1) (1,0,1,0) (1,0,1,1) (1,1,0,0) (1,1,0,1) (1,1,1,0) (1,1,1,1)
(0,0,1,0) (1,1,1,0) (1,1,1,1) (1,1,0,1) (0,1,0,0) (0,1,1,0) (0,1,1,1) (0,1,0,1)
(0,0,1,1) (0,1,1,1) (0,1,0,1) (0,1,1,0) (1,0,0,0) (1,0,1,1) (1,0,0,1) (1,0,1,0)
(0,1,0,0) (1,1,1,1) (0,1,1,0) (0,0,1,0) (0,0,0,1) (0,1,0,1) (1,1,0,0) (1,0,0,0)
(0,1,0,1) (0,1,1,0) (1,1,0,0) (1,0,0,1) (1,1,0,1) (1,0,0,0) (0,0,1,0) (0,1,1,1)
(0,1,1,0) (0,0,0,1) (1,0,0,1) (1,1,1,1) (0,1,0,1) (0,0,1,1) (1,0,1,1) (1,1,0,1)
(0,1,1,1) (1,0,0,0) (0,0,1,1) (0,1,0,0) (1,0,0,1) (1,1,1,0) (0,1,0,1) (0,0,1,0)
(1,0,0,0) (0,1,0,1) (1,0,1,1) (0,0,1,1) (0,0,1,0) (1,0,1,0) (0,1,0,0) (1,1,0,0)
(1,0,0,1) (1,1,0,0) (0,0,0,1) (1,0,0,0) (1,1,1,0) (0,1,1,1) (1,0,1,0) (0,0,1,1)
(1,0,1,0) (1,0,1,1) (0,1,0,0) (1,1,1,0) (0,1,1,0) (1,1,0,0) (0,0,1,1) (1,0,0,1)
(1,0,1,1) (0,0,1,0) (1,1,1,0) (0,1,0,1) (1,0,1,0) (0,0,0,1) (1,1,0,1) (0,1,1,0)
(1,1,0,0) (1,0,1,0) (1,1,0,1) (0,0,0,1) (0,0,1,1) (1,1,1,1) (1,0,0,0) (0,1,0,0)
(1,1,0,1) (0,0,1,1) (0,1,1,1) (1,0,1,0) (1,1,1,1) (0,0,1,0) (0,1,1,0) (1,0,1,1)
(1,1,1,0) (0,1,0,0) (0,0,1,0) (1,1,0,0) (0,1,1,1) (1,0,0,1) (1,1,1,1) (0,0,0,1)
(1,1,1,1) (1,1,0,1) (1,0,0,0) (0,1,1,1) (1,0,1,1) (0,1,0,0) (0,0,0,1) (1,1,1,0)

Ñ ïîìîùüþ òàáëèöû 2.1.1 íåòðóäíî ïîñòðîèòü òàáëèöó óìíîæå-

íèÿ áàçèñíûõ ýëåìåíòîâ Å. Êëåéíôèëäà ïîëóïîëÿ T24:
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Òàáëèöà 2.1.2. Òàáëèöà óìíîæåíèÿ áàçèñà Êëåéíôèëäà ëóïû T ∗24

∗ 1 a b c
1 1 a b c
a a a+b+1 a+b+c+1 b+c
b b a+c+1 a+c a+b+1
c c a+b a c+1

Óìíîæåíèå ◦ ýëåìåíòîâ íîâîãî áàçèñà ñ÷èòàåì ñîâïàäàþùèì ñ
óìíîæåíèåì â òàáëèöå 2.1.2. Òîãäà ñîîòíîøåíèå

a′ ◦ a′ = a′ · θ(a′) = (0, 1, 0, 0) ·




0 1 0 0

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44




= (b21, b22, b23, b24) = a′ + b′ + 1′ = (1, 1, 1, 0)

ñðàçó îïðåäåëÿåò âòîðóþ ñòðîêó ìàòðèöû B èç (2.1) ðåãóëÿðíîãî
ìíîæåñòâà ïîëóïîëåâîé ïëîñêîñòè. Àíàëîãè÷íî, ðàâåíñòâî

b′ ◦ a′ = b′ · θ(a′) = (0, 0, 1, 0) ·




0 1 0 0

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44




= (b31, b32, b33, b34) = a′ + c′ + 1′ = (1, 1, 0, 1)

äàåò òðåòüþ ñòðîêó ìàòðèöû B. 4-þ ñòðîêó íàõîäèì èç ðàâåíñòâà

c′ ◦ a′ = (0, 0, 0, 1) ·




0 1 0 0

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44




= (b41, b42, b43, b44) = a′ + b′ = (0, 1, 1, 0).

Àíàëîãè÷íî, ìàòðèöó C èç (2.1) äàþò ñîîòíîøåíèÿ
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a′◦b′ = (0, 1, 0, 0)·




0 0 1 0

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44




= (c21, c22, c23, c24) = a′+b′+c′+1′ = (1, 1, 1, 1),

b′ ◦ b′ = (0, 0, 1, 0) ·




0 0 1 0

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44




= (c31, c32, c33, c34) = a′ + c′ = (0, 1, 0, 1),

c′ ◦ b′ = (0, 0, 0, 1) ·




0 0 1 0

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44




= (c41, c42, c43, c44) = a′ = (0, 1, 0, 0),

à ìàòðèöó D � ñîîòíîøåíèÿ

a′ ◦ c′ = (0, 1, 0, 0) ·




0 0 0 1

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44




= (d21, d22, d23, d24) = b′ + c′ = (0, 0, 1, 1),

b′ ◦c′ = (0, 0, 1, 0) ·




0 0 0 1

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44




= (d31, d32, d33, d34) = a′+b′+1′ = (1, 1, 1, 0),

c′ ◦ c′ = (0, 0, 0, 1) ·




0 0 0 1

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44




= (d41, d42, d43, d44) = c′ + 1′ = (1, 0, 0, 1).
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Â ñèëó (2.1), ðåãóëÿðíîå ìíîæåñòâî ñîîòâåòñòâóþùåé ïîëóïîëå-

âîé ïëîñêîñòè ïðèíèìàåò âèä:

θ(x, y, z, w) =




x y z w

y + z x + y + z y + z + w z + w

y + w y + z + w x + w y + z

w y + z y x + w


 (x, y, z, w ∈ Z2).

Îòñþäà è èç (1.1) ïîëó÷àåì ôîðìóëó óìíîæåíèÿ â ïîëóïîëå T24:

(a, b, c, d) ◦ (x, y, z, w) = (ax + by + bz + cy + cw + dw,

ay + bx + by + bz + cy + cz + cw + dy + dz,

az + by + bz + bw + cx + cw + dy, aw + bz + bw + cy + cz + dx + dw).

Àíàëîãè÷íûì îáðàçîì âûïèñûâàåì ÿâíûå óìíîæåíèÿ äðóãèõ ïîëó-

ïîëåé Êëåéíôèëäà Ti èç [21].
∗ 1 a b c
1 1 a b c
a a c a+b+c+1 b+c
b b 1 a+c a+b+1
c c a+b a c+1

T25 : (a, b, c, d) ◦ (x, y, z, w) = (ax + by + cz + cw + dw, ay + bx + by + cw + dz,

az + bw + cx + cy + cz + cw + dy + dw, aw + bz + bw + cy + cw + dx + dz).

∗ 1 a b c
1 1 a b c
a a a+c c+1 b+c
b b b+1 c a+b+1
c c a+b a c+1

T35 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bz + cy + cw + dw, ay + bx + by + cw + dy + dz,

az + bw + cx + cy + cw + dy, aw + by + bz + bw + cz + dw).

∗ 1 a b c
1 1 a b c
a a a+1 a+b+c+1 a+b+1
b b b+c+1 a+c a+c+1
c c a+b a c+1
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T45 : (a, b, c, d) ◦ (x, y, z, w) = (ax + by + bz + bw + cy + cw + dw,

ay + bx + by + bz + bw + cz + cw + dy + dz, az + bz + bw + cx + cy + dy,

aw + bz + cy + cz + cw + dw).

Îñòàâøååñÿ ïîëóïîëå T50 èçîìîðôíî ïîëóïîëþ T op
25 .

Îáîçíà÷åíèå {1, c, b, a} áàçèñíîãî íàáîðà Å. Êëåéíôèëäà çàìåíÿ-

åì äëÿ ïîëóïîëåé Vi (1 ≤ i ≤ 18) íàáîðîì {1, a, b, c}. Ñ ó÷åòîì ýòîé

çàìåíû, íàõîäèì ôîðìóëû óìíîæåíèÿ ïîëóïîëåé Vi.

∗ 1 a b c
1 1 a b c
a a b c b+1
b b a+c a+1 b+c
c c a+b+c+1 1 a+c

V1 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + dy + dz, ay + bx + cy + cz + dy + dw,

az + by + bw + cx + cw + dy, aw + bz + cy + cw + dx + dy + dw).

∗ 1 a b c
1 1 a b c
a a b c a+1
b b b+c b+1 a+c
c c a+b+c+1 a+c+1 b+c+1

V2 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + dy + dz + dw, ay + bx + bw + cw + dy + dz,

az + by + bw + cx + cy + cz + dy + dw, aw + bz + cy + cw + dx + dy + dz + dw).

∗ 1 a b c
1 1 a b c
a a b c c+1
b b b+c+1 a+1 b+c
c c a+c c+1 a+b+c

V3 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cy + cz + dz, ay + bx + cz + dy + dw,

az + by + cx + cy + cw + dw, aw + bz + bw + cy + cw + dx + dy + dz + dw).
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∗ 1 a b c
1 1 a b c
a a b c a+b+c+1
b b b+c+1 a+b a+1
c c b+c c+1 a+c

V4 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cy + cw + dz, ay + bx + bw + cz + cw + dw,

az + by + bw + cx + cy + cz + dy, aw + bz + bw + cy + dx + dy + dz + dw).

∗ 1 a b c
1 1 a b c
a a b c a+b+c+1
b b a+c b+1 a+b
c c 1 a+c b

V8 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + dy, ay + bx + bw + cy + cw + dz,

az + by + bw + cx + cz + cw + dw, aw + bz + bw + cy + dx + dz).

∗ 1 a b c
1 1 a b c
a a b c b+1
b b c+1 a+b+1 a+b+c+1
c c a+b+1 a+c c+1

V10 : (a, b, c, d)◦(x, y, z, w) = (ax+bw+cy+cz+cw+dy+dw, ay+bx+cz+cw+dy+dz,

az + by + bw + cx + cz + cw + dy, aw + bz + cy + cw + dx + dz + dw).

∗ 1 a b c
1 1 a b c
a a b c a+1
b b c a+b+c+1 a+c
c c c+1 a+c b+1

V11 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + dy + dw, ay + bx + bw + cz + cw + dz,

az + by + cx + cz + dw, aw + bz + cy + cz + cw + dx + dy + dz).

∗ 1 a b c
1 1 a b c
a a b c a+b+c+1
b b a+c a+1 a+b
c c c+1 a+b+c b+c+1

V12 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + dy + dw, ay + bx + bw + cy + cz + cw + dz,

az + by + bw + cx + cw + dz + dw, aw + bz + bw + cy + dx + dy + dz + dw).
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∗ 1 a b c
1 1 a b c
a a b c a+1
b b a+b+c b+1 a+b+1
c c c+1 a+c b+1

V13 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + cw + dy + dw, ay + bx + bw + cy + cw + dz,

az + by + cx + cy + cz + cw + dw, aw + bz + cy + dy + dz).

∗ 1 a b c
1 1 a b c
a a b c b+1
b b a+c a+b+c+1 a+b+1
c c a+b+1 a+c c+1

V15 : (a, b, c, d)◦(x, y, z, w) = (ax+bw+cz+cw+dy+dw, ay+bx+cy+cz+cw+dy+dz,

az + by + bw + cx + cz + cw + dy, aw + bz + cy + cz + dx + dz + dw).

∗ 1 a b c
1 1 a b c
a a b c a+b+c+1
b b a+c b+1 a+1
c c c+1 a+b+c b+c+1

V17 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + cw + dy + dw, ay + bx + bw + cy + cw + dz,

az + by + bw + cx + cz + dz + dw, aw + bz + bw + cy + dx + dy + dz + dw).

∗ 1 a b c
1 1 a b c
a a b c b+1
b b a+b+c b+1 a+b
c c a+b+c+1 a+c+1 a

V18 : (a, b, c, d) ◦ (x, y, z, w) = (ax + bw + cz + dy + dz, ay + bx + cy + cw + dy + dz + dw,

az + by + bw + cx + cy + cz + cw + dy, aw + bz + cy + dx + dy + dz).

Äëÿ îñòàâøèõñÿ ïîëóïîëåé èñïîëüçóåì èçîìîðôèçìû:

V op
1 ' V6, V op

3 ' V7, V op
4 ' V5, V op

8 ' V9, V op
11 ' V14, V op

15 ' V16.

Ïîñòðîåííûå èçîìîðôèçìû ïîëóïîëåé çàâåðøàþò äîêàçàòåëü-

ñòâî òåîðåìû 2.1.1. 2
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2.2 Òåîðåìû î ñòðîåíèè ïîëóïîëåé ïîðÿäêà 16

Ä. Êíóò [23] ïîêàçàë, ÷òî ïîðÿäîê ãðóïïû àâòîìîðôèçìîâ êàæ-

äîãî èç 23 Êëåéíôèëäîâûõ íåèçîìîðôíûõ ñîáñòâåííûõ ïîëóïîëåé

ïîðÿäêà 16 ðàâåí 6, 4, 3, 2 èëè 1. ßñíî, ÷òî äëÿ ðåøåíèÿ âîïðîñîâ

(A) � (B) äëÿ ïîëóïîëåé ïîðÿäêà 16 äîñòàòî÷íî ðåøèòü èõ äëÿ

êàæäîãî èç 16 ïîëóïîëåé S, ïåðå÷èñëåííûõ â òåîðåìå 2.1.1. Ñ ýòîé

öåëüþ ïåðâîî÷åðåäíîé ñòàíîâèòñÿ çàäà÷à ïîñòðîåíèÿ òàáëèöû Êýëè

ëóïû S∗.

Ìû èñïîëüçóåì îáîçíà÷åíèÿ èç � 2.1 êîîðäèíàòèçèðóþùåãî ìíî-

æåñòâà W , êàê 4-õ ìåðíîãî ïðîñòðàíñòâà íàä Z2, ðåãóëÿðíîãî ìíî-

æåñòâà R = θ(W ) è îòîáðàæåíèÿ θ : W → M(4, Z2), çàäàííîãî ïî

ôîðìóëå (2.1).

Êîãäà (W, +, ◦) � êîíå÷íîå ïîëå ñ óìíîæåíèåì (1.1), ïî ëåììå

1.1.6, R åñòü ïîäïîëå ïîðÿäêà 16 â M(4, Z2) è R∗ � öèêëè÷åñêàÿ

ãðóïïà ïîðÿäêà 15. Îíà ïîðîæäàåòñÿ ìàòðèöåé A ∈ GL(4, 2). Äëÿ

ïîñòðîåíèÿ ìàòðèöû A ó÷èòûâàåì íåïðèâîäèìîñòü íàä Z2 åå õàðàê-

òåðèñòè÷åñêîãî ìíîãî÷ëåíà (êàæäûé åå õàðàêòåðèñòè÷åñêèé êîðåíü

ïîðîæäàåò ðàñøèðåíèå ñòåïåíè 4 ïîëÿ Z2) è èñïîëüçóåì åñòåñòâåí-

íóþ íîðìàëüíóþ ôîðìó ìàòðèö [3, � 15.5].

Ôîðìóëà (2.1) è êîìïüþòåðíûå âû÷èñëåíèÿ ïðèâîäÿò òî÷íî ê

19936 ðàçëè÷íûì íàáîðàì B, C, D, è òî÷íî â 336 ñëó÷àÿõ ðåãóëÿðíîå

ìíîæåñòâî R = θ(W ) åñòü ïîëå. Â îñòàâøèõñÿ 19600 íåäåçàðãîâûõ

ñëó÷àÿõ âûáîð ìàòðèö B, C, D îäíîçíà÷íî îïðåäåëÿåò è ïîëóïîëå-

âóþ ïëîñêîñòü π, è ïîëóïîëå W ñ óìíîæåíèåì (1.1).
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Ìåòîäàìè [48] ïåðå÷èñëåíèå íåèçîìîðôíûõ ïëîñêîñòåé óäàåòñÿ

ñâåñòè ê äâóì ñëó÷àÿì:

θ(x, y, z, w) =




x y z w

w x + w z + w y + z + w

z z + w x + y + w y + w

y z y + w x


 ,

θ(x, y, z, w) =




x y z w

w x + z z + w y + w

z w x + y + z + w y + z + w

y + z + w z y + z x + w


 (x, y, z, w ∈ Z2).

Ó÷èòûâàÿ (1.1) è òåîðåìó 1.1.8, ïîëó÷àåì òî÷íî 2, ñ òî÷íîñòüþ
äî èçîòîïèçìîâ, ñîáñòâåííûõ ïîëóïîëÿ ïîðÿäêà 16 ñ óìíîæåíèÿìè

(a, b, c, d) ◦ (u, v, z, w) = (au + bv + cz + dw, av + bu + bw + cz + cw + dz,

az + bz + bw + cu + cv + cw + dv + dw, aw + bv + bz + bw + cv + cw + du), (2.2)

(a, b, c, d) ◦ (u, v, z, w) = (au + bv + cz + dv + dz + dw, av + bu + bz + cw + dz,

az + bz + bw + cu + cv + cz + cw + dv + dz, aw + bv + bw + cv + cz + cw + du + dw). (2.3)

Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé òåîðåìå Å. Êëåéíôèëäà [21]

(äîêàçàííîé òàêæå ñ èñïîëüçîâàíèåì êîìïüþòåðíûõ âû÷èñëåíèé).

Òåîðåìà 2.2.1. Ñóùåñòâóåò òî÷íî äâå íåèçîìîðôíûõ íåäåçàð-

ãîâûõ ïîëóïîëåâûõ ïëîñêîñòè ïîðÿäêà 16. 2

Äëÿ èññëåäîâàíèÿ ñòðîåíèÿ âñåõ ïîëóïîëåé ïîðÿäêà 16 äîñòàòî÷-

íî èññëåäîâàòü 16 ïîëóïîëåé èç òåîðåìû 2.1.1. Âíà÷àëå ðàññìîòðèì

ñòðîåíèå ïðåäñòàâèòåëåé èçîòîïíûõ êëàññîâ ïîëóïîëåé.
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Òåîðåìà 2.2.2. Â ïîëóïîëå S ñ óìíîæåíèåì (2.2) ìèíèìàëü-

íîå ïîäïîëå Z2e ÿâëÿåòñÿ ìàêñèìàëüíûì. Ëóïà S∗ ïîðîæäàåòñÿ

ëþáûì åå íååäèíè÷íûì ýëåìåíòîì, è ñïåêòð ëóïû ñîâïàäàåò ñ

{1, 4, 5, 6}.

Äîêàçàòåëüñòâî. Âíà÷àëå íàõîäèì òàáëèöó Êýëè ëóïû S∗;

óìíîæåíèå íà åäèíè÷íûé ýëåìåíò e = (1, 0, 0, 0) îïóñêàåì.

Òàáëèöà 2.2.1. Ëóïà S∗ ïîëóïîëÿ S ñ óìíîæåíèåì (2.2)
(0,0,0,1) (0,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,0,1) (0,1,1,0) (0,1,1,1)

(0,0,0,1) (0,0,1,0) (0,1,0,0) (0,1,1,0) (1,0,1,0) (1,0,0,0) (1,1,1,0) (1,1,0,0)
(0,0,1,0) (0,1,1,1) (1,1,0,0) (1,0,1,1) (0,0,1,1) (0,1,0,0) (1,1,1,1) (1,0,0,0)
(0,0,1,1) (0,1,0,1) (1,0,0,0) (1,1,0,1) (1,0,0,1) (1,1,0,0) (0,0,0,1) (0,1,0,0)
(0,1,0,0) (1,1,1,1) (0,0,1,1) (1,1,0,0) (0,0,0,1) (1,1,1,0) (0,0,1,0) (1,1,0,1)
(0,1,0,1) (1,1,0,1) (0,1,1,1) (1,0,1,0) (1,0,1,1) (0,1,1,0) (1,1,0,0) (0,0,0,1)
(0,1,1,0) (1,0,0,0) (1,1,1,1) (0,1,1,1) (0,0,1,0) (1,0,1,0) (1,1,0,1) (0,1,0,1)
(0,1,1,1) (1,0,1,0) (1,0,1,1) (0,0,0,1) (1,0,0,0) (0,0,1,1) (0,0,1,1,) (1,0,0,1)
(1,0,0,1) (0,0,1,1) (0,1,1,0) (0,1,0,1) (1,1,1,0) (1,1,0,1) (1,0,0,0) (1,0,1,1)
(1,0,1,0) (0,1,1,0) (1,1,1,0) (1,0,0,0) (0,1,1,1) (0,0,0,1) (1,0,0,1) (1,1,1,1)
(1,0,1,1) (0,1,0,0) (1,0,1,0) (1,1,1,0) (1,1,0,1) (1,0,0,1) (0,1,1,1) (0,0,1,1)
(1,1,0,0) (1,1,1,0) (0,0,0,1) (1,1,1,1) (0,1,0,1) (1,0,1,1) (0,1,0,0) (1,0,1,0)
(1,1,0,1) (1,1,0,0) (0,1,0,1) (1,0,0,1) (1,1,1,1) (0,0,1,1) (1,0,1,0) (0,1,1,0)
(1,1,1,0) (1,0,0,1) (1,1,0,1) (0,1,0,0) (0,1,1,0) (1,1,1,1) (1,0,1,1) (0,0,1,0)
(1,1,1,1) (1,0,1,1) (1,0,0,1) (0,0,1,0) (1,1,0,0) (0,1,1,1) (0,1,0,1) (1,1,1,0)

(1,0,0,1) (1,0,1,0) (1,0,1,1) (1,1,0,0) (1,1,0,1) (1,1,1,0) (1,1,1,1)
(0,0,0,1) (0,0,1,1) (0,1,0,1) (0,1,1,1) (1,0,1,1) (1,0,0,1) (1,1,1,1) (1,1,0,1)
(0,0,1,0) (0,1,0,1) (1,1,1,0) (1,0,0,1) (0,0,0,1) (0,1,1,0) (1,1,0,1) (1,0,1,0)
(0,0,1,1) (0,1,1,0) (1,0,1,1) (1,1,1,0) (1,0,1,0) (1,1,1,1) (0,0,1,0) (0,1,1,1)
(0,1,0,0) (1,0,1,1) (0,1,1,1) (1,0,0,0) (0,1,0,1) (1,0,1,0) (0,1,1,0) (1,0,0,1)
(0,1,0,1) (1,0,0,0) (0,0,1,0) (1,1,1,1) (1,1,1,0) (0,0,1,1) (1,0,0,1) (0,1,0,0)
(0,1,1,0) (1,1,1,0) (1,0,0,1) (0,0,0,1) (0,1,0,0) (1,1,0,0) (1,0,1,1) (0,0,1,1)
(0,1,1,1) (1,1,0,1) (1,1,0,0) (0,1,1,0) (1,1,1,1) (0,1,0,1) (0,1,0,0) (1,1,1,0)
(1,0,0,1) (1,0,1,0) (1,1,1,1) (1,1,0,0) (0,1,1,1) (0,1,0,0) (0,0,0,1) (0,0,1,0)
(1,0,1,0) (1,1,0,0) (0,1,0,0) (0,0,1,0) (1,1,0,1) (1,0,1,1) (0,0,1,1) (0,1,0,1)
(1,0,1,1) (1,1,1,1) (0,0,0,1) (0,1,0,1) (0,1,1,0) (0,0,1,0) (1,1,0,0) (1,0,0,0)
(1,1,0,0) (0,0,1,0) (1,1,0,1) (0,0,1,1) (1,0,0,1) (0,1,1,1) (1,0,0,0) (0,1,1,0)
(1,1,0,1) (0,0,0,1) (1,0,0,0) (0,1,0,0) (0,0,1,0) (1,1,1,0) (0,1,1,1) (1,0,1,1)
(1,1,1,0) (0,1,1,1) (0,0,1,1) (1,0,1,0) (1,0,0,0) (0,0,0,1) (0,1,0,1) (1,1,0,0)
(1,1,1,1) (0,1,0,0) (0,1,1,0) (1,1,0,1) (0,0,1,1) (1,0,0,0) (1,0,1,0) (0,0,0,1)

Òàáëèöà 2.2.1 ïîêàçûâàåò, ÷òî ïðàâèëüíûå (ïðàâîíîðìèðîâàí-

íûå) k-å ñòåïåíè (1 ≤ k ≤ 15) êàæäîãî èç ýëåìåíòîâ

m1 = (0, 1, 1, 1), m2 = (1, 1, 0, 0), m3 = (1, 1, 0, 1), m4 = (1, 1, 1, 0)
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äàþò âñå ýëåìåíòû ëóïû S∗, ïðè÷åì

(m1)
15 = (m2)

15 = (m3)
15 = (m4)

15 = e.

Äëÿ ýëåìåíòà h = (0, 0, 0, 1) âñå ïðîèçâåäåíèÿ äëèíû < 5 îòëè÷-

íû îò e è h2 ·h3 = e, òàê ÷òî |h| = 5. Ñ äðóãîé ñòîðîíû, äëÿ ýëåìåíòà

m1 âñåâîçìîæíûå ïðîèçâåäåíèÿ äëèíû ≤ 5 òàêæå íå ðàâíû e, à ïðî-

èçâåäåíèå m2
1 ·(m1 ·(m1)

3) = e. Òàêèì îáðàçîì, |m1| = 6. Àíàëîãè÷íî

äîêàçûâàåòñÿ, ÷òî ïîðÿäîê ëþáîãî ýëåìåíòà ëóïû S∗ íå áîëüøå 6.

Ïîðÿäêè ýëåìåíòîâ ëóïû S∗, íàðÿäó ñ åå ñïåêòðîì, è ëåâûé è

ïðàâûé îáðàòíûå ýëåìåíòû ÿâíî ïåðå÷èñëÿåò

Òàáëèöà 2.2.2. Ïðàâûé è ëåâûé îáðàòíûå ýëåìåíòû ê ýëåìåíòàì ëóïû S∗
ïîëóïîëÿ S ñ óìíîæåíèåì (2.2) è èõ ïîðÿäêè
Ýëåìåíò y Ëåâûé îáðàòíûé Ïðàâûé îáðàòíûé Ïîðÿäîê |y|
(1,0,0,0) (1,0,0,0) (1,0,0,0) 1
(1,1,0,0) (1,1,1,0) (1,1,1,0) 6
(1,1,1,0) (1,1,0,0) (1,1,0,0) 5
(0,0,0,1) (0,1,1,0) (0,1,0,1) 5
(0,0,1,0) (0,0,1,1) (0,1,1,1) 5
(0,1,0,0) (0,1,1,1) (1,0,1,1) 5
(0,0,1,1) (1,0,1,0) (0,0,1,0) 5
(0,1,0,1) (0,0,0,1) (1,0,0,1) 5
(0,1,1,0) (1,0,0,1) (0,0,0,1) 5
(1,0,0,1) (0,1,0,1) (0,1,1,0) 6
(1,0,1,0) (1,1,0,1) (0,0,1,1) 5
(0,1,1,1) (0,0,1,0) (0,1,0,0) 6
(1,1,0,1) (1,1,1,1) (1,0,1,0) 6
(1,0,1,1) (0,1,0,0) (1,1,1,1) 4
(1,1,1,1) (1,0,1,1) (1,1,0,1) 4

Â ÷àñòíîñòè, àíàëîã òåîðåòèêî-ãðóïïîâîé òåîðåìû Ëàãðàíæà äëÿ

ëóïû S∗ íå âûïîëíÿåòñÿ.

Ïîðîæäàåìîñòü ëóïû S∗ ýëåìåíòàìè y = mi (1 ≤ i ≤ 4) äîêàçà-

íà. Äëÿ ëþáîãî äðóãîãî íååäèíè÷íîãî ýëåìåíòà ñ ïîìîùüþ òàáëèö

2.2.1 è 2.2.2 íåòðóäíî ïîäîáðàòü åãî ïîäõîäÿùóþ ñòåïåíü (ïðè âñå-

âîçìîæíûõ ðàññòàíîâêàõ ñêîáîê), êîòîðàÿ áóäåò ðàâíà îäíîìó èç
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ýëåìåíòîâ mi. Òàêèì îáðàçîì, ëóïà S∗ ïîðîæäàåòñÿ ëþáûì ñâîèì

íååäèíè÷íûì ýëåìåíòîì.

Ïîêàæåì, ÷òî ïîëóïîëå S íå èìååò ïîäïîëåé, êðîìå Z2e. ßñíî,

÷òî åñëè ýëåìåíò ëåæèò â ïîäïîëå, òî åãî ëåâûé è ïðàâûé îáðàòíûå

ýëåìåíòû ðàâíû. Ñîãëàñíî òàáëèöå 2.2.2, ýòî ìîãóò áûòü òîëüêî ýëå-

ìåíòû (1, 1, 0, 0) è (1, 1, 1, 0) ïîðÿäêà > 3. Ñëåäîâàòåëüíî, ïîëóïîëå

S íå èìååò ïîäïîëåé ïîðÿäêà > 2. 2

Ñòðîåíèå ïîëóïîëÿ ñ óìíîæåíèåì (2.3) àíàëîãè÷íî îïèñûâàåò

Òåîðåìà 2.2.3. Ïîëóïîëå S ñ óìíîæåíèåì (2.3) èìååò òî÷íî

2 ìàêñèìàëüíûõ ïîäïîëÿ H1 è H2, è |H1| = |H2| = 4. Ëóïà S∗

ïîðîæäàåòñÿ ëþáûì ýëåìåíòîì èç S \ {H1 ∪ H2}, è åå ñïåêòð

ñîâïàäàåò ñ {1, 3, 4, 5, 6}. 2

Íåñëîæíî ïîêàçûâàåòñÿ, ÷òî ïîëóïîëÿ èç òåîðåì 2.2.2 è 2.2.3 èçî-

ìîðôíû ïîëóïîëÿì Å. Êëåéíôèëäà V7 è T25, ñîîòâåòñòâåííî.

Àíàëîãè÷íîå ñòðóêòóðíîå îïèñàíèå ïîëó÷åíî äëÿ âñåõ 16 ñîá-

ñòâåííûõ Êëåéíôèëäîâûõ ïîëóïîëåé ïîðÿäêà 16 èç òåîðåìû 2.1.1.

×èñëî ïîäïîëåé ïîðÿäêà 4 ðàâíî 1,2,3 è 4, ñîîòâåòñòâåííî, â 6,5,1

è 1 ïîëóïîëÿõ; â òðåõ îñòàâøèõñÿ ïîëóïîëÿõ ìèíèìàëüíîå ïîäïîëå

ìàêñèìàëüíî. Îïèñàíèå è òåîðåìà 2.1.1 äàþò:

Ëóïà íåíóëåâûõ ýëåìåíòîâ ïîëóïîëÿ ïîðÿäêà 16 îäíîïîðîæäåíà.

Ðåçóëüòàòû îïèñàíèÿ ðåçþìèðóåò Òàáëèöà 2.2.5 â êîíöå � 2.2. Ïî-

äðîáíåå ðàññìîòðèì åùå ñëó÷àé ñ íàèáîëüøèì ÷èñëîì ïîäïîëåé.
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Òåîðåìà 2.2.4. Ïîëóïîëå V13 èìååò òî÷íî 4 ìàêñèìàëüíûõ ïîä-

ïîëÿ. Îíè èìåþò ïîðÿäîê 4, à ëþáîé, íå ëåæàùèé â íèõ ýëåìåíò,

ïîðîæäàåò ëóïó V ∗
13. Ñïåêòð ëóïû ñîâïàäàåò ñ {1, 3, 5}.

Äîêàçàòåëüñòâî. Âíà÷àëå ñòðîèì òàáëèöó Êýëè ëóïû V ∗
13 ñ åäè-

íèöåé e = (0, 0, 0, 1), èñïîëüçóÿ àëãîðèòì Å. Êëåéíôèëäà, îñíîâàí-

íûé íà ñïåöèàëüíûõ ïîðîæäàþùèõ ïîñëåäîâàòåëüíîñòÿõ. Óìíîæå-

íèå íà åäèíè÷íûé ýëåìåíò â òàáëèöå îïóñêàåì.

Òàáëèöà 2.2.3. Òàáëèöà Êýëè ëóïû V ∗
13

(0,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,0,1) (0,1,1,0) (0,1,1,1) (1,0,0,0)
(0,0,1,0) (0,1,0,0) (0,1,1,0) (1,0,0,0) (1,0,1,0) (1,1,0,0) (1,1,1,0) (0,0,1,1)
(0,0,1,1) (0,1,1,0) (0,1,0,1) (1,1,0,0) (1,1,1,1) (1,0,1,0) (1,0,0,1) (1,0,1,1)
(0,1,0,0) (1,1,1,0) (1,0,1,0) (0,1,0,1) (0,0,0,1) (1,0,1,1) (1,1,1,1) (0,1,1,1)
(0,1,0,1) (1,1,0,0) (1,0,0,1) (0,0,0,1) (0,1,0,0) (1,1,0,1) (1,0,0,0) (1,1,1,1)
(0,1,1,0) (1,0,1,0) (1,1,0,0) (1,1,0,1) (1,0,1,1) (0,1,1,1) (0,0,0,1) (0,1,0,0)
(0,1,1,1) (1,0,0,0) (1,1,1,1) (1,0,0,1) (1,1,1,0) (0,0,0,1) (0,1,1,0) (1,1,0,0)
(1,0,0,0) (1,0,0,1) (0,0,0,1) (1,0,1,0) (0,0,1,0) (0,0,1,1) (1,0,1,1) (0,1,0,1)
(1,0,0,1) (1,0,1,1) (0,0,1,0) (1,1,1,0) (0,1,1,1) (0,1,0,1) (1,1,0,0) (1,1,0,1)
(1,0,1,0) (1,1,0,1) (0,1,1,1) (0,0,1,0) (1,0,0,0) (1,1,1,1) (0,1,0,1) (0,1,1,0)
(1,0,1,1) (1,1,1,1) (0,1,0,0) (0,1,1,0) (1,1,0,1) (1,0,0,1) (0,0,1,0) (1,1,1,0)
(1,1,0,0) (0,1,1,1) (1,0,1,1) (1,1,1,1) (0,0,1,1) (1,0,0,0) (0,1,0,0) (0,0,1,0)
(1,1,0,1) (0,1,0,1) (1,0,0,0) (1,0,1,1) (0,1,1,0) (1,1,1,0) (0,0,1,1) (1,0,1,0)
(1,1,1,0) (0,0,1,1) (1,1,0,1) (0,1,1,1) (1,0,0,1) (0,1,0,0) (1,0,1,0) (0,0,0,1)
(1,1,1,1) (0,0,0,1) (1,1,1,0) (0,0,1,1) (1,1,0,0) (0,0,1,0) (1,1,0,1) (1,0,0,1)

(1,0,0,1) (1,0,1,0) (1,0,1,1) (1,1,0,0) (1,1,0,1) (1,1,1,0) (1,1,1,1)
(0,0,1,0) (0,0,0,1) (0,1,1,1) (0,1,0,1) (1,0,1,1) (1,0,0,1) (1,1,1,1) (1,1,0,1)
(0,0,1,1) (1,0,0,0) (1,1,0,1) (1,1,1,0) (0,1,1,1) (0,1,0,0) (0,0,0,1) (0,0,1,0)
(0,1,0,0) (0,0,1,1) (1,0,0,1) (1,1,0,1) (0,0,1,0) (0,1,1,0) (1,1,0,0) (1,0,0,0)
(0,1,0,1) (1,0,1,0) (0,0,1,1) (0,1,1,0) (1,1,1,0) (1,0,1,1) (0,0,1,0) (0,1,1,1)
(0,1,1,0) (0,0,1,0) (1,1,1,0) (1,0,0,0) (1,0,0,1) (1,1,1,1) (0,0,1,1) (0,1,0,1)
(0,1,1,1) (1,0,1,1) (0,1,0,0) (0,0,1,1) (0,1,0,1) (0,0,1,0) (1,1,0,1) (1,0,1,0)
(1,0,0,0) (1,1,0,1) (1,1,0,0) (0,1,0,0) (1,1,1,1) (0,1,1,1) (0,1,1,0) (1,1,1,0)
(1,0,0,1) (0,1,0,0) (0,1,1,0) (1,1,1,1) (0,0,1,1) (1,0,1,0) (1,0,0,0) (0,0,0,1)
(1,0,1,0) (1,1,0,0) (1,0,1,1) (0,0,0,1) (0,1,0,0) (1,1,1,0) (1,0,0,1) (0,0,1,1)
(1,0,1,1) (0,1,0,1) (0,0,0,1) (1,0,1,0) (1,0,0,0) (0,0,1,1) (0,1,1,1) (1,1,0,0)
(1,1,0,0) (1,1,1,0) (0,1,0,1) (1,0,0,1) (1,1,0,1) (0,0,0,1) (1,0,1,0) (0,1,1,0)
(1,1,0,1) (0,1,1,1) (1,1,1,1) (0,0,1,0) (0,0,0,1) (1,1,0,0) (0,1,0,0) (1,0,0,1)
(1,1,1,0) (1,1,1,1) (0,0,1,0) (1,1,0,0) (0,1,1,0) (1,0,0,0) (0,1,0,1) (1,0,1,1)
(1,1,1,1) (0,1,1,0) (1,0,0,0) (0,1,1,1) (1,0,1,0) (0,1,0,1) (1,0,1,1) (0,1,0,0)

Ïðàâèëüíûå k-ûå ñòåïåíè (1 ≤ k ≤ 15) êàæäîãî èç ýëåìåíòîâ

l1 = (0, 0, 1, 0), l2 = (0, 0, 1, 1), l3 = (1, 0, 0, 0),

l4 = (1, 0, 0, 1), l5 = (1, 1, 1, 0), l6 = (1, 1, 1, 1)
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äàþò âñå ýëåìåíòû ëóïû V ∗
13, êàê ïîêàçûâàåò òàáëèöà 2.2.3, ïðè÷åì

(l1)
15 = (l2)

15 = (l3)
15 = (l4)

15 = (l5)
15 = (l6)

15 = e.

Âñå ïðîèçâåäåíèÿ äëèíû ≤ 4 êàæäîãî ýëåìåíòà li (1 ≤ i ≤ 6)

îòëè÷íû îò e, îäíàêî, (li·l3i )·li = e è li·((li·l2i )·li)) = e. Ïîýòîìó |li| = 5

(1 ≤ i ≤ 6). Ïîðÿäêè âñåõ ýëåìåíòîâ ëóïû V ∗
13 ÿâíî ïåðå÷èñëÿåò

Òàáëèöà 2.2.4. Ïîðÿäêè ýëåìåíòîâ ëóïû V ∗
13

y (0,0,0,1) (0,0,1,0) (0,0,1,1) (0,1,0,0) (0,1,0,1) (0,1,1,0) (0,1,1,1) (1,0,0,0)
|y| 1 5 5 3 3 3 3 5

y (1,0,0,1) (1,0,1,0) (1,0,1,1) (1,1,0,0) (1,1,0,1) (1,1,1,0) (1,1,1,1)
|y| 5 3 3 3 3 5 5

Òàáëèöû 2.2.3 è 2.2.4 ïîêàçûâàþò, ÷òî êàæäûé ýëåìåíò ïîðÿäêà
3 ëåæèò â ïîäõîäÿùåì ïîäïîëå ïîðÿäêà 4, è âñå òàêèå ïîäïîëÿ â V13

èñ÷åðïûâàþòñÿ ñëåäóþùèìè:

D1 = {0, e, (0, 1, 0, 0), (0, 1, 0, 1)}, D2 = {0, e, (0, 1, 1, 0), (0, 1, 1, 1)},

D3 = {0, e, (1, 0, 1, 0), (1, 0, 1, 1)}, D4 = {0, e, (1, 1, 0, 1), (1, 1, 0, 0)}.

Îáúåäèíåíèå ïîäïîëåé ñîäåðæèò 10 ýëåìåíòîâ. Ñëåäîâàòåëüíî, ëþ-

áîé èç îñòàâøèõñÿ ýëåìåíòîâ ñîâïàäàåò ñ îäíèì èç li è, ïî äîêà-

çàííîìó âûøå, ïîðîæäàåò ëóïó V ∗
13. Ýòî çàâåðøàåò äîêàçàòåëüñòâî

òåîðåìû. 2
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Òàáëèöà 2.2.5. Còðîåíèå íåèçîìîðôíûõ ïîëóïîëåé ïîðÿäêà 16

×èñëî Ñïåêòð Ïðîòèâîïîëîæ-
Ïîëóïîëå |Nl| ïîäïîëåé ëóïû íîå

ïîðÿäêà 4 ïîëóïîëÿ ïîëóïîëå
V1 2 � {1, 4, 5} V

op
1 ' V6

V2 2 1 {1, 3, 4, 5, 6} V
op
2 = V2

V3 2 � {1, 4, 5, 6} V
op
3 ' V7

V4 2 1 {1, 3, 4, 5, 6} V
op
4 ' V5

V8 2 2 {1, 3, 4, 5, 6} V
op
8 ' V9

V10 2 1 {1, 3, 5, 6} V
op
10 = V10

V11 2 1 {1, 3, 4, 5, 6} V
op
11 ' V14

V12 2 � {1, 4, 5, 6} V
op
12 = V12

V13 2 4 {1, 3, 5} V
op
13 = V13

V15 2 2 {1, 3, 4, 5} V
op
15 ' V16

V17 2 1 {1, 3, 4, 5, 6} V
op
17 = V17

V18 2 2 {1, 3, 5, 6} V
op
18 = V18

T24 4 2 {1, 3, 4, 5, 6} T
op
24 = T24

T25 4 2 {1, 3, 4, 5, 6} T
op
25 ' T50

T35 4 1 {1, 3, 4, 5, 6} T
op
35 = T35

T45 4 3 {1, 3, 5} T
op
45 = T45

Òåîðåìû 2.2.2 � 2.2.4 è òàáëèöà 2.2.5 îïóáëèêîâàíû â íåðàçäåëü-

íîì ñîàâòîðñòâå (ñîàâòîð Â.Ì. Ëåâ÷óê) â ñòàòüå [47].

2.3 Ñòðîåíèå ïîëóïîëåé ïðîåêòèâíûõ ïîëóïîëåâûõ
ïëîñêîñòåé ïîðÿäêà 32

Â 2011 ãîäó âñå ïëîñêîñòè òðàíñëÿöèé ïîðÿäêà 32 êëàññèôèöè-

ðîâàëè Ó. Äåìïâîëô è Ð. Ðîêåíôåëëåð [34], [12], íàðÿäó ñ îïèñà-

íèåì ðåãóëÿðíûõ ìíîæåñòâ. (Êëàññèôèêàöèþ ïîëóïîëåâûõ ïëîñêî-

ñòåé àíîíñèðîâàë â 1962 ãîäó Ð. Âîëêåð [41].) Ñ òî÷íîñòüþ äî èçî-

ìîðôèçìîâ, òàêèõ ïëîñêîñòåé îêàçàëîñü 9, âêëþ÷àÿ 6 ïîëóïîëåâûõ.

Êîîðäèíàòèçèðóþùåå ìíîæåñòâî ïðåäñòàâëåíî â [12] êàê 5-ìåðíîå

ïðîñòðàíñòâî W íàä ïîëåì Z2.

Â [12] âûïèñàíû ðåãóëÿðíûå ìíîæåñòâà íåäåçàðãîâûõ ïîëóïîëå-

âûõ ïëîñêîñòåé ïîðÿäêà 32; ýòî 5 ìíîæåñòâ 5 × 5-ìàòðèö íàä Z2,
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ïî 32 ìàòðèöû â êàæäîì. Îñíîâûâàÿñü íà [12], ìû çàïèøåì èõ

êàê ìíîæåñòâà Ri = θi(W ), 1 ≤ i ≤ 5, ìàòðèö äëÿ âñåâîçìîæíûõ

x, y, z, w, s ∈ Z2 âèäà, ñîîòâåòñòâåííî,

R1 :




x y z w s

z x + z y + s w + s w

z + s w x + w y + w z

w z + w w + s x + z y + w

y + z + w + s z + s y + w + s z + w x + w




,

R2 :




x y z w s

z + w + s x + z + s y + w s w + s

z + s w x + z + w y + z z

z + w z + w + s w + s x + s y + z + s

y + z + w z + w y + z + w + s z + s x + z + w + s




,

R3 :




x y z w s

z + w x y + z + w w + s w

z + s z + w x + z + w y + w z

z s z + w + s x + z + w + s y + z + s

y + z + w z y + z + w + s z + w x + z + s




,

R4 :




x y z w s

s x y + s z w

z + w z + w + s x + z y + z z

z + s z + w s x + s y

y + w + s z y + w w + s x




,

R5 :




x y z w s

z x + z + w y + w w + s w

z + s w x y + w z + w

z + w + s z + s s x + z + w y + z + s

y + z + w w + s y z x + z




.
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Îáîçíà÷èì ïîëóïîëå W ñ óìíîæåíèåì (1.1) ïðè R = Ri ÷åðåç Pi. Â

ýòèõ îáîçíà÷åíèÿõ èç [34], [12] è òåîðåìû 1.1.8 âûòåêàåò

Òåîðåìà 2.3.1. Êàæäîå ñîáñòâåííîå ïîëóïîëå ïîðÿäêà 32 èçî-

òîïíî òî÷íî îäíîìó èç ïîëóïîëåé Pi, 1 ≤ i ≤ 5. 2

Íàïîìíèì, ÷òî ëåâûì, ñðåäíèì è ïðàâûì ÿäðîì ïîëóïîëÿ S (ñëó-
÷àé êâàçèïîëÿ ñì. [18, ñòð. 159]) íàçûâàþò, ñîîòâåòñòâåííî,

Nl(S) = {x ∈ S | x ◦ (y ◦ z) = (x ◦ y) ◦ z, ∀y, z ∈ S},

Nm(S) = {y ∈ S | x ◦ (y ◦ z) = (x ◦ y) ◦ z, ∀x, z ∈ S},

Nr(S) = {z ∈ S | x ◦ (y ◦ z) = (x ◦ y) ◦ z, ∀x, y ∈ S}.

Äëÿ èññëåäîâàíèÿ ñòðîåíèÿ ïîëóïîëÿ Pi ñ ïîìîùüþ ôîðìóëû

(1.1) è ðåãóëÿðíîãî ìíîæåñòâà Ri âûïèñûâàåì òàáëèöó Êýëè êàæäîé

ëóïû P ∗
i . Ñòðóêòóðíîå îïèñàíèå ïîëóïîëÿ P5 äàåò

Òåîðåìà 2.3.2. Â ïîëóïîëå P5 ñóùåñòâóåò ïîäïîëå H ïîðÿäêà

4, ÿâëÿþùååñÿ åäèíñòâåííûì ìàêñèìàëüíûì ïîäïîëåì è íå ÿâëÿ-

þùååñÿ íè ïðàâûì, íè ëåâûì ÿäðîì. Êàæäûé ýëåìåíò èç P5 \ H

ïîðîæäàåò ëóïó P ∗
5 è èìååò ïîðÿäîê > 3; ñïåêòð ëóïû P ∗

5 ñîâïà-

äàåò ñ {1, 3, 4, 5, 6, 7, 8}.

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ ôîðìóëû (1.1) è ðåãóëÿðíîãî ìíî-

æåñòâà R5 íàõîäèì òàáëèöó Êýëè ëóïû P ∗
5 ; óìíîæåíèå íà åäèíè÷-

íûé ýëåìåíò e = (1, 0, 0, 0, 0) â íåé îïóñêàåì.
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Òàáëèöà 2.3.1. Òàáëèöà Êýëè ëóïû P ∗
5

00001 00010 00011 00100 00101 00110 00111 01000
00001 11000 01000 10000 10011 01011 11011 00011 10100
00010 11101 10010 01111 11011 00110 01001 10100 00001
00011 00101 11010 11111 01000 01101 10010 10111 10101
00100 10000 01011 11011 10001 00001 11010 01010 00010
00101 01000 00011 01011 00010 01010 00001 01001 10110
00110 01101 11001 10100 01010 00111 10011 11110 00011
00111 10101 10001 00100 11001 01100 01000 11101 10111
01000 00010 01111 01101 11000 11010 10111 10101 00100
01001 11010 00111 11101 01011 10001 01100 10110 10000
01010 11111 11101 00010 00011 11100 11110 00001 00101
01011 00111 10101 10010 10000 10111 00101 00010 10001
01100 10010 00100 10110 01001 11011 01101 11111 00110
01101 01010 01100 00110 11010 10000 10110 11100 10010
01110 01111 10110 11001 10010 11101 00100 01011 00111
01111 10111 11110 01001 00001 10110 11111 01000 10011
10001 11001 01010 10011 10111 01110 11101 00100 11100
10010 11100 10000 01100 11111 00011 01111 10011 01001
10011 00100 11000 11100 01100 01000 10100 10000 11101
10100 10001 01001 11000 10101 00100 11100 01101 01010
10101 01001 00001 01000 00110 01111 00111 01110 11110
10110 01100 11011 10111 01110 00010 10101 11001 01011
10111 10100 10011 00111 11101 01001 01110 11010 11111
11000 00011 01101 01110 11100 11111 10001 10010 01100
11001 11011 00101 11110 01111 10100 01010 10001 11000
11010 11110 11111 00001 00111 11001 11000 00110 01101
11011 00110 10111 10001 10100 10010 00011 00101 11001
11100 10011 00110 10101 01101 11110 01011 11000 01110
11101 01011 01110 00101 11110 10101 10000 11011 11010
11110 01110 10100 11010 10110 11000 00010 01100 01111
11111 10110 11100 01010 00101 10011 11001 01111 11011
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01001 01010 01011 01100 01101 01110 01111
00001 01100 11100 00100 00111 11111 01111 10111
00010 11100 10011 01110 11010 00111 01000 10101
00011 10000 01111 01010 11101 11000 00111 00010
00100 10010 01001 11001 10011 00011 11000 01000
00101 11110 10101 11101 10100 11100 10111 11111
00110 01110 11010 10111 01001 00100 10000 11101
00111 00010 00110 10011 01110 11011 11111 01010
01000 00110 01011 01001 11100 11110 10011 10001
01001 01010 10111 01101 11011 00001 11100 00110
01010 11010 11000 00111 00110 11001 11011 00100
01011 10110 00100 00011 00001 00110 10100 10011
01100 10100 00010 10000 01111 11101 01011 11001
01101 11000 11110 10100 01000 00010 00100 01110
01110 01000 10001 11110 10101 11010 00011 01100
01111 00100 01101 11010 10010 00101 01100 11011
10001 00101 10110 01111 01011 10010 00001 11000
10010 10101 11001 00101 10110 01010 00110 11010
10011 11001 00101 00001 10001 10101 01001 01101
10100 11011 00011 10010 11111 01110 10110 00111
10101 10111 11111 10110 11000 10001 11001 10000
10110 00111 10000 11100 00101 01001 11110 10010
10111 01011 01100 11000 00010 10110 10001 00101
11000 01111 00001 00010 10000 10011 11101 11110
11001 00011 11101 00110 10111 01100 10010 01001
11010 10011 10010 01100 01010 10100 10101 01011
11011 11111 01110 01000 01101 01011 11010 11100
11100 11101 01000 11011 00011 10000 00101 10110
11101 10001 10100 11111 00100 01111 01010 00001
11110 00001 11011 10101 11001 10111 01101 00011
11111 01101 00111 10001 11110 01000 00010 10100
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10001 10010 10011 10100 10101 10110 10111 11000
00001 11001 01001 10001 10010 01010 11010 00010 10101
00010 11111 10000 01101 11001 00100 01011 10110 00011
00011 00110 11001 11100 01011 01110 10001 10100 10110
00100 10100 01111 11111 10101 00101 11110 01110 00110
00101 01101 00110 01110 00111 01111 00100 01100 10011
00110 01011 11111 10010 01100 00001 10101 11000 00101
00111 10010 10110 00011 11110 01011 01111 11010 10000
01000 01010 00111 00101 10000 10010 11111 11101 01100
01001 10011 01110 10100 00010 11000 00101 11111 11001
01010 10101 10111 01000 01001 10110 10100 01011 01111
01011 01100 11110 11001 11011 11100 01110 01001 11010
01100 11110 01000 11010 00101 10111 00001 10011 01010
01101 00111 00001 01011 10111 11101 11011 10001 11111
01110 00001 11000 10111 11100 10011 01010 00101 01001
01111 11000 10001 00110 01110 11001 10000 00111 11100
10001 01000 11011 00010 00110 11111 01100 10101 01101
10010 01110 00010 11110 01101 10001 11101 00001 11011
10011 10111 01011 01111 11111 11011 00111 00011 01110
10100 00101 11101 01100 00001 10000 01000 11001 11110
10101 11100 10100 11101 10011 11010 10010 11011 01011
10110 11010 01101 00001 11000 10100 00011 01111 11101
10111 00011 00100 10000 01010 11110 11001 01101 01000
11000 11011 10101 10110 00100 00111 01001 01010 10100
11001 00010 11100 00111 10110 01101 10011 01000 00001
11010 00100 00101 11011 11101 00011 00010 11100 10111
11011 11101 01100 01010 01111 01001 11000 11110 00010
11100 01111 11010 01001 10001 00010 10111 00100 10010
11101 10110 10011 11000 00011 01000 01101 00110 00111
11110 10000 01010 00100 01000 00110 11100 10010 10001
11111 01001 00011 10101 11010 01100 00110 10000 00100
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11001 11010 11011 11100 11101 11110 11111
00001 01101 11101 00101 00110 11110 01110 10110
00010 11110 10001 01100 11000 00101 01010 10111
00011 10011 01100 01001 11110 11011 00100 00001
00100 10110 01101 11101 10111 00111 11100 01100
00101 11011 10000 11000 10001 11001 10010 11010
00110 01000 11100 10001 01111 00010 10110 11011
00111 00101 00001 10100 01001 11100 11000 01101
01000 01110 00011 00001 10100 10110 11011 11001
01001 00011 11110 00100 10010 01000 10101 01111
01010 10000 10010 01101 01100 10011 10001 01110
01011 11101 01111 01000 01010 01101 11111 11000
01100 11000 01110 11100 00011 10001 00111 10101
01101 10101 10011 11001 00101 01111 01001 00011
01110 00110 11111 10000 11011 10100 01101 00010
01111 01011 00010 10101 11101 01010 00011 10100
10001 10100 00111 11110 11010 00011 10000 01001
10010 00111 01011 10111 00100 11000 10100 01000
10011 01010 10110 10010 00010 00110 11010 11110
10100 01111 10111 00110 01011 11010 00010 10011
10101 00010 01010 00011 01101 00100 01100 00101
10110 10001 00110 01010 10011 11111 01000 00100
10111 11100 11011 01111 10101 00001 00110 10010
11000 10111 11001 11010 01000 01011 00101 00110
11001 11010 00100 11111 01110 10101 01011 10000
11010 01001 01000 10110 10000 01110 01111 10001
11011 00100 10101 10011 10110 10000 00001 00111
11100 00001 10100 00111 11111 01100 11001 01010
11101 01100 01001 00010 11001 10010 10111 11100
11110 11111 00101 01011 00111 01001 10011 11101
11111 10010 11000 01110 00001 10111 11101 01011

Ñ åå ïîìîùüþ ëåãêî íàõîäèì ëåâûå è ïðàâûå îáðàòíûå ýëåìåíòû

ê ýëåìåíòàì ëóïû P ∗
5 (òàáëèöà 2.3.2). Â ëóïå P ∗

5 , êàê ïîêàçûâàåò

òàáëèöà 2.3.2, òîëüêî ó ïåðâûõ ïÿòè ýëåìåíòîâ èç íåå ïðàâûå è ëå-

âûå îáðàòíûå ýëåìåíòû ñîâïàäàþò è ïîýòîìó ïîëóïîëå P5 íå èìååò

ïîäïîëåé ïîðÿäêà áîëüøå 4.

Òàáëèöà Êýëè ïîêàçûâàåò òàêæå, ÷òî âñå ñòåïåíè ≤ 3 êàæäîãî

èç ýëåìåíòîâ (0, 0, 0, 0, 1), (0, 0, 0, 1, 1), (0, 1, 1, 1, 1) íååäèíè÷íû, à

îäíà èç òðåòüèõ ñòåïåíåé ñîâïàäàåò ñ ïðàâûì èëè ëåâûì îáðàòíûì

ê ýòîìó ýëåìåíòó. Ïîýòîìó ïîðÿäêè ýòèõ ýëåìåíòîâ ðàâíû 4.

Àíàëîãè÷íîé ïðîöåäóðîé íàõîäèì ïîðÿäêè âñåõ ýëåìåíòîâ ëóïû

P ∗
5 è åå ñïåêòð.
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Òàáëèöà 2.3.2. Ëåâûé è ïðàâûé îáðàòíûé ê ýëåìåíòàì ëóïû P ∗
5

Ýëåìåíò y Ëåâûé îáðàòíûé Ïðàâûé îáðàòíûé Ïîðÿäîê |y|
(1,0,0,0,0) (1,0,0,0,0) (1,0,0,0,0) 1
(0,0,0,1,0) (1,0,0,1,0) (1,0,0,1,0) 3
(1,0,0,1,0) (0,0,0,1,0) (0,0,0,1,0) 3
(1,0,0,0,1) (1,1,1,1,0) (1,1,1,1,0) 7
(1,1,1,1,0) (1,0,0,0,1) (1,0,0,0,1) 7
(0,0,0,0,1) (0,0,1,0,0) (0,0,0,1,1) 4
(0,0,0,1,1) (0,0,0,0,1) (0,1,0,0,1) 4
(0,0,1,0,0) (0,1,0,1,1) (0,0,0,0,1) 7
(0,0,1,0,1) (0,1,1,0,1) (1,1,0,1,0) 6
(0,0,1,1,0) (1,1,1,0,1) (0,1,1,1,0) 6
(0,0,1,1,1) (1,0,0,1,1) (1,1,0,0,0) 5
(0,1,0,0,0) (0,1,0,0,1) (1,0,1,0,0) 6
(0,1,0,0,1) (0,0,0,1,1) (0,1,0,0,0) 7
(0,1,0,1,0) (1,0,1,1,0) (1,1,0,0,1) 6
(0,1,0,1,1) (0,1,1,0,0) (0,0,1,0,0) 5
(0,1,1,0,0) (1,1,0,0,0) (0,1,0,1,1) 5
(0,1,1,0,1) (1,1,1,0,0) (0,0,1,0,1) 5
(0,1,1,1,0) (0,0,1,1,0) (1,1,0,1,1) 5
(0,1,1,1,1) (1,0,1,0,1) (1,0,1,1,0) 4
(1,0,0,1,1) (1,0,1,1,1) (0,0,1,1,1) 7
(1,0,1,0,0) (0,1,0,0,0) (1,0,1,0,1) 7
(1,0,1,0,1) (1,0,1,0,0) (0,1,1,1,1) 6
(1,0,1,1,0) (0,1,1,1,1) (0,1,0,1,0) 6
(1,0,1,1,1) (1,1,1,1,1) (1,0,0,1,1) 6
(1,1,0,0,0) (0,0,1,1,1) (0,1,1,0,0) 6
(1,1,0,0,1) (0,1,0,1,0) (1,1,1,1,1) 7
(1,1,0,1,0) (0,0,1,0,1) (1,1,1,0,0) 7
(1,1,0,1,1) (0,1,1,1,0) (1,1,1,0,1) 5
(1,1,1,0,0) (1,1,0,1,0) (0,1,1,0,1) 8
(1,1,1,0,1) (1,1,0,1,1) (0,0,1,1,0) 5
(1,1,1,1,1) (1,1,0,0,1) (1,0,1,1,1) 6

ßñíî, ÷òî H = {0, e, (0, 0, 0, 1, 0), (1, 0, 0, 1, 0)} � ïîäïîëå. Êàê ïî-

êàçûâàåò òàáëèöà 2.3.1, êóáû 4 è 5-ãî ýëåìåíòîâ òàáëèöû 2.3.2 íå

ðàâíû e. Ïîýòîìó H � åäèíñòâåííîå ìàêñèìàëüíîå ïîäïîëå â P5.

Ñ ïîìîùüþ òàáëèöû Êýëè è îïðåäåëåíèÿ ÿäåð ïîëóïîëÿ íåñëîæíî

ïîêàçûâàåòñÿ, ÷òî H íå ÿâëÿåòñÿ íè ëåâûì, íè ïðàâûì ÿäðîì.

Òàáëèöà 2.3.1 ïîêàçûâàåò, ÷òî ïðàâèëüíûå ðàññòàíîâêè ñêîáîê 24

ýëåìåíòîâ èç P5 \ H (êðîìå 4 ýëåìåíòîâ g1 = (0, 1, 0, 0, 1), g2 =

(0, 1, 1, 0, 1), g3 = (1, 1, 0, 0, 1), g4 = (1, 1, 1, 0, 1)) äàþò âñå íåíó-

ëåâûå ýëåìåíòû ïîëóïîëÿ P5, ïðè÷åì èõ 31−ÿ ñòåïåíü ðàâíà e. Ñ

äðóãîé ñòîðîíû, âòîðûå ñòåïåíè ýëåìåíòîâ gi äàþò ýëåìåíòû, êî-
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òîðûå ïîðîæäàþò ëóïó P ∗
5 : g2

1 = (0, 0, 1, 1, 0), g2
2 = (0, 0, 0, 1, 0),

g2
3 = (1, 1, 0, 1, 0), g2

4 = (1, 0, 0, 1, 0). Ïîýòîìó ëóïà P ∗
5 ïîðîæäàåò-

ñÿ âñÿêèì ýëåìåíòîì èç P5 \H. 2

Òàáëèöû Êýëè ëóï îñòàâøèõñÿ ïîëóïîëåé Pi (1 ≤ i ≤ 4) òàêæå
áûëè íàéäåíû ñ ïîìîùüþ ñëåäóþùèõ ôîðìóë óìíîæåíèÿ:

P1 : (u, v, k, l, m) ◦ (x, y, z, w, s) = (ux + vz + kz + ks + lw + my + mz + mw + ms,

uy + vx+ vz +kw + lz + lw +mz +ms, uz + vy + vs+kx+kw + lw + ls+my +mw +ms,

uw + vw + vs + ky + kw + lx + ly + mz + mw,us + vw + kz + ly + lw + mx + mw);

P2 : (u, v, k, l,m)◦ (x, y, z, w, s) = (ux+vz +vw+vs+kz +ks+ lz + lw+my +mz +mw,

uy + vx + vz + vs + kw + lz + lw + ls + mz + mw,

uz + vy + vw + kx + kz + kw + lw + ls + my + mz + mw + ms,

uw+vs+ky+kz+ lx+ lz+mz+ms, us+vw+vs+kz+ ly+ lz+ ls+mx+mz+mw+ms);

P3 : (u, v, k, l, m) ◦ (x, y, z, w, s) = (ux + vz + vw + kz + ks + lz + my + mz + mw,

uy+vx+kz+kw+ls+mz, uz+vy+vz+vw+kx+kz+kw+lz+lm+ls+my+mz+mw+ms,

uw+vw+vs+ky+kw+lx+lz+lw+ls+mz+mw, us+vw+kz+ly+lz+ls+mx+mz+ms);

P4 : (u, v, k, l,m) ◦ (x, y, z, w, s) = (ux + vs + kz + kw + lz + ls + my + mw + ms,

uy + vx + kz + kw + ks + lz + lw + mz, uz + vy + vs + kx + kz + ls + my + mw,

uw + vz + ky + kz + lx + ls + mw + ms, us + vw + kz + ly + mx);

Òåîðåìà 2.3.3. Â êàæäîì ïîëóïîëå Pi, i = 1, 2, 3, 4, ïîäïîëå

ïîðÿäêà 2 åñòü åäèíñòâåííîå ïîäïîëå. Âñÿêèé ýëåìåíò ïîðÿäêà > 1

ïîðîæäàåò ëóïó P ∗
i , à ñïåêòð ëóïû P ∗

i ñîâïàäàåò ñ {1, 4, 5, 6, 7} ïðè
i = 1, 2, ñ {1, 4, 5, 6, 7, 8} ïðè i = 3, è ñ {1, 5, 6, 7, 8, 9} ïðè i = 4.
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Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ àíàëîãè÷íî ïðåäûäóùåé

òåîðåìå. Ïðàâûé è ëåâûé îáðàòíûé ýëåìåíòû ñîâïàäàþò â ëóïå P ∗
1

òîëüêî äëÿ åäèíè÷íîãî ýëåìåíòà, â ëóïàõ P ∗
2 è P ∗

3 � äëÿ 3-õ ýëå-

ìåíòîâ. Ñåé÷àñ ëåãêî ïîëó÷àåì ìàêñèìàëüíîñòü ïîäïîëÿ ïîðÿäêà

2 â ýòèõ ïîëóïîëÿõ. Ýòî æå âåðíî è äëÿ êîììóòàòèâíîé ëóïû P ∗
4 ,

ïîñêîëüêó îíà íå èìååò ýëåìåíòîâ ïîðÿäêà 3. Ñïåêòð è ïîðÿäêè ýëå-

ìåíòîâ âûÿâëÿþò ñëåäóþùèå òàáëèöû.

Òàáëèöà 2.3.4. Ïîðÿäêè ýëåìåíòîâ ëóïû P ∗
1

y (1,0,0,0,0) (0,0,0,0,1) (0,0,0,1,0) (0,0,0,1,1) (0,0,1,0,0) (0,0,1,0,1) (0,0,1,1,0)
|y| 1 4 7 5 6 6 6

y (0,0,1,1,1) (0,1,0,0,0) (0,1,0,0,1) (0,1,0,1,0) (0,1,0,1,1) (0,1,1,0,0) (0,1,1,0,1)
|y| 5 6 6 5 6 6 5

y (0,1,1,1,0) (0,1,1,1,1) (1,0,0,0,1) (1,0,0,1,0) (1,0,0,1,1) (1,0,1,0,0) (1,0,1,0,1)
|y| 6 6 5 6 5 6 6

y (1,0,1,1,0) (1,0,1,1,1) (1,1,0,0,0) (1,1,0,0,1) (1,1,0,1,0) (1,1,0,1,1) (1,1,1,0,0)
|y| 6 5 6 7 6 6 6

y (1,1,1,0,1) (1,1,1,1,0) (1,1,1,1,1)
|y| 6 7 5

Òàáëèöà 2.3.5. Ïîðÿäêè ýëåìåíòîâ ëóïû P ∗
2

y (1,0,0,0,0) (0,0,0,0,1) (0,0,0,1,0) (0,0,0,1,1) (0,0,1,0,0) (0,0,1,0,1) (0,0,1,1,0)
|y| 1 5 4 6 7 6 5

y (0,0,1,1,1) (0,1,0,0,0) (0,1,0,0,1) (0,1,0,1,0) (0,1,0,1,1) (0,1,1,0,0) (0,1,1,0,1)
|y| 6 6 6 6 6 6 5

y (0,1,1,1,0) (0,1,1,1,1) (1,0,0,0,1) (1,0,0,1,0) (1,0,0,1,1) (1,0,1,0,0) (1,0,1,0,1)
|y| 6 7 6 6 5 6 6

y (1,0,1,1,0) (1,0,1,1,1) (1,1,0,0,0) (1,1,0,0,1) (1,1,0,1,0) (1,1,0,1,1) (1,1,1,0,0)
|y| 6 6 5 6 5 6 6

y (1,1,1,0,1) (1,1,1,1,0) (1,1,1,1,1)
|y| 5 7 5
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Òàáëèöà 2.3.6. Ïîðÿäêè ýëåìåíòîâ ëóïû P ∗
3

y (1,0,0,0,0) (0,0,0,0,1) (0,0,0,1,0) (0,0,0,1,1) (0,0,1,0,0) (0,0,1,0,1) (0,0,1,1,0)
|y| 1 7 6 6 5 8 6

y (0,0,1,1,1) (0,1,0,0,0) (0,1,0,0,1) (0,1,0,1,0) (0,1,0,1,1) (0,1,1,0,0) (0,1,1,0,1)
|y| 7 6 6 7 5 7 4

y (0,1,1,1,0) (0,1,1,1,1) (1,0,0,0,1) (1,0,0,1,0) (1,0,0,1,1) (1,0,1,0,0) (1,0,1,0,1)
|y| 5 4 7 7 5 5 7

y (1,0,1,1,0) (1,0,1,1,1) (1,1,0,0,0) (1,1,0,0,1) (1,1,0,1,0) (1,1,0,1,1) (1,1,1,0,0)
|y| 4 7 6 8 5 6 6

y (1,1,1,0,1) (1,1,1,1,0) (1,1,1,1,1)
|y| 6 7 5

Òàáëèöà 2.3.7. Ïîðÿäêè ýëåìåíòîâ ëóïû P ∗
4

y (1,0,0,0,0) (0,0,0,0,1) (0,0,0,1,0) (0,0,0,1,1) (0,0,1,0,0) (0,0,1,0,1) (0,0,1,1,0)
|y| 1 8 9 7 8 9 8

y (0,0,1,1,1) (0,1,0,0,0) (0,1,0,0,1) (0,1,0,1,0) (0,1,0,1,1) (0,1,1,0,0) (0,1,1,0,1)
|y| 7 7 7 8 9 9 9

y (0,1,1,1,0) (0,1,1,1,1) (1,0,0,0,1) (1,0,0,1,0) (1,0,0,1,1) (1,0,1,0,0) (1,0,1,0,1)
|y| 9 7 8 8 8 8 5

y (1,0,1,1,0) (1,0,1,1,1) (1,1,0,0,0) (1,1,0,0,1) (1,1,0,1,0) (1,1,0,1,1) (1,1,1,0,0)
|y| 8 6 8 9 8 7 5

y (1,1,1,0,1) (1,1,1,1,0) (1,1,1,1,1)
|y| 7 9 6

Ïîëüçóÿñü òàáëèöàìè Êýëè íåñëîæíî äîêàçàòü îäíîïîðîæäåííîñòü

êàæäîé ëóïû P ∗
i , 1 ≤ i ≤ 4. 2

Çàìå÷àíèå 2.3.4. Òåîðåìà 2.3.2 âûÿâëÿåò ïîëóïîëå ïîðÿäêà 32

ñ àíîìàëüíûì (ïî ñðàâíåíèþ ñ êîíå÷íûìè ïîëÿìè) ñâîéñòâîì äëÿ

ïîäïîëåé: ïîëóïîëå P5 ïîðÿäêà 25 ñîäåðæèò ïîäïîëå ïîðÿäêà 22.

Ïîëóïîëå ïîðÿäêà 32 ñ àíàëîãè÷íûì ñâîéñòâîì óêàçûâàåò È. Ðóà

[35, Ñëåäñòâèå 1], îñíîâûâàÿñü íà [7].

Òåîðåìû 2.3.2 è 2.3.3 îïóáëèêîâàíû àâòîðîì â [46].
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2.4 Êëàññèôèêàöèÿ è ïîëóïîëå Êíóòà � Ðóà

Ã. Âåíý [43] íàçûâàåò ïîëóïîëå P ïðàâîöèêëè÷åñêèì èëè ïðà-

âîïðèìèòèâíûì, åñëè ëóïó P ∗ èñ÷åðïûâàþò ïðàâîóïîðÿäî÷åííûå

ñòåïåíè åå ôèêñèðîâàííîãî ýëåìåíòà. (Àíàëîãè÷íî ââîäÿò ëåâîöèê-

ëè÷åñêèå ïîëóïîëÿ.)

Òàì æå âûñêàçàíà ãèïîòåçà î ïðàâîöèêëè÷íîñòè êîíå÷íûõ ïî-

ëóïîëåé. Ïîëóïîëå ïîðÿäêà 32, äëÿ êîòîðîãî ãèïîòåçà Ã. Âåíý íå

âûïîëíÿåòñÿ, óêàçàë â 2004 ã. È. Ðóà [35] íà îñíîâå ðàáîòû [22].

Ïðîáëåìà îïèñàíèÿ ñòðîåíèÿ ïîëóïîëåé ïîðÿäêà 32 ñëîæíåå, ÷åì

äëÿ ïîðÿäêà 16. Ñîãëàñíî [41] è [23], ñ òî÷íîñòüþ äî èçîìîðôèç-

ìîâ, èõ ÷èñëî ðàâíî 2502; îíè îáðàçóþò 6 èçîòîïíûõ êëàññîâ, ñî-

îòâåòñòâóþùèõ 6 ïîïàðíî íåèçîìîðôíûì ïîëóïîëåâûì ïëîñêîñòÿì

P (i) (0 ≤ i ≤ 5) (âêëþ÷àÿ äåçàðãîâó ïëîñêîñòü P (0)).

Êëàññèôèêàöèþ ðåçþìèðóåò ñëåäóþùàÿ òàáëèöà èç [35].

Òàáëèöà 2.4.1. Êëàññû èçîìîðôíûõ ïîëóïîëåé ïîðÿäêà 32

Ïîëóïîëå \ Ïëîñêîñòü P (0) P (1) P (2) P (3) P (4) P (5)

Ëåâî- è ïðàâî- ïðèìèòèâíûå 1 961 961 180 186 186

Òîëüêî ëåâîïðèìèòèâíûå 0 0 0 6 0 7

Òîëüêî ïðàâîïðèìèòèâíûå 0 0 0 6 7 0

Íè ëåâî-, íè ïðàâî- ïðèìèòèâíûå 0 0 0 1 0 0

Èññëåäóåì ïðèìåð È. Ðóà äåòàëüíåå. Âñå íåäåçàðãîâû ïðîåêòèâ-

íûå ïîëóïîëåâûå ïëîñêîñòè ïîðÿäêà 32 èñ÷åðïûâàþòñÿ, ñ òî÷íîñòüþ

äî èçîìîðôèçìîâ, ïëîñêîñòÿìè P (i) (1 ≤ i ≤ 5) íàä Z2 [22]. Äëÿ
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ïëîñêîñòè P (3) ðåãóëÿðíîå ìíîæåñòâî

θ(x, y, z, w, s) =




x y z w s

s x + s y z w

z z + w x + s y + w + s z + s

w + s z + w + s s x + z + w y + w

y + w + s y + w z + w + s z + s x + z + s




,

íàðÿäó ñ ôîðìóëîé (1.1), äàåò ïîëóïîëå (W, +, ◦) = < ïîðÿäêà 32,

êîòîðîå íàçîâåì ïîëóïîëåì Êíóòà � Ðóà.

È. Ðóà [35] äîêàçàë òîæäåñòâî g21 = e äëÿ ïðàâîóïîðÿäî÷åííûõ

ñòåïåíåé ëóïû <∗. Îòñþäà ñðàçó æå ñëåäóåò, ÷òî ëóïà <∗ íå ÿâëÿåòñÿ
ïðàâîïðèìèòèâíîé. Îñíîâíîé â ýòîì ïàðàãðàôå ÿâëÿåòñÿ

Òåîðåìà 2.4.1. Ëóïà <∗ ïîëóïîëÿ < îäíîïîðîæäåíà.

Äîêàçàòåëüñòâî. Ðåãóëÿðíîå ìíîæåñòâî θ(W ) ïëîñêîñòè P (3)

ïîçâîëÿåò çàïèñàòü óìíîæåíèå ◦ â ïîëóïîëå < â âèäå ôîðìóëû:

(u, v, k, l, m)◦ (x, y, z, w, s) = (ux+vs+kz + lw+ ls+my+mw+ms,

uy + vx + vs + kz + kw + lz + lw + ls + my + mw,

uz + vy + kx + ks + ls + mz + mw + ms,

uw + vz + ky + kw + ks + lx + lz + lw + mz + ms,

us + vw + kz + ks + ly + lw + mx + mz + ms).

Ôîðìóëà ñðàçó æå ïîêàçûâàåò êîììóòàòèâíîñòü óìíîæåíèÿ. Ñ åå

ïîìîùüþ âîññòàíàâëèâàåì òàáëèöó Êýëè ëóïû <∗.
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Òàáëèöà 2.4.2. Ëóïà <∗ ïîëóïîëÿ < Êíóòà � Ðóà
00001 00010 00011 00100 00101 00110 00111 01000

00001 10111 11100 01011 00111 10000 11011 01100 11000
00010 11100 11011 00111 01010 10110 10001 01101 00001
00011 01011 00111 01100 01101 00110 01010 00001 11001
00100 00111 01010 01101 11001 11110 10011 10100 00010
00101 10000 10110 00110 11110 01110 01000 11000 11010
00110 11011 10001 01010 10011 01000 00010 11001 00011
00111 01100 01101 00001 10100 11000 11001 10101 11011
01000 11000 00001 11001 00010 11010 00011 11011 00100
01001 01111 11101 10010 00101 01010 11000 10111 11100
01010 00100 11010 11110 01000 01100 10010 10110 00101
01011 10011 00110 10101 01111 11100 01001 11010 11101
01100 11111 01011 10100 11011 00100 10000 01111 00110
01101 01000 10111 11111 11100 10100 01011 00011 11110
01110 00011 10000 10011 10001 10010 00001 00010 00111
01111 10100 01100 11000 10110 00010 11010 01110 11111
10001 10110 11110 01000 00011 10101 11101 01011 10000
10010 11101 11001 00100 01110 10011 10111 01010 01001
10011 01010 00101 01111 01001 00011 01100 00110 10001
10100 00110 01000 01110 11101 11011 10101 10011 01010
10101 10001 10100 00101 11010 01011 01110 11111 10010
10110 11010 10011 01001 10111 01101 00100 11110 01011
10111 01101 01111 00010 10000 11101 11111 10010 10011
11000 11001 00011 11010 00110 11111 00101 11100 01100
11001 01110 11111 10001 00001 01111 11110 10000 10100
11010 00101 11000 11101 01100 01001 10100 10001 01101
11011 10010 00100 10110 01011 11001 01111 11101 10101
11100 11110 01001 10111 11111 00001 10110 01000 01110
11101 01001 10101 11100 11000 10001 01101 00100 10110
11110 00010 10010 10000 10101 10111 00111 00101 01111
11111 10101 01110 11011 10010 00111 11100 01001 10111
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01001 01010 01011 01100 01101 01110 01111
00001 01111 00100 10011 11111 01000 00011 10100
00010 11101 11010 00110 01011 10111 10000 01100
00011 10010 11110 10101 10100 11111 10011 11000
00100 00101 01000 01111 11011 11100 10001 10110
00101 01010 01100 11100 00100 10100 10010 00010
00110 11000 10010 01001 10000 01011 00001 11010
00111 10111 10110 11010 01111 00011 00010 01110
01000 11100 00101 11101 00110 11110 00111 11111
01001 10011 00001 01110 11001 10110 00100 01011
01010 00001 11111 11011 01101 01001 10111 10011
01011 01110 11011 01000 10010 00001 10100 00111
01100 11001 01101 10010 11101 00010 10110 01001
01101 10110 01001 00001 00010 01010 10101 11101
01110 00100 10111 10100 10110 10101 00110 00101
01111 01011 10011 00111 01001 11101 00101 10001
10001 00110 01110 11000 10011 00101 01101 11011
10010 10100 10000 01101 00111 11010 11110 00011
10011 11011 10100 11110 11000 10010 11101 10111
10100 01100 00010 00100 10111 10001 11111 11001
10101 00011 00110 10111 01000 11001 11100 01101
10110 10001 11000 00010 11100 00110 01111 10101
10111 11110 11100 10001 00011 01110 01100 00001
11000 10101 01111 10110 01010 10011 01001 10000
11001 11010 01011 00101 10101 11011 01010 00100
11010 01000 10101 10000 00001 00100 11001 11100
11011 00111 10001 00011 11110 01100 11010 01000
11100 10000 00111 11001 10001 01111 11000 00110
11101 11111 00011 01010 01110 00111 11011 10010
11110 01101 11101 11111 11010 11000 01000 01010
11111 00010 11001 01100 00101 10000 01011 11110
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10001 10010 10011 10100 10101 10110 10111 11000
00001 10110 11101 01010 00110 10001 11010 01101 11001
00010 11110 11001 00101 01000 10100 10011 01111 00011
00011 01000 00100 01111 01110 00101 01001 00010 11010
00100 00011 01110 01001 11101 11010 10111 10000 00110
00101 10101 10011 00011 11011 01011 01101 11101 11111
00110 11101 10111 01100 10101 01110 00100 11111 00101
00111 01011 01010 00110 10011 11111 11110 10010 11100
01000 10000 01001 10001 01010 10010 01011 10011 01100
01001 00110 10100 11011 01100 00011 10001 11110 10101
01010 01110 10000 10100 00010 00110 11000 11100 01111
01011 11000 01101 11110 00100 10111 00010 10001 10110
01100 10011 00111 11000 10111 01000 11100 00011 01010
01101 00101 11010 10010 10001 11001 00110 01110 10011
01110 01101 11110 11101 11111 11100 01111 01100 01001
01111 11011 00011 10111 11001 01101 10101 00001 10000
10001 00111 01111 11001 10010 00100 01100 11010 00001
10010 01111 01011 10110 11100 00001 00101 11000 11011
10011 11001 10110 11100 11010 10000 11111 10101 00010
10100 10010 11100 11010 01001 01111 00001 00111 11110
10101 00100 00001 10000 01111 11110 11011 01010 00111
10110 01100 00101 11111 00001 11011 10010 01000 11101
10111 11010 11000 10101 00111 01010 01000 00101 00100
11000 00001 11011 00010 11110 00111 11101 00100 10100
11001 10111 00110 01000 11000 10110 00111 01001 01101
11010 11111 00010 00111 10110 10011 01110 01011 10111
11011 01001 11111 01101 10000 00010 10100 00110 01110
11100 00010 10101 01011 00011 11101 01010 10100 10010
11101 10100 01000 00001 00101 01100 10000 11001 01011
11110 11100 01100 01110 01011 01001 11001 11011 10001
11111 01010 10001 00100 01101 11000 00011 10110 01000
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11001 11010 11011 11100 11101 11110 11111
00001 01110 00101 10010 11110 01001 00010 10101
00010 11111 11000 00100 01001 10101 10010 01110
00011 10001 11101 10110 10111 11100 10000 11011
00100 00001 01100 01011 11111 11000 10101 10010
00101 01111 01001 11001 00001 10001 10111 00111
00110 11110 10100 01111 10110 01101 00111 11100
00111 10000 10001 11101 01000 00100 00101 01001
01000 10100 01101 10101 01110 10110 01111 10111
01001 11010 01000 00111 10000 11111 01101 00010
01010 01011 10101 10001 00111 00011 11101 11001
01011 00101 10000 00011 11001 01010 11111 01100
01100 10101 00001 11110 10001 01110 11010 00101
01101 11011 00100 01100 01111 00111 11000 10000
01110 01010 11001 11010 11000 11011 01000 01011
01111 00100 11100 01000 00110 10010 01010 11110
10001 10111 11111 01001 00010 10100 11100 01010
10010 00110 00010 11111 10101 01000 01100 10001
10011 01000 00111 01101 01011 00001 01110 00101
10100 11000 10110 10000 00011 00101 01011 01101
10101 10110 10011 00010 11101 01100 01001 11000
10110 00111 01110 10100 01010 10000 11001 00011
10111 01001 01011 00110 10100 11001 11011 10110
11000 01101 10111 01110 10010 01011 10001 01000
11001 00011 10010 11100 01100 00010 10011 11101
11010 10010 01111 01010 11011 11110 00011 00110
11011 11100 01010 11000 00101 10111 00001 10011
11100 01100 11011 00101 01101 10011 00100 11010
11101 00010 11110 10111 10011 11010 00110 01111
11110 10011 00011 00001 00100 00110 10110 10100
11111 11101 00110 10011 11010 01111 10100 00001

Äëÿ äîêàçàòåëüñòâà îäíîïîðîæäåííîñòè ëóïû <∗ âûáèðàåì åå

ýëåìåíò a = (0, 0, 0, 0, 1). Åãî ñòåïåíè ≤ 3, â ÷àñòíîñòè, êóá c îïðå-

äåëåíû îäíîçíà÷íî:

a2 = (1, 0, 1, 1, 1), a3 = a · a2 = (0, 1, 1, 0, 1) := c.

Äàëåå âû÷èñëÿåì åãî ñòåïåíè ñ ðàçëè÷íûìè ðàññòàíîâêàìè ñêîáîê.

a4 = a · a3 = (0, 1, 0, 0, 0) := d, a2 · a2 = (0, 0, 1, 0, 1) := f,

(a · a3) · a = a · (a · a3) = (1, 1, 0, 0, 0),

a3 · a2 = a2 · a3 = (0, 1, 1, 1, 0), a · (a2 · a2) = (1, 0, 0, 0, 0).
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Ìû âûïèñûâàåì òîëüêî òå ñòåïåíè ýëåìåíòà a, êîòîðûå ðàçëè÷-

íûå íîâûå ýëåìåíòû ëóïû <∗.

c2 = (0, 1, 0, 1, 0), c3 = (0, 1, 0, 0, 1) := n, c2 · c2 = (1, 1, 1, 1, 1);

c · c3 = (1, 0, 1, 1, 0), f 3 = (1, 0, 0, 1, 0);

f · f 3 = (1, 0, 0, 1, 1) := g, g · f = (0, 0, 0, 1, 1) := k;

f 3·f 2 = (1, 1, 1, 1, 0), (f 3)2 = (0, 1, 0, 1, 1), k2 = (0, 1, 1, 0, 0) := m;

k3 = (1, 0, 1, 0, 0), k2 · k2 = (1, 1, 1, 0, 1);

(c · c3) · c = (0, 0, 1, 1, 0) := l, d2 = (0, 0, 1, 0, 0);

(d2)2 = (1, 1, 0, 0, 1), l2 = (0, 0, 0, 1, 0).

Ïðîäîëæàÿ âûïèñûâàòü áåç ïîâòîðîâ ñòåïåíè ýëåìåíòà a ëèáî ïî

âîçðàñòàíèþ ñòåïåíåé, ëèáî ñ ðàçëè÷íûìè ðàññòàíîâêàìè ñêîáîê,

íàõîäèì îñòàâøèåñÿ 7 ýëåìåíòîâ ëóïû <∗ ïîðÿäêà 31:

g2 = (1, 1, 1, 0, 0), l3 = (1, 0, 0, 0, 1), l2 · l2 = (1, 1, 0, 1, 1);

m2 ·m2 = (1, 1, 0, 1, 0), (m2 ·m2)2 = (0, 1, 1, 1, 1);

n · n3 = (0, 0, 1, 1, 1), (n · n3)2 = (1, 0, 1, 0, 1).

Òàêèì îáðàçîì, âñå ýëåìåíòû ëóïû <∗ ïîëó÷àåì êàê ðàçëè÷íûå

ñòåïåíè ýëåìåíòà a ñ ðàçëè÷íûìè ðàññòàíîâêàìè ñêîáîê. 2

ßñíî, ÷òî êâàäðàòû ýëåìåíòîâ ëóïû ðàñïîëîæåíû ïî ãëàâíîé

äèàãîíàëè òàáëèöû Êýëè. Èñïîëüçóÿ òàáëèöó Êýëè ëåãêî óáåäèòüñÿ,

÷òî ëóïà <∗ íå èìååò ýëåìåíòîâ ïîðÿäêà 3 è ïîäïîëå Z2e ìàêñèìàëü-

íî â ïîëóïîëå <.
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Íàèáîëåå óïîòðåáèòåëüíûå îáîçíà÷åíèÿ

Q∗ = Q \ {0} � ëóïà íåíóëåâûõ ýëåìåíòîâ êâàçèïîëÿ Q;

|y| � ïîðÿäîê ýëåìåíòà ëóïû;

W � êîîðäèíàòèçèðóþùåå ìíîæåñòâî ïëîñêîñòè;

R, θ(W ) � ðåãóëÿðíîå ìíîæåñòâî ïëîñêîñòè;

GF (q) � ïîëå Ãàëóà ïîðÿäêà q;

M(n, F ) � êîëüöî âñåõ n× n-ìàòðèö íàä F ;

GL(n, F ) � ãðóïïà âñåõ îáðàòèìûõ íàä F n× n-ìàòðèö;

Rr×n � ÷èñëî ðåäóöèðîâàííûõ ëàòèíñêèõ r × n-ïðÿìîóãîëü-

íèêîâ;

Lr×n � ÷èñëî âñåõ ëàòèíñêèõ r × n-ïðÿìîóãîëüíèêîâ.


