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Abstract. The identification of an unknown coefficient in the lower term of elliptic second-order differ-
ential equation Mu+ ku = f with boundary condition of the third kind is considered. The identification
of the coefficient is based on integral boundary data. The local existence and uniqueness of the strong
solution for the inverse problem is proved.
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Introduction

In this paper an inverse problem for some stationary equation is considered.

Problem. For given functions f(z),o(z),5(z),h(x) and constant g find function wu(x) and
constant k that satisfy the equation

—div(M(z)Vu) + m(z)u + ku = f, (1)

boundary condition

(5 + (o), = ot ©)

and the condition of overdetermination

/ uh(x)ds = p. (3)
o0

Here  C R" is a bounded domain with boundary 99, ¢t € (0,T), M(x) = (m;;(x)) is a matrix
of functions m;;(z), i, = 1,2,...,n; m(z) is a scalar function, B oA (M(x)V,n), n is the
unit vector of the outward normal to the boundary 9.

A main goal of this paper is to establish the existence and uniqueness of the strong solu-
tion of inverse problem (1)-(3). The additional integral boundary data similar to condition of
overdetermination (3) were considered [1-3]. Following the idea given in [1-3| and using method
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developed in [4], we prove the existence of the solution by reducing the inverse problem to an
operator equation of the second kind for the unknown coefficient. Note that the problem for the
same equation with Dirichlet boundary conditions was considered [5].

The study of inverse problems for the elliptic equations goes back to fundamental work of
M. M. Lavrentiev [6]. Inverse problems for the elliptic equation with special boundary conditions
(non-local conditions, non-classical conditions) were considered [7-9].

Such problems arise in determination of unknown physical properties of a medium. In par-
ticular, the lowest coefficient k specifies, for instance, the catabolism of contaminants due to
chemical reactions [10] or the absorption in diffusion and acoustic problems [11].

1. The preliminaries

The following notations are used || - ||g, (-,-)r — the norm and the inner product in R"™;
Il -1, (-,-) — the norm and the inner product in L?(Q); || - |;, <~,~>1 — the norm in WJ(Q),

j = 1,2, and the duality relation between W3 (Q) and W, (), respectively. The linear operator
M : W3(Q) — (W1(Q))* of the form

M = —div(M(z)V) +m(x)I,

Is introduced, where I is the identity operator. The notation
(Muy,v2),, = / (M(z)Vvi, Vug) g + m(x)vive)dx
Q

is also used for vy, v € W4(Q). The following assumptions hold throughout the paper

L mg;(z), Omyj/0x, i,5,0=1,2,...,n, and m(zx) are bounded in Q2. Operator M is elliptic,
that is, there exist positive constants mg and m; such that for all v € W3 ()

mollvll < (Mv,v),, <mallvlf. (4)

II. M is self-adjoint, that is, m;;(z) = mj;(x) for i,j =1,...,n.

The existence and uniqueness results for problem (1)-(3) is based on two lemmas for direct
problem (1)—(2) with known coefficient k.

Lemma 1.1. Let u be the strong solution of problem (1)-(2). If f 20, 8 >0, 0 20, k>0
and assumptions I, I are fulfilled, then u > 0 almost everywhere in €.

Proof. Multiplying (1) by @ = min{, 0} in terms of the inner product in L2(€2) and integrating
by parts in first term, we obtain

(M, ), + k|a|? +/ ou’ds — / Buds — (f,a) = 0.
o9 a9
Taking into account the lemma conditions, the last equality implies that
ma|al|f <.

So, @ = 0 almost everywhere in ). Lemma is proved. m]
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Lemma 1.2. Let uj,us € W3(Q) are the solutions of the problems
Mu; + kyu; = fi,

herei=1,2.
IfO < ky <kay 0K P2 <P, 0 fo< f1 and o(x) > 0 then uy = ug = 0 for almost all
x €.

Proof. By Lemma (1.1), u; > 0,7 = 1,2, for almost all x € 2. The difference u; — uy satisfies
equation
M (uy —ug) + ki(uy —uz) = (k2 — k1)uz + f1 — fo, (5)

and boundary condition

<8(u1—u2) +o(x)(u1 — U2)) ‘69 = b1 =B

ON
Taking into account the lemma conditions, the right side of (5) is non-negative and 5, — 83 > 0.
So, by Lemma (1.1), u; — ug > 0 for almost all x € ). Lemma is proved. ]

2. Existence and uniqueness

First of all the solution of the inverse problem should be defined. By the solution of the inverse
problem is meant function u € W2() and a positive real number k. They satisfy equation (1)
almost everywhere in Q and conditions (2)—(3) almost everywhere on 99Q. Now, to formulate the
theorem functions a,a” and b are introduced as the solution of the problems

Ma=f@) (g towna)], = o) (6)
Ma™ +71a” = f, (2?\; + U(CL')GT) ‘BQ = B(x); (7)
Mb =0, (;}bv + a(m)b) ]m = h(z), 8)

where 7 > 0 is a real number.

Theorem 2.1. Let 9Q € C? and assumptions I, II are fulfilled. Suppose also that
(i) fx) € L2(Q), B(), hiz) € W;/*(09), o(x) € C(09);

(ii) f(z) = 0 almost everywhere in Q; f(x) 20, o(z) >0, h(x) = 0 for almost all x € O and
there is a smooth piece I' of the boundary 02 and a constant § > 0 such that f > 6 and
w = 0 almost everywhere on T.

Then problem (1)-(3) has a solution {u,k}. Moreover, the estimates
a’ <u<a, 0<k<T, |u2 <O +1)lall +[lal 9)
hold with some T > 0, and constant C' depends on mesQ), 7,mg and my. If

mO(a’ b)2
lallllofl

where ¥ = [ ahds — (f,b), then the solution is unique.
aQ

0<pu—V< (10)
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Proof. Following the idea given in [4] and the method developed in [1], the original problem is
reduced to an equivalent inverse problem with a non-linear operator equation for k. It follows
from (1)—(3) that function w = a — u and the constant k satisfy the following relations

Mw + kw = ka, (11)
ow
(8]\7 + cr(sc)w) ‘BQ =0, (12)

g
>
U
@

\

/m f/m ahds — pu. (13)

Taking into account (8), (11) and (12), multiplying (9) by b in terms of the inner product in
L5(9) and integrating by parts twice, we obtain

k(u,b):/mahds—k(f,b)—,u:\ll—u.

Let operator A : Ry — R maps every y € R, into the real number Ay by the rule

U —p

A =
Y uy,b)’

(14)

—~

where u, is the solution of direct problem (1)—(2) with y = k. One can show that the original
problem is solvable if and only if operator A has a fixed point, i.e., the operator equation Ak = k
has a solution.

Now we need to prove that there exists 7 > 0 such that operator A defined for all k € [0, 7], is
continuous on [0, 7], and maps [0, 7] into itself. Indeed, Lemma 1.2 implies that for all 0 <y < 7

a” <uy <a. (15)
Therefore o
— p
Ay > >0
Y7 Tab)

On the other hand, let us introduce the difference between (6) and (7)
Ma—-a")+7(a—ad") =T1a.

Then, multiplying the difference by a — a” in terms of the inner product in L?(Q), integrating
by parts in the first term and estimating the left-hand side of the result with the help of (4), we
obtain

2

-

molla — aT||% +2/ ola— ar)?ds + 27la — aT||2 < —Ha||2.
[5}9] mo

This estimate and (15) allows one to obtain the lower bound of (u,,b) in (14)

T

(uy7b) = (aT’b> = <a7b) —(a— aTvb) > (avb) - \/770

[lallllbl] = 0. (16)

Hence
0<rg Yolab)
l[allllb]
In view of (14) and (16)
Ay < hd — = < T
(a.6) — <= allJo]
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Accordingly, the relation Ay < 7 holds for all 7 > 0 such that

7_2
Vo

The last inequality is possible, because it follows from the theorem conditions that

lalll[oll = 7(a,b) + ¥ — 1 < 0. (17)

D= (o, - Tl
V1o

Then (17) is valid for 7 that obeys the inequality

V((a,b) = vD) __ mo((a.b) + VD)
Aallel— S7S T 2Bl

Thus, the operator A maps the segment into itself.

Now one can obtain the estimate of u, in W3 () provided that y € [0,7]. Let w, = a — u,,.
This function satisfies (11)-(13) with y = k. Multiplying (11) for £ = y by w, in terms of the
inner product in Lo(§2) and integrating by parts in the first term, we obtain

(Muwy, wy) + yllwyl|* = (Mwy, wy)ar +yllwy | + /aQ owyds = y(a, wy).

In view of (15) and the definition of w,,, we have

‘y/ awydx‘ < 7l
Q

Taking into account the ellipticity of operator M, the last two relations implies that

=
eyl <4/ ~llall + el (18)

In accordance with [12], direct problem (11)-(12) has a unique solution w, € W (1) for all
y > 0. Furthermore, (11) is fulfilled almost everywhere in ©Q and Mw, € Lo(€2). Multiplying
(11) with k = y by Mw, in terms of the inner product in Lo(2) and integrating by parts in the
second component, one can obtain the equality

1300, 4yl Mus + [ s = yladt.w,). (19)
o0

In accordance with (4), the second term of (19) is non-negative and
Loy w2 1 2
yl(a, Mwy)| < 7lla[[[Mwy || < 577 [lall” + 5l Mwy|”.
it follows from the last two relations that
12w,y |* < 72 [all. (20)
In view of the definition of wy, and the inequality [12]

[vll2 < Car ([ Mo +[Jo]]),
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valid for all v € W3 () N W2(Q) with the constant Cj; depending on M and mes(, relations
(18), (20) imply the estimate

[ullz < llwyllz + llallz < Car(7 + Dllall + llall2.

Now one can show that operator A is continuous on segment [0, 7]. Let y1,y2 € [0, 7] and uy, , uy,
are the solutions of problem (11), (12) with y; = k and y, = k, respectively. By the definition of
operator A, (15) and (16)

[y, — uy, IOV — p1) [y, — g, [[[[6] (¥ — )
A 1 A 2 < < T . 21
Mo = Al (a7,b)? ((a,0) = —=llall[[b])? @1

On the other hand, multiplying the difference of equation (1) for k = y; and k = y2 by u,, —uy,
in terms of the inner product in L2(€2) and integrating by parts in the first term of the resulting
equality,we obtain

<M(uy1 - uyzvum))l + /89 0(“2}1 - uy2>2d5 + yl”“m = Uy, H2 = (y2 - yl)(uy27 Uy, — uyz)' (22)

In accordance with (4) and the non-negativity of y, the left side of (22) can be estimated as

(M (1, — 11y, 10y, )1+ /a ity = e s = > ol =

The right term of (22) is estimated with the use of (15) as

1 mo
(Y2 — Y1) Uy, , uy, — Uy, )| < %L’W - y1|2\|a||2 + 7““1}1 - uyz”?
Hence, we obtain the relation
1
[y, — uy, |l < —llalllyz — y1l. (23)
mo
Then, joining (21) with

_ 2ymo((a,b) = VD)
- [lallll]

T = T0,

and (23), we obtain the inequality

lall bl (¥ — p)
((a,b) + 2V D)2

which implies the continuity of operator A. Thus, according to the Brouwer fixed point theorem,
operator A has a fixed point k* € [0, 79] and the pair {u*, k*}, where function u* satisfies (1)—(2)
with k = k*, gives a solution of problem (1)—(3).

It remains to prove that the solution of problem (1)—(3) is unique under assumption (10). In
this case, operator A is a contractor on the segment [0, 7] because A satisfies (24) with

_ llalllloff (¥ = p) (a,b)
q= < <1.
(a,b) +2vD  ((a,b) +2v/D)?

Let us assume that (v/, k') and (u”, k") are two solutions of problem (1)—(2). Then k’, k" are the

fixed points of operator A. By (24)

| Ay, — Ays| < ly1 — vl (24)

|k/ _ k/ll — |Ak/ _ Ak//| < q|k/ _ k/ll
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whence k' — k" = 0. This in turn implies v’ — u” = 0 in view of (23). Theorem is proved. O

Under assumption (10) the solution {u, k} depends continuously on the input data of original
problem.

Remark 1. Condition (4) is valid when m(z) > mg > 0 almost everywhere in Q, or
o(z) > o9 > 0 almost everywhere in 9f, here mg, oy are some constants. In the last case left
inequality holds due to the Friedrichs inequality.

Remark 2. The main theorem is correct for a more general type of operator M:
M = —div(M(z)V) + (mV) + m(z)I,
where m € Lo (2) is vector of functions m;(z), i =1,...,n.

This work was supported by Russian Foundation of Basic Research [grant no. 20-31-90053].
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O06 oxHoIT 0OpaTHOIl 3a/1a9e A4 JLITAIITUIECKOTO YPaBHEHUS
CO CMEeIIaHHBIMI I'PAHUYHBIME YCJIOBUSMMU TPETHEro poaa

Anekcansp B. BesuceBuu

Awnnoranusi. B gannoit pabore paccMmaTpuBaeTcs obpaTHas 3ajada IS SJIAITHIECKOTO ypaBHEe-
HUsl C TPAHUYHBIMU yCJIOBUEM TPETHErO POJia M YCJIOBUEM HMHTErPAJILHOIO Iepeolpeesenus. Jlokazano
CyIIIECTBOBaHUE U €JNHCTBEHHOCTD PEIEHNS, & TaK¥Ke HelPEePbIBHASI 3aBUCUMOCTh PEIIEHUsT OT BXOJIHBIX
JAHHBIX.

Kirogesble ciioBa: O6p&THaﬂ 3a/lava, KpaeBad 3a1a4a, JJIJIMIITHIECKOE YpaBHEeHUEe, TeOpeMa CylieCcTBO-
BaHUA U €IUHCTBEHHOCTU.
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