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Abstract. In this paper we present integral representations for the diagonals of power series. Such

representations are obtained by lowering the multiplicity of integration for the previously known integral
representation. The procedure for reducing the order of integration is carried out in the framework
of the Leray theory of multidimensional residues. The concept of the amoeba of a complex analytic
hypersurface plays a special role in the construction of new integral representations.
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Introduction

A range of problems associated with branching of parametric integrals is concerned with a
study of the diagonals of power series [1,2] and [3]. It should be noted that much earlier the
concept of the diagonal of a power series was used by A.Poincare [4] to study the anomalies of
planetary motion.

The diagonal of a Laurent power series

F(z)= Z Caz®™ (1)

agZn

is defined as the generating function of a subsequence of coefficients {cq}aecr numbered by
elements a of some sublattice L C Z™ (see [1] and [5]). Such diagonals are called complete.
Diagonals are graded according to the dimension (rank) of the sublattice.

Following [1], we describe the specifics of the problem on the properties of the diagonals of
series for rational functions of n variables

_ P(z) _ P(z1,.-.y2n)
Q(Z) Q(Zly---,zn)’

where P and @ are irreducible polynomials. Consider an arbitrary Laurent series for F' centered

— o g «
F(z) = E [ g Canposan 210 - 2™

agzZm agZm

(2)

at zero:
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It is known that such a series converges in domain Log™'(E), where E is a connected com-
ponent of the complement R™\ Ag of amoeba of the denominator @ [6]. Recall that amoeba Ag
of the polynomial @ or of the algebraic hypersurface

V={z€ (C\0)": Q(z) = 0}
is called the image of V under the mapping Log : (C\0)"” — R", defined by the formula
Log: (z1,...,2n) — (logl|z1],...,log|zn])-

Sometimes instead of the designation Ag we write Ay . According to the result of the article [7],
there is an injective order function

v:E—Z"(|Ng,

mapping each connected component E of the complement R™\ Ay to integer vector v = v(E),
belonging to the Newton polytope N¢ of the polynomial (). Thus, all connected components can
be indexed as {E,}, where v runs over a some subset of integer points from Ng. For example,

P
the Taylor series of a rational function —, Q(0) # 0 converges in the component Ey.

Let us consider in more detail the p-dimensional diagonal of the series (1). Consider a
p-dimensional sublattice [ ¢ L, with a basis ¢V, ..., ¢®. We assume that this basis can be
extended of L by n — p integer vectors ¢tV ... ¢(™ (this assumption equivalent to say that
the totality of all (p x p)-minors of the matrix A = (¢V),...,¢) are mutually prime) (see [§]
or |9, Proposition 4.2.13]). Obviously the matrix

A=(¢W,....q™)

is unimodular, and we can assume it’s determinant equals 1. Directions ¢(*), ..., ¢® define
a diagonals subsequence {Clq}leZi» where [ - ¢ means the product of the (1 x p)-matrix { and
(p x n)-matrix A: lg = l1q™) +--- + lpq(p).

The generating function

do(t) = 3" eyt -l

D
lezl

of the subsequence {ciq}iezy is called the one-sided q-diagonal of the series (1).

We assume that the denominator @ in (2) is not zero at z = 0, so the origin O € Z™ belongs to
the Newton polytope and there is nonempty component Ey of R” \ Ag. We start by the Laurent
series for the function (1) in Log™'(FEy), which is in fact the Taylor series of (1) at z = 0. It is
not hard to prove the following. If p € Log™!(Ej), then dq(t) admits the integral representation

(1) (»)

M
dq(t) = (2732)n /Fp F(z) (21 _Ztl) . fzqm —t,) d?? e %7 3)
where 27 is a monomial 2{* ... 22" and cycle
Iy={2€C":|z|=¢€",... |zn| =€}
is chosen so that
a) poles of F(z) don’t intersect the closed polydisc
U,={2€C":|z1| <€, ... |z < e}
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b) parameters t = (t1,...,t,) satisfy the inequalities |t;| < (") i=1,... p.

Integration loop I, is a preimage Log~'p of the point p from the connected component Fy of
the amoeba Ag complements. Here we prove that the integral which represent the diagonal dg(t)
admits a decrease of the order of integration while preserving the rationality of the integrand.

We will assume that Ng C R?, and the image A™'(Ng) C RZ, here R? and R are the
n-dimensional real variable spaces u u v respectively. Let us denote by N’ projection of the
polyhedron A~™'Ng on the coordinate (n — p)-dimensional plane {v € R" : v; = 0,...,v, = 0},
and by Q'(t,w’) Laurent polynomial Q[(t,w')Ail] from variables v’ = (wp41,...,w,), wherein
t1,...,t, are parameters.

Theorem 1. Diagonal dy(t) in (3) is represented by an integral in the (n — p)-dimensional

complex algebraic torus (C\0)" P of variables wpt1, ..., w, according to the formula
1 A-1,dWpyq ... dwy
dq(t):W / F[(tl,...,tp,wp+1,...,wn) ]m, (4)
Log='(p’)

where
P = ((Ap)pt1,- -, (Ap)n)

belongs to the connected component E(/) of the amoeba A supplement of hypersurface Vi={w e

(C\0)™7 : (¢, w') = 0}.

Proof of the theorem

Under the conditions of the theorem it is assumed that the diagonal (3) is considered for the
P
Taylor series of the rational function F' = @ Therefore, it is automatically assumed that means

Q(0) # 0, and that means that the origin 0 is a vertex of the Newton polytope.
Because the determinant of the integer matrix A is equal to one, inverse matrix to it

S A5
B

is an integer and its elements bg»i) are algebraic complements to the elements q§i). The rows and
columns of this matrix will be denoted by b() and b; respectively. Let us make in the integral

(3) the change of variables

b br
Z=w = (w 1’ 7w )7
or, in a more detail:

b oy bt by bl b

(Z1y. oy 2n) = (W' o wy' w2 cwR Wt e We
First, note that z¢ will pass to w;
(i) q? @ pH pim) qii) b p(n) q,ff)
247 =21t ozt :(w11 cowyt ) ...(wl" Lot ) =

_ w§b<1)’q(i)> - w<b(n))q(i)>
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since (b, ¢()) = §;; is the Kronecker symbol.
Applying our change of variables to the logarithmic differentials, we obtain

b b no (k) b b -1 b{™
dzi _ dwy" .. wg ) _ Doper by wit L wy cowy dwy
P2 b,(tl) b(n) bil) b(n.) °
Wy W, wq Wn,

dz;
Multiplying the obtained expressions for the logarithmic differentials —- (taking into account

3
the properties of the external product of differentials: dw,dw; = 0 u dw;dw; = —dw;dw;), we
get
n 1) _ n (n) _
|A’1|wlziz1 bt wg” =t b 1dw1 oo dwy,  dwy A A dwy
: 1 bil) L wa s bﬁ"’ Wy ... Wy ’

Let us apply the formula for change of variables to the integral (3):

-1 dwy ...dw

= Fl(wy, ... w,)" Wi Wy 1 n

da(1) (2mi)™ / (w3, eom) ](wl—tl)...(wp—tp) Wy .. Wy 5)
S"ﬁ(Fp)

where ¢y is the homomorphism induced by the mapping ¢ : z = w = 24,

The cycle I',, is parameterized in the form
Log !(p) = {z = e*T4 "¢ 1 6 € A([0,2m)")}.
Hence,

- .
r(T,) = fw=2" 12 €T} = {w = 4479 = Log ™ (4p).

In this way,

wr(T)p) ={w: |wi| = e(Ap)l, ey Jwn| = e(A”)”}7

where (Ap); is the i-th component of the vector Ap.
By the Cauchy formula

1 -1 DR
4= G / Fl(wy, ... w,)t ] dwi _dwp dwpsy...dwy

(27rz)”w(rp) wy — t1 ) Wp —tp Wpt1...Wn
we get
dy(t) = @ml)an [( | Fl(t1y ..ty Wpyt, .- ,wn)Al]W, (6)
og™*(p’
where

§ = (A)psis- - -, (Ap)n)

belongs to the connected component E) of the complement of the amoeba Ag: of the hypersurface
V' ={w € (C\0)"?:Q'(t,w') = 0}.
The theorem is proved.
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Let me make the following comment on the reduction of the formula (3) to (6). It is not
difficult to see that the integrand in (3) admits representation in the form

oy a D
f A /\fp A,

where 1 = 1), is a rational differential form of degree n — p, and f; = P t;. The system
of binomial equations f; = 0,..., f, = 0 defines an (n — p)-dimensional complex torus T"~?
(embedded in the torus T™ = (C\ 0)™). In this case, the real torus I', is a p-fold tube over a
real torus v C T"P(in the coordinates w, it is Log~!(Ap’)). Thus, we are in the conditions of
the multiple Leray residue formula (see [10,11]), according to that the integrals in (3) and (6)
coincide.

Example
Consider the example of applying of the theorem to find the integral representation of the
1
diagonal defined by the vectors ¢ = | 1| and g2 = | 2 | of the Taylor series of the function
2

1

F(z) =
1+ 214+ 204+ 23+ 2923
form shown in Fig. 1.

. Newton polytope of the denominator of the function F' has the

degzg

9& 1 deqgza

“dega
Fig. 1. Newton polytope 1 + z1 + 22 + 23 + 2223

For the two-dimensional diagonal dg, 4, (t1,t2) = > cllq(l)qu(z)tlftl; in the set Log™*(Ey),
s/

one has the following integral representation

dq(th t2) =

1 / 1 212923 % zlzgzg dz1 dzo dzg
(27Ti)3r 1+ 21+ 29 + 23+ Z223 (2’12’22’3 — tl)(212%Z§ — tg) Z1 22 Z3 ’
P

where the cycle
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I, ={2€C":|z1| =€, |22| =€, |23] =€}

is chosen so that

a) poles of F(z) don’t intersect the closed polydisc
Uy ={2 € C": || < €™, |22 <€, 23] < ™

b) parameters t = (t1,;) satisfy the inequalities |t;| < (%) i =1,2.

1 1 0 2 -1 0
Now let’s form the matrix A= (1 2 0],then A~ '=[—-1 1 0]. Using replacement
1 21 0 -1 1
AT = w, get 2 = wiwy 'y 2o = wiwiwy s 23 = ws. The denominator of the function F after

replacement is converted to 1 + w?wy ' + wi fwiwy ' + w3z 4+ w] 'wl and Newtonian polytope is

shown in Fig. 2

degws

rrrrrrrrrrrrrrrrrrrrr (—1,1,0)
degiog
(—1,1,—1)
(2, —1,0) k="
“deguo
Fig. 2. Newton polytope 1 + w%w;l + wflw%wgl + w3 + wflw%
The integral after replacement 247" = w looks like this
1 1 W1 * Wo dwi dwse dws
dq(t1,t2) = 753 2 1 —1 1 1 1,1 T

(27i) 1+ w?wy "+ w] wiwg ' +ws +wytwd (w1 — ) (we —ta) wi we ws

P

After integration by the Cauchy formula with the variable w; we obtain the following form
of the diagonal

1 1 w2 dws dwg
dg(tr,t2) = ——5 PI B Ty Tl wy —ty wy wy
(27i) : 1+ tfwy ™+t wyws ™ +ws +t] wy; w2 —1ta w2 ws

ol

We construct the Newton polytope of the denominator of the function F(t1,ws, w3) (Fig. 3).
After integrating with the variable wo we obtain
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degiwg

(0.—1)

(—1,0) (1,0 degu,

Fig. 3. Newton polytope 1 + 2wy " + t; fwiwy ' + w3 + ¢ 'w}

1 1 dw3
dg(t1,t2) = - C— 8

Q( 1 2) (27T’L) / 1+t%t;1+tf1t§w§1 +w3+t;1t% w3 ( )
F "

P

Therefore the integral (7) admits a reduction to the one-dimensional integral (8) with rational

integrand. It is known ( [12], Section 10.2) that such integral is an algebraic function in variables
1, 12.

This work was supported by the Foundation for the Advancement of Theoretical Physics and
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Crnncok mMHTErpaJibHbIX IIPeACTaBJICHUN JIJId ANArOHAJINA
CTENIEHHOTO PsJa paluoHaJbHON (PYyHKIINHT

Aprem B. Cenarion
Cubupckuii dejiepaibHbIl yHUBEPCUTET
Kpacuosipck, Poccuiickas @epepariys

Awnnoranus. B pabore npuBoisATCs MHTErpaJIbHbIE IIPEJICTABICHUS JIJIs JIMArOHAJIEN CTEIIEHHBIX PSIIOB.
Takue TpeACTABIICHUS TIOJIYYAIOTCs ITOHMXKEHUEM KPATHOCTU WHTEIPUPOBAHUS JIJIsI U3BECTHOTO paHee
WHTErPAJIbHOTO TIpeicTaBiieHus. [Iporenypa moHmMkeHNnsT KPATHOCTH PEATU3yeTCs B PAMKAX MHOTOMEp-
HOI1 Teopun BerdeToB Jlepe. Ocobyro pojib B KOHCTPYKIIUU HOBBIX MHTEIDAJILHBIX IIPEJICTABIEHUN UrPAaeT
MOHsITHE aMeObl KOMILJIEKCHON aHAJMTUIECKON TUIIEPITOBEPXHOCTH.

KuroueBbie cjioBa: MHOTOMEPHBIE CTEIIEHHBIE PSIIbl, KOMJIEKCHBI MHTErPAJI, HTHTEIPAJIHHOE IIPE/ICTAB-

JieHue, ameba, psiy Teitopa, JMaroHaab CTEIIEHHOTO PsIIA.
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