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1. Introduction and preliminaries

In classical complex analysis the Laurent expansions play an important role in studies (in
the study) of holomorphic functions in a neighborhood of isolated singular points (in a ring).
Analogs of Laurent series have already been constructed in multivariable complex analysis, for
example, in the product of circular rings

{z ∈ Cn : rν < |zν − aν | < Rν , ν = 1, 2, . . . , n} (1)

or in the domains of Hartogs

{z = (′z, zn) ∈ Cn : ′z ∈ ′D , r (′z) < |zn − an| < R (′z)} , (2)

where ′D is a domain of Cn−1 (Hartogs-Laurent series). Namely, any function f holomorphic in
(1) can be represented as a multiple Laurent series

f (z) =

∞∑
|k|=−∞

ck(z − a)
k
, (3)

where k = (k1, k2, . . . , kn) integer vectors, and

ck =
1

(2πi)
n

∫
Γ

f (ζ) dζ

(ζ − a)
k+1

,
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Γ = {ζ ∈ Cn : |ζν − aν | = ρν , rν < ρν < Rν , ν = 1, 2, . . . , n} .

In this case, the domains of convergence of series (3) are relatively complete Reinhart domains.
In the works of É. Cartan [1], C. L. Siegel [2], Hua Loo-Keng [3], I. I. Pjateckǐi-Šapiro [4], as

well as in [5] the matrix approach of presenting the theory of multivariable complex analysis is
widely used. It mainly deals with the classical domains and related questions of function theory
and geometry. The importance of studying classical domains is that they are not reducible, i.e.
these domains are, in a sense, model domains of multidimensional space.

Recently, scientists have obtained many significant results in the classical fields, and at the
same time, a number of open problems have been formulated. For example, in [6] the regularity
and algebraicity of mappings in classical domains are studied, and in [7] harmonic Bergman
functions in classical domains are studied from a new point of view. In the paper [8], holomorphic
and pluriharmonic functions are defined for classical domains of the first type, the Laplace and
Hua Loo-Keng operators are studied also. A connection was found between these operators.

In addition, scientific works in matrix balls associated with classical domains from the space
Cn [m×m] are developing.

Consider the space of complex m2 variables denoted by Cm2

. In some questions, it is con-
venient to represent the point Z of this space in the form of a square [m×m] matrix, that is,
in the form Z = (zij)

m
i,j=1. With this representation of points, the space Cm2

will be denoted
by C[m × m]. The direct product C[m×m]× · · · × C[m×m]︸ ︷︷ ︸

n

that have n copies of [m × m]

matrices we denote by Cn[m×m].
Let Z = (Z1, . . . , Zn) be a vector composed of square matrices Zj of order m, considered

over the field of complex numbers C. Let us write the elements of the vector Z = (Z1, . . . , Zn)

as points z of the space Cnm2

:

z = (z
(1)
11 , . . . , z

(1)
1m, . . . , z

(1)
m1, . . . , z

(1)
mm, . . . , z

(n)
11 , . . . , z

(n)
1m , . . . , z

(n)
m1 , . . . , z

(n)
mm) ∈ Cnm2

. (4)

Hence, we can assume that Z is an element of the space Cn [m×m], that is, we arrive at the
isomorphism Cn [m×m] ∼= Cnm2

.
Let us define the matrix "scalar" product:

⟨Z,W ⟩ = Z1W
∗
1 + · · ·+ ZnW

∗
n ,

where W ∗
j is the conjugate and transposed matrix for the matrix Wj .

It is known (see [9, 10]) that the matrix balls B(1)
m,n, B(2)

m,n and B(3)
m,n of the first, second and

third types, respectively, have the form:

B(1)
m,n = {(Z1, . . . , Zn) = Z ∈ Cn [m×m] : I − ⟨Z,Z⟩ > 0} ,

B(2)
m,n = {Z ∈ Cn [m×m] : I − ⟨Z,Z⟩ > 0, ∀Z ′

ν = Zν , ν = 1, . . . , n} ,

and
B(3)
m,n = {(Z ∈ Cn [m×m] : I + ⟨Z,Z⟩ > 0, ∀ Z

′

ν = −Zν , ν = 1, . . . , n
}
.

The skeletons (the Shilov boundaries) of matrix balls B(k)
m,n, denoted by X(k)

m,n, k = 1, 2, 3,
i.e.,

X(1)
m,n = {Z ∈ Cn [m×m] : ⟨Z,Z⟩ = I} ,

X(2)
m,n = {Z ∈ Cn [m×m] : ⟨Z,Z⟩ = I, Z ′

v = Zν , ν = 1, 2, . . . , n} ,
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X(3)
m,n = {Z ∈ Cn [m×m] : I + ⟨Z,Z⟩ = 0, Z

′

ν = −Zν , ν = 1, 2, . . . , n
}
.

Note that, B(1)
1,1, B

(2)
1,1 and B(3)

2,1 are unit disks, and X(1)
1,1, X

(2)
1,1, and X(3)

2,1 are unit circles in the
complex plane C.

If n = 1, m > 1, then B(k)
m,1, k = 1, 2, 3 are the classical domains of the first, second and

third type (according to the classification of E. Cartan (see [1])), and the skeletons X(1)
m,1, X

(2)
m,1,

and X(3)
m,1 are unitary, symmetric unitary and skew-symmetric unitary matrices, respectively.

Note that the matrix balls B(1)
m,n, B(2)

m,n, B(3)
m,n are complete circular convex bounded domains.

In addition, the domains B(1)
m,n, B(2)

m,n, B(3)
m,n and their skeletons X(1)

m,n, X(2)
m,n, X(3)

m,n are invariant
under unitary transformations (see [10,12]).

The first type of matrix ball was considered by A. G. Sergeev in [11], and by G. Khuday-
berganov in [9]. In [10], formulas for the volume of a matrix ball of the first type and its skeleton
are obtained, the holomorphic automorphisms for a matrix ball of the first type are described,
and integral formulas for matrix balls of the second and third types are obtained. In [13] the
volumes of the third type matrix ball and the generalized Lie ball are calculated. The total vol-
umes of these domains are necessary to find the kernels of the integral formulas for these domains
(Bergman, Cauchy–Szegő, Poisson kernels, etc. (see, for example, [14–17])). In addition, they
are useful for the integral representation of functions holomorphic in these domains in the mean
value theorem and other important concepts. In the papers [18, 19] analogs of Laurent series
with respect to the classical Cartan domains of the first, second, and third types are obtained.

The aim of this work is to obtain analogs of the Laurent series‡ with respect to the matrix
ball from space Cn [m×m]. To do this, we first introduced the concept of a "layer of the matrix
ball" from Cn [m×m], then in this layer of the matrix ball, we used the properties of integrals
of the Bochner–Hua Loo-Keng type to obtain analogs of the Laurent series.

1. Laurent-Hua Loo-Keng series with respect to the matrix ball Bm.n

Let Bm.n
§ be a matrix ball. For functions f(Z) = f(z

(1)
11 , . . . , z

(1)
1m, . . . , z

(n)
m1 , . . . , z

(n)
mm) holo-

morphic in Bm.n and continuous on Bm,n ( Bm,n = Bm,n ∪ ∂Bm,n) the Bochner–Hua Loo-Keng
integral formula is valid [10,20]:

f(Z) =

∫
Xm,n

det−mn
(
I(m) − ⟨Z,U⟩

)
f (U)dµ, (5)

where f (U) is an integrable function, dµ is the Haar measure on Xm,n.
Let

B−
m,n = {Z ∈ Cn [m×m] : I − ⟨Z,Z⟩ < 0} .

The integral (5) of Bochner–Hua Loo-Keng type makes sense in each of the domains Bm,n and
B−
m,n ( [21]).

Let us write the elements of vector Z = (Z1, . . . , Zn) ∈ Bm,n in the form (4) and by z[α] we
will denote a vector with components√

|α|!
α1!α2! . . . αnm2 !

(
z
(1)
11

)α1

· · ·
(
z
(1)
1m

)αm

· · ·
(
z(n)mm

)αnm2

, |α| =
nm2∑
i=1

αi, αi > 0. (6)

‡In what follows, we will call these series Laurent-Hua Loo-Keng series.
§For convenience, we denote B(1)

m,n by Bm,n, and X(1)
m,n by Xm,n.
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The dimension of the subspace generated by the vector z[α] is equal to the dimension of the
direct sum of subspaces with dimensions (see [3, 22,23])

q(α1, α2, . . . , αm) = N(α1, α2, . . . , αm) ·N(α1, α2, . . . , αm, 0, . . . , 0)

and it is equal to∑
α1+α2+···+αm=|α|
α1>α2>...>αm>0

N(α1, α2, . . . , αm) ·N(α1, α2, . . . , αm, 0, . . . , 0) =
(nm2 + |α| − 1)!

α!(nm2 − 1)!
,

where

N(α1, α2, . . . , αm) =
D(α1 +m− 1, α2 +m− 2, . . . , αm−1 + 1, αm)

D(m− 1,m− 2, . . . , 1, 0)
,

D(α1, α2, . . . , αm) =
∏

16i<j6m

(αi − αj), m > 2.

Obviously, (6) contains all monomials of degree α, that is, any polynomial in

z
(1)
11 , . . . , z

(1)
1m; . . . ; z

(1)
m1, . . . , z

(1)
mm; . . . ; z

(n)
11 , . . . , z

(n)
1m ; . . . ; z

(n)
m1 , . . . , z

(n)
mm

is a linear combination of expressions like (6), if α takes values 0, 1, 2, . . . .
Let us denote by

φ(p)
α1,α2,...,αm

(Z), p = 1, 2, . . . , q (α1, α2, . . . , αm)

the components of the vector z[α].
In [24] it was proved that the system of functions

(ρα)
− 1

2φ(p)
α (Z), p = 1, 2, . . . , q (α1, α2, . . . , αm), α = 0, 1, 2, . . .

is an orthonormal system in the domain Bm,n, where

ρα =

∫
Bm,n

∣∣∣φ(p)
α (Z)

∣∣∣2dν, dν =

n∏
k=1

∏
16i6j6m

dx
(k)
i,j dy

(k)
i,j

and the system of functions

(δα)
− 1

2φ(p)
α (U), p = 1, 2, . . . , q (α1, α2, . . . , αm), α = 0, 1, 2, . . . . (7)

forms a complete orthonormal system on Xm,n, where φ
(p)
α (U), p = 1, 2, . . . , q(α1, α2, . . . , αm),

α = 0, 1, 2, . . . are components of the vector u[α] (u = (u
(1)
11 , . . . , u

(1)
1m, . . . , . . . , . . . , u

(n)
m1, . . . , u

(n)
mm))

and
δα =

∫
Xm,n

∣∣∣φ(p)
α (U)

∣∣∣2dµ.
Theorem 1.1 (see [24] ). Let f (U) be an integrable function in Xm,n and let

apα =
V (Xm,n)√

δα
·
∫
Xm,n

f(U)φ
(p)
α (U)dµ (8)
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be the Fourier coefficients of this function with respect to the orthonormal system (7). Then, in
Bm,n the integral (5) represents a holomorphic function that expands in this domain in a series

∑
α>0

q(α)∑
p=1

apα
φ
(p)
α (Z)√
δα

. (9)

If we denote

F±(Z) =

{
F (Z), Z ∈ Bm,n,

F (Z), Z ∈ B−
m,n,

then, by Theorem 1.1, for all Z ∈ Bm,n we have

F+ (Z) =
∑

α1>...>αm>0

q(α)∑
p=1

apα
φ
(p)
α (Z)√
δα

, (10)

with coefficients (8). Therefore, F+(Z) ∈ O (Bm,n) , i.e. F+(Z) is holomorphic in Bm,n. Now
let Z ∈ B−

m,n. Then we have

F−(Z) =

∫
Xm,n

f (U)

detmn
(
I(m) −

〈
(⟨Z,Z⟩)−1

Z,U
〉)dµ. (11)

The Cauchy-Szegő kernel has the following form (see [24]):

C(Z̃, U) =
1

V (Xm,n)
det−mn(I(m) −

〈
Z̃, U

〉
=

∑
α>0

q(α)∑
i,j=1

φ
(α)
i,j (Z̃)φ

(α)
i,j (U).

Using the equalities from [3, p.114] we obtain

φ(p)
α1,...,αm

(U) = φ
(p)
α1−αm,α2−αm,...,αm−1−αm,0(U)(detU)

αm ,

and noticing that Z̃ = (⟨Z,Z⟩)−1
Z, we have

1

detmn
(
I(m) −

〈
(⟨Z,Z⟩)−1

Z,U
〉) = V (Xm,n)

∑
α>0

q(α)∑
i,j=1

φ
(α)
i,j

(
(⟨Z,Z⟩)−1

Z
)
φ
(α)
i,j (U).

Multiplying the last expression by f (U) and integrating term by term against the measure dµ,
we obtain

F−(Z) =

∫
Xm,n

f (U)V (Xm,n)
∑
α>0

q(α)∑
i,j=1

φ
(α)
i,j

(
(⟨Z,Z⟩)−1

Z
)
φ
(α)
i,j (U)dµ =

=
∑
α>0

q(α)∑
i,j=1

φ
(α)
i,j

(
(⟨Z,Z⟩)−1

Z
)[

V (Xm,n)

∫
Xm,n

f (U)φ
(α)
i,j (U)dµ

]
=

= (−1)
mn

∑
α1>...>αm>0

q(α)∑
p=1

a
(p)
−αm−m,...,−α1−m

φ
(p)
−αm−m,...,−α1−m

(
(⟨Z,Z⟩)−1

Z
)

√
δα

.

(12)
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Therefore, in the domain B−
m,n the integral (11) represents a holomorphic function of

(⟨Z,Z⟩)−1
Z, which has an expansion

F−(Z) = (−1)
mn

∑
α1>...>αm>0

q(α)∑
p=1

a
(p)
−αm−m,...,−α1−m

φ
(p)
−αm−m,...,−α1−m

(
(⟨Z,Z⟩)−1

Z
)

√
δα

. (13)

Consider the matrix domains of the form:

ΠR =
{
Z ∈ Cn [m×m] : R2I(m) − ⟨Z,Z⟩ > 0

}
,

Πr =
{
Z ∈ Cn [m× k] : r2I(m) − ⟨Z,Z⟩ < 0

}
,

where R, r are real numbers such that 0 < r < R < ∞. We denote Π = ΠR ∩Π−
r and the sets Π

will call the "layer of the matrix ball".
The following diagram shows a layer of a matrix ball from the space Cn [m×m]

and, in particular, for n = 1 and m = 1 we have:

The following theorem holds

Theorem 1.2. If F (Z) ∈ O (Π) ∩ C
(
Π̄
)
, then for Z ∈ Π the Laurent-Hua Loo-Keng expansion

F (Z) = F+(Z) + F−(Z).

where the coefficients in (13) are calculated by the formula

a
(p)
−αm−m,...,−α1−m = V (Xρ)

∫
Xρ

f (U)φ
(α)
i,j (U)dµ, (14)

and
Xρ =

{
U ∈ Cn [m×m] : ⟨U,U⟩ = ρ2I(m), r < ρ < R.

}
.
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Proof. Fix an arbitrary point Z ∈ Π and construct a layer Π′ such that Z ∈ Π′ ⊆ Π (Π′ =

Π′
R ∩Π′

r, r < r′ < R′ < R). Then, by virtue of the Bochner-Hua Loo-Keng integral formula (5)
the following expansion takes place:

F (Z) =

∫
Γ′

f (U)

detmn
(
I(m) − ⟨Z,U⟩

)dµ+

∫
−γ′

f (U)

detmn
(
I(m) − ⟨Z,U⟩

)dµ, (15)

where
Γ′ =

{
U ∈ Cn [m×m] : ⟨U,U⟩ = (R′)

2
I(m)

}
,

and
γ′ =

{
U ∈ Cn [m×m] : ⟨U,U⟩ = (r′)

2
I(m)

}
.

Therefore, by virtue of (10)

∫
Γ′

f (U)

detmn
(
I(m) − ⟨Z,U⟩

)dµ =
∑

α1>...>αm>0

q(α)∑
p=1

apα
φ
(p)
α (Z)√
δα

= F+ (Z) , (16)

where
apα =

V (Γ′)√
δα

·
∫
Γ′
f(U)φ

(p)
α (U)dµ.

Assuming
φ(p)
α1,...,αm

(U) = φ
(p)
α1−αm,α2−αm,...,αm−1−αm,0(U)(detU)

αm ,

for any α1 > α2 > . . . > αm from (13) we get∫
−γ′

f (U)

detmn
(
I(m) − ⟨Z,U⟩

) =

= (−1)
mn

∑
α1>...>αm>0

q(α)∑
p=1

a
(p)
−αm−m,...,−α1−m

φ
(p)
−αm−m,...,−α1−m

(
(⟨Z,Z⟩)−1

Z
)

√
δα

= F−(Z), (17)

where
a
(p)
−αm−m,...,−α1−m = V (γ′)

∫
−γ′

f (U)φ
(α)
i,j (U)dµ.

Now, substituting (16) and (17) into (15), we obtain the required expansion

F (Z) = F+(Z) + F−(Z).

It remains to note that by Cauchy’s homotopy theorem in formulas for calculating the coefficients
apα and a

(p)
−αm−m,...,−α1−m can be replaced with any

Xρ =
{
U ∈ Cn [m×m] : ⟨U,U⟩ = ρ2I(m), r < ρ < R

}
,

and then these formulas will take the form (14). The theorem is proved. 2

Corollary 1. In Theorem 1.2, when n = 1 the expansion (14) coincides with the Laurent
expansion in the "matrix ring" defined in the Cartan classical domains (in the space C [m×m]):

Π = ΠR ∩Π−
r ,
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where matrix domains

ΠR =
{
Z ∈ C [m× k] : R2I(m) − ZZ∗ > 0

}
,

Πr =
{
Z ∈ C [m× k] : r2I(m) − ZZ∗ < 0

}
,

and R, r are real numbers such that 0 < r < R (see [18]).

Corollary 2. When m = 1 then the expansion (14) coincides with Laurent expansion of
holomorphical function in a ball layer (in the space Cn):

Π = {z ∈ Cn : r < |z| < R}

(by Severi’s theorem, this expansion coincides with the Taylor expansion in the ball B1,n =

= {z ∈ Cn : |z| < 1}).

Corollary 3.When m = n = 1 we obtain the Laurent expansion on the complex plane.

2. Open problems

We present some unsolved problems related to the matrix balls B(2)
m,n and B(3)

m,n, associated
with the classical domains of the second and third types:

1. Obtain analogs of the expansion of the Laurent–Hua Loo-Keng series for the matrix balls
B(2)
m,n and B(3)

m,n.
21,2,3. Describe domains of convergence of Laurent series with respect to matrix balls B(1)

m,n,
B(2)
m,n and B(3)

m,n.

OT-F4-(37+29) Functional properties of A-analytical functions and their applications. Some
problems of complex analysis in matrix domains (2017-2021 y.) Ministry of Innovative Develop-
ment of the Republic of Uzbekistan.
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Ряды Лорана-Хуа Ло-кена относительно матричного
шара из пространства Cn [m×m]

Гулмирза Х.Худайберганов
Жонибек Ш. Абдуллаев

Национальный университет Узбекистана
Ташкент, Узбекистан

Аннотация. Целью данной работы является получение аналогов ряда Лорана относительно мат-
ричного шара из пространства Cn [m×m]. Для этого сначала введены понятие "слоя матричного
шара" из Cn [m×m], затем в этом слое матричного шара использовались свойства интегралов типа
Бохнера-Хуа Ло-кена для получения аналогов ряда Лорана.

Ключевые слова: матричной шар, ряд Лорана, голоморфная функция, граница Шилова, инте-
грал Бохнера-Хуа Ло-кена, ортонормальная система.
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