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We consider a variant of the Cauchy problem for a multidimensional di�erence equation with constant

coe�cients, which connected with a lattice path problem in enumerative combinatorial analysis. We

obtained a formula in which generating function of the solution to the Cauchy problem is expressed in

terms of generating functions of the Cauchy data and a formula expressing solution to the Cauchy problem

through its fundamental solution and Cauchy data.

Keywords: di�erence equation; fundamental solution; generating function; Dyck paths

1. De�nitions and main results

On complex valued functions f : Zn → C we de�ne the shift operator δj as follows:

δj : f(x1, . . . , xj , . . . , xn) 7→ f(x1, . . . , xj + 1, . . . , xn)

and the polynomial di�erence operator

P (δ) =
∑
ω∈Ω

cωδ
ω,

where Ω ⊂ Zn is a �nite set of points of an n-dimensional lattice, δω = δω1
1 · . . . · δωnn and cω ∈ C

are the coe�cients of the di�erence operator.

We consider the di�erence equation

P (δ)f(x) = g(x), x ∈ X, (1)
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where f(x) is an unknown function, and g(x) is a function de�ned on some set X ⊂ Zn. Also

choose a set X0 ⊂ Zn, the points of which will be called initial (boundary) points.

In the general situation we have to solve the Cauchy problem: �nd a function f(x), satisfying

equation (1) and coinciding with a given function ϕ(x) of initial data on the set X0 :

f(x) = ϕ(x), x ∈ X0. (2)

The function g(x) in the right-hand side of (1) and the initial data function ϕ(x) in (2) is called

the Cauchy data of problem (1)�(2).

Existence and uniqueness of problem (1)-(2) (solvability of the Cauchy problem) depends on

all the objects involved in its formulation: the di�erence operator P (δ), the set X on which the

right part of the equation is given, and the set X0 on which the initial data ϕ(x) is de�ned.

In the one-dimensional case two variants of the Cauchy problems are usually considered:

(i) X = {x ∈ Z : x > 0} is the set of non-negative integers, P (δ) =
m∑
ω=0

cωδ
ω, X0 =

{0, 1, . . . ,m− 1}, cm 6= 0,

(ii) X = {x ∈ Z : x > m}, P (δ) =
m∑
ω=0

cωδ
−ω, X0 = {0, 1, . . . ,m− 1}, c0 6= 0.

For example, option (i) is used to describe the solution to equation (1) in the theory of discrete

dynamic systems (see [6]). Option (ii) is most useful in problems of enumerative combinatorial

analysis (see [17]).

In the case of constant coe�cients, the z-transformation

F (z) =

∞∑
x=0

f(x)

zx

is the powerful method to study discrete dynamic systems and generating functions

F (z) =

∞∑
x=0

f(x)zx

are used for studying problems in enumerative combinatorial analysis.

In the multi-dimensional case, the number of formulations of Cauchy problem (1)�(2) in-

creases. We discuss some of them.

An analogue of the one-dimensional case (ii), when X = Zn> is the non-negative octant in Zn,
X0 = Zn> \Xm, 0 ∈ Ω, mi = max{ωi : ωi ∈ Ω, i = 1, . . . , n}, m = (m1, . . . ,mn) and Xm = {x ∈
Zn> : xi > mi, i = 1, . . . ,m}, is considered in [2], which is devoted to multi-dimensional di�erence

equations with constant coe�cients and their use in enumerative combinatorial analysis. Several

equivalent conditions, providing solvability of problem (1)�(2), are given in Theorem 3 in [2].

Particularly, the convex hull conv{Ω \ {0}} ∩ Rn> is not empty.

Various analogues of variant (i) of the Cauchy problem for the multi-dimensional case are

constructed as follows. Let A = {α1, . . . , αN} be the set of vectors αj = (αj1, . . . , α
j
n) ∈ Zn, j =

1, . . . , N, and K is a lattice cone spanned by these vectors

K = {x ∈ Zn : x = λ1α
1 + · · ·+ λNα

N , λi ∈ Z>, i = 1, . . . , N}.

For points u, v ∈ K a partial order relation >
K
is de�ned as follows: u>

K
v ⇔ u− v ∈ K. We

also denote u�
K

v ⇔ u− v /∈ K. We assume that the cone K is pointed, which means it does not

contain any line or, equivalently, lies in an open half-space of Rn.
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We consider a �nite set of integer points A ⊂ K, in which there exists a point m such that

for all αj ∈ A, j = 1, . . . , N the condition αj 6
K
m holds.

The solvability of the problem when the cone K is simplicial (which means that every element

in it admits a unique expansion in the generators) and the sets X = K and X0 = X \(m+K), on

which Cauchy problem (1)�(2) is solved, was studied in [1], [10], [11], [12], [13], [19]. Additionally,

in these papers, the solutions f(x) to problem (1)�(2) are given in terms of the Cauchy data

and fundamental solution to (1)�(2) (the Green function). These solutions play an important

role in the study of asymptotics of solutions to the Cauchy problem, in particular, to study

the stability of the problem and its connection with the properties of the characteristic set

VP := {z ∈ Cn : P (z) :=
∑
ω∈Ω

cω z
ω = 0} of the equation (1), where zω = zω1

1 · . . . · z
ωN
N .

A multidimensional analogue of option (ii) for the Cauchy problem(1)�(2) was not described

in [2]. This is apparently due to the fact that in problems of enumerative combinatorial analysis

the search for the generating function for the combinatorial object is considered as a full solution

to the problem, rather than the study of its asymptotic behavior.

For n > 1 we formulate the following variant of a Cauchy problem, which combines multi-

dimensional analogs of (i) and (ii) for which the simplicity of the cone K is not required. We

denote m = α1 + · · ·+ αN , c0 = 1, α0 = (0, . . . , 0).

The Cauchy problem. Find a function f : K → C, satisfying the di�erence equation

N∑
j=0

cjf(x− αj) = g(x), x>
K
m, (3)

and which coincides with the given function ϕ(x) on the set X0 = {x ∈ K : x�
K
m}:

f(x) = ϕ(x), x ∈ X0. (4)

The characteristic polynomial for (3) is a Laurent polynomial (since it may have terms of negative

degree) P (z) =
N∑
j=0

cjz
−αj .

Equation (3) with initial data (4) is used to describe a major class of problems in enumer-

ative combinatorial analysis such as lattice path problems (the Dyck, Motzkin, Schr�oder and

generalized lattice paths, see [2], [4], [15]).

The fact that the cone K is pointed allows us to use the method of generating functions.

This involves de�ning for any µ ∈ K the element in the ring CK [[z]] of (formal) power series

Fµ(z) =
∑
x>
K
µ

f(x)zx.

We also de�ne F (z) = F0(z).

Using the method of generating functions, we will derive a formula which expresses the gen-

erating function F (z) in terms of the characteristic polynomial for (3) and generating functions

for the Cauchy data.

Theorem 1. The generating function F (z) of a solution f(x) to di�erence equation (3) with

initial data (4) is representable as

F (z) =
1

P (z−1)

( N∑
j=0

cjz
αjΦm−αj (z) +Gm(z)

)
, (5)
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where P (z−1) = P (z−1
1 , . . . , z−1

n ), Φm−αj (z) = F (z)− Fm−αj (z) and Gm(z) =
∑
x>
K
m

g(x)zx.

Proof. Multiplying the left-hand side of (3) by zx and summing over x>
K
m yields

∑
x>
K
m

N∑
j=0

cjf(x− αj)zx =

N∑
j=0

cjz
αj
∑
x>
K
m

f(x− αj)zx−α
j

=

N∑
j=0

cjz
αj

∑
x+αj >

K
m

f(x)zx =

=

N∑
j=0

cjz
αjFm−αj (z) =

N∑
j=0

cjz
αj (F (z)− Φm−αj (z)) .

Repeating the same with the right-hand side yields

P (z−1) · F (z) =

N∑
j=0

cjz
αjΦm−αj (z) +Gm(z).

Thus we obtain (5), which proves the theorem.

Remark 1. Formulae (5) was derived in [14] for the Riordan arrays and in [11] for K = ZN

and g(x) = 0.

A function P : Zn → C is called a fundamental solution to the Cauchy problem (3)�(4) if it

satis�es to the di�erence equation

N∑
j=0

cjP(x− αj) = δ0(x), x ∈ Zn, (6)

where δ0(x) is the Kronecker symbol:

δ0(x) =

{
0, if x 6= 0;

1, if x = 0.

The support of the function P(x) is a set

suppP(x) = {x ∈ Zn : P(x) 6= 0}.

Lemma. If P(x) is the fundamental solution to Cauchy problem (3)�(4) and suppP ⊂ K,

where K is a pointed cone, then

P (z−I) ·
∑
x∈Zn

P(x)zx = 1. (7)

Proof. The product

N∑
j=0

cjz
αj ·

∑
x∈Zn

P(x)zx =

N∑
j=0

∑
x∈Zn

cjP(x)zx+αj =
∑
x∈Zn

N∑
j=0

cjP(x− αj)zx =
∑
x∈Zn

δ0(x) = 1,

which proves the lemma.

The fundamental solution is

P(x) =
∑
Aλ=x
λ∈ZN>

(−c1)λ1 · . . . · (−cN )λN (λ1 + · · ·+ λN )!

λ1! . . . λN !
, x>

K
0,
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and can be obtained by expanding 1
P (z−1) into the Laurent series as follows:

1

P (z−1)
=

1

1−
N∑
j=1

(−cj)zαj
=

∞∑
k=0

 N∑
j=1

(−cj)zα
j

k

=

=
∑

λ1+...+λN> 0

(−c1)λ1 · . . . · (−cN )λN (λ1 + · · ·+ λN )!

λ1! . . . λN !
zλ1α

1+...+λNα
N

=

=
∑
x>
K

0

∑
Aλ=x
λ∈ZN>

(−c1)λ1 · . . . · (−cN )λN (λ1 + · · ·+ λN )!

λ1! . . . λN !
zx =

∑
x>
K

0

P(x) zx.

The Laurent series
∑
x>
K

0

P(x) zx converges in a domain which can be described in term of

an amoeba AP of the Laurent polynomial P (z). Namely, the logarithmic image of the domain

is a complement component of the amoeba AP corresponded with the point 0 of the Newtone

polytope NP (see [7]).

Function PA(x;h) =
∑

Aλ=x
λ∈ZN>

h(λ) was considered in [15] and called the vector partition function

associated with h(λ). Provided that h(λ) = (−c)λ|λ|!
λ! , we get

P(x) = PA(x;h). (8)

For h(λ) ≡ 1 the vector partition function PA(x;h) = PA(x) is a number of non-negative

integer solutions to a linear Diophantine equation Aλ = x (see, for example, [17]):

PA(x) =
∑
Aλ=x
λ∈ZN>

1, x ∈ Zn.

For h(λ) = e−〈λ,y〉 properties of the function

PA(y;h) =
∑
Aλ=x
λ∈ZN>

e−〈λ,y〉, y ∈ CN , (9)

called the vector partition function associated with the set of vectors A, were investigated in [3].

In particular, they derive the residue formulas for its generating function and an analog of the

Euler-Maclaurin formula, in which the vector partition functions are represented as the action

of the Todd operator on the volume function of a polyhedron. Furthermore, a sum of e−〈λ,y〉

in integer cones was investigated in [16] in connection to generalization of the Riemann-Roch

theorem. A structure theorem for the vector partition function was presented and polyhedral

tools for the e�cient computation of such functions was provided in [18].

For ϕ(x) ≡ 1 the function PA(λ;ϕ) coincides with the classical vector partition function. For

ϕ(x) = e−〈x,y〉 we obtain a vector partition function of the form (9). If we take N = 2, A = (1 1)

and ϕ(x1, x2) = h(x1), then PA(λ;ϕ) =
∑

x1+x2=λ
x1,x2>0

h(x1) =
λ∑

x1=0
h(x1). Thus, the problem of

�nding the vector partition function PA(λ;ϕ) is a generalization of the classical summation's

problem of functions of a discrete argument.
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The concept of the fundamental solution P(x) to (3)�(4) yields a formula expressing f(x) in

terms of Cauchy data ϕ(x) and g(x).

Theorem 2. A solution to the di�erence equation (3) with initial data (4) is given as follows:

f(x) =
∑

06
K
y6
K
x

P(x− y)τ(y),

where τ(y) =


N∑
j=0

cjϕ(y − αj), if y�
K

m;

g(y), if y>
K
m.

Proof. Using expression (5) from Theorem 1 and expression (7) from Lemma yields

F (z) =
∑
x>
K

0

P(x)zx

 N∑
j=0

cjz
αjΦm−αj (z) +Gm(z)

 .

Since
N∑
j=0

cjz
αjΦm−αj (z) =

∑
y>
K

0,y�
K

m

 N∑
j=0

cjϕ(y − αj)

 zy,

we get

F (z) =
∑
x>
K

0

P(x)zx
∑
y>
K

0

τ(y)zy,

where τ(y) =


N∑
j=0

cjϕ(y − αj), if y�
K

m;

g(y), if y>
K
m.

Finally, taking into account that P(x) = 0 for x�
K

0 we get

F (z) =
∑
x>
K

0

∑
y>
K

0

P(x)τ(y)

 zx+y =
∑
x>
K

0

 ∑
06
K
y6
K
x

P(x− y)τ(y)

 zx.

Equating the coe�cients of zx we obtain

f(x) =
∑

06
K
y6
K
x

P(x− y)τ(y),

which proves the theorem.

2. Applications to lattice path problems

A lattice path is a �nite sequence p0, p1, . . . , pL of points in Zn and its steps are the �nite set of
lattice vectors pk − pk−1 ∈ A = {α1, . . . , αN}, k = 1, 2, . . . , L. The common class of lattice paths

arises by imposing some conditions on the paths: points pk, k = 0, 1, . . . , L, are distinct (non

intersecting paths). In the context of lattice path counting problems the function f : ZN → Z>
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that counts the number f(x) of paths in a speci�ed class for which p0 = 0 is computed (the

condition p0 = 0 does not result in a loss of generality). Examples of some well-known lattice

paths: Dyck, Motzkin and Schr�oder paths (for more details see [2], [5], [8], [9]).

It is well-known that the function f(x) satis�es di�erence equation (3) with c0 = 1, c1 = . . . =

cN = −1 and g(x) = 0 (see [2]). Thus P (δ) = 1− δ−α1 − · · · − δ−αN .
Theorem 2 yields a simple formula for the number f(x) of such paths (see also [15]). The

following condition for an initial data function ϕ(x) of Cauchy problem (3)�(4) for the lattice

path problem holds:

ϕ(x) =


0, if x�

K

0;

1, if x = 0;

(1− P (δ))ϕ(x), if x>
K

0, x 6= 0.

Since τ(y) is equal to 1 only at the origin and vanishes at other points we get f(x) = P(x).

Considering (8) we obtain

f(x) = PA(x;h), where h(λ) =
|λ|!
λ!
.

Example A.

We consider a set with three steps A = {α1 = (1, 0), α2 = (0, 1), α3 = (1, 1)} and let f(x1, x2)

denote the number of paths from the origin to (x1, x2) ∈ Z2 using steps from the set A. The

cone K is spanned by the vectors from A and m = α1 + α2, since α3 = α1 + α2.

We consider the two dimensional di�erence equation

f(x1, x2)− f(x1 − 1, x2)− f(x1, x2 − 1)− f(x1 − 1, x2 − 1) = 0, (10)

and its characteristic polynomial P (z1, z2) = 1− z−1
1 − z−1

2 − z−1
1 z−1

2 .

By Theorem 2 a solution to this di�erence equation is

f(x1, x2) =
∑

06
K
y6
K
x

P(x1 − y1, x2 − y2)τ(y1, y2),

where τ(y1, y2) = ϕ(y1, y2) − ϕ(y1 − 1, y2) − ϕ(y1, y2 − 1) − ϕ(y1 − 1, y2 − 1) if (y1, y2) � (2, 2)

and τ(y1, y2) = 0 otherwise.

To �nd the fundamental solution P(x1, x2) we expand P−1(z−1
1 , z−1

2 ) as follows

1

P (z−1
1 , z−1

2 )
=

1

1− (z1 + z2 + z1z2)
=

∞∑
k=0

(z1 + z2 + z1z2)k =

=
∑

k1,k2,k3>0

(k1 + k2 + k3)!

k1!k2!k3!
zk11 zk22 (z1z2)k3 =

∑
x1,x2>0

min(x1,x2)∑
t=0

(x1 + x2 − t)!
(x1 − t)!(x2 − t)!t!

zx1
1 zx2

2 .

Consequently, Lemma and the term of the fundamental solution gives

P(x1, x2) =

min(x1,x2)∑
t=0

(x1 + x2 − t)!
(x1 − t)!(x2 − t)!t!

=
∑

k1+k3=x1
k2+k3=x2
k1,k2,k3>0

(k1 + k2 + k3)!

k1!k2!k3!
= PA(x;λ).
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Finally, we have the solution for di�erence equation (10) with initial data function f(x1, x2) =

ϕ(x1, x2), (x1, x2) � (2, 2) as follows

f(x1, x2) = P(x1, x2)ϕ(0, 0) +

x1∑
y1=1

P(x1 − y1, x2)(ϕ(y1, 0)− ϕ(y1 − 1, 0))+

+

x2∑
y2=1

P(x1, x2 − y2)(ϕ(0, y2)− ϕ(0, y2 − 1)).

In the case of lattice paths, ϕ(y1, 0) − ϕ(y1 − 1, 0) = 0 for y1 > 1, ϕ(0, y2) − ϕ(0, y2 − 1) =

0 for y2 > 1, and ϕ(0, 0) = 1, we obtain

f(x1, x2) = P(x1, x2).

Example B.

Let α1 = (2,−1), α2 = (−1, 2) be a column vectors, we let K denote the cone K spanned by

the vectors K = 〈α1, α2〉,m = α1 + α2 = (1, 1).

We consider the two dimensional di�erence equation

f(x1, x2)− f(x1 − 2, x2 + 1)− f(x1 + 1, x2 − 2) = 0 (11)

and its characteristic polynomial P (z1, z2) = 1− z−2
1 z2 − z1z

−2
2 .

By Theorem 2 a solution to this di�erence equation is

f(x1, x2) =
∑

06
K
y6
K
x

P(x1 − y1, x2 − y2)τ(y1, y2),

where τ(y1, y2) =


ϕ(y1, y2)− ϕ(y1 − 2, y2 + 1)− ϕ(y1 + 1, y2 − 2),

if (y1, y2)�
K

(1, 1)

0, if (y1, y2)>
K

(1, 1).

To �nd a fundamental solution P(x1, x2) we expand the characteristic polynomial P (z−1
1 , z−1

2 )

into a series:

1

1− z2
1z
−1
2 − z−1

1 z2
2

=

∞∑
k=0

(z2
1z
−1
2 + z−1

1 z2
2)k =

∑
k1+k2>0

(k1 + k2)!

k1!k2!
(z2

1z
−1
2 )k1(z−1

1 z2
2)k2 =

=
∑

k1+k2>0

(k1 + k2)!

k1!k2!
z2k1−k2

1 z−k1+2k2
2 =

∑
(x1,x2)>

K
0

(x1 + x2)!(
2x1+x2

3

)
!
(
x1+2x2

3

)
!
zx1

1 zx2
2 .

Consequently,

P(x1, x2) =
(x1 + x2)!(

2x1+x2

3

)
!
(
x1+2x2

3

)
!
.

Finally, we have the solution for di�erence equation (11) with arbitrary initial data

f(x1, x2) = ϕ(x1, x2), (x1, x2)�
K

(1, 1)
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f(x1, x2) = P(x1, x2)ϕ(0, 0) +

x1∑
t=1

P(x1 − 2t, x2 + t)(ϕ(2t,−t)− ϕ(2t− 2,−t+ 1))+

+

x2∑
t=1

P(x1 + t, x2 − 2t)(ϕ(−t, 2t)− ϕ(−t+ 1, 2t− 2)).

In the case of lattice paths, ϕ(2t,−t)−ϕ(2t−2,−t+1) = 0 for t > 1, ϕ(−t, 2t)−ϕ(−t+1, 2t−2) =

0 for t > 1, and ϕ(0, 0) = 1, we obtain

f(x1, x2) = P(x1, x2).
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Çàäà÷à Êîøè äëÿ ìíîãîìåðíîãî ðàçíîñòíîãî óðàâíåíèÿ â
êîíóñàõ öåëî÷èñëåííîé ðåøåòêè

Àëåêñàíäð Ëÿïèí, Øðèëàòõà ×àíäðàãèðè

Â ðàáîòå ðàññìîòðåí âàðèàíò çàäà÷è Êîøè äëÿ ìíîãîìåðíîãî ðàçíîñòíîãî óðàâíåíèÿ ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè, âîçíèêàþùèé ñ çàäà÷åé î ÷èñëå ïóòåé íà öåëî÷èñëåííîé ðåøåòêå â ïåðå-

÷èñëèòåëüíîì êîìáèíàòîðíîì àíàëèçå. Ïîëó÷åíà ôîðìóëà, âûðàæàþùàÿ ïðîèçâîäÿùóþ ôóíêöèþ

ðåøåíèÿ çàäà÷è Êîøè ÷åðåç ïðîèçâîäÿùèå ôóíêöèè äàííûõ Êîøè, è íàéäåíî ðåøåíèå çàäà÷è Êîøè

÷åðåç åå ôóíäàìåíòàëüíîå ðåøåíèå è äàííûå Êîøè.

Êëþ÷åâûå ñëîâà: ðàçíîñòíîå óðàâíåíèå, ôóíäàìåíòàëüíîå ðåøåíèå, ïðîèçâîäÿùàÿ ôóíêöèÿ, ïóòè

Äèêà
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