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Abstract  – There has been set and analytically solved task on 
calculation of the electromagnetic field in the area of the 
“cylindric inductor - channel with liquid metal” system. The 
inductor part includes a polyphase winding with electric 
current that enables generating the rotating magnetic field. 
The solution for electromagnetic field vector has been found 
in the Fourier series of a complex form using Bessel functions. 
The task was solved in a 2D design using the cylindrical 
coordinate system. There have been obtained the relations of 
the current density in the channel metal, electromagnetic 
power and moment to the parameters and modes of system 
operation. The electromagnetic rotator for the liquid metal 
can be used to introduce fine metal particles (chips, sawdust) 
into the reverberatory melting furnace. 

 
Index Terms –  Electromagnetic rotator, electromagnetic field, 
differential equations, cylindrical coordinate system, Fourier 
series in a complex form, Bessel function. 

I. INTRODUCTION 

VERY YEAR there has been observed a high increase 
in the use of aluminium alloys in a variety of 

industries. Improving the mechanical properties of an alloy 
produced can be achieved by adding various alloying 
agents. Different process flowsheets and equipment are 
used for their production [1]. In most cases aluminium 
alloys are produced in holding furnaces. The 
magnetohydrodynamic (MHD) rotator can be used for 
mixing small particles into the melt.  

Fig.1 shows the section of holding furnace with MHD 
rotator installed. The rotator consists of a magnetic core 4 
and several coils of inductor winding 3. Mixing fine 
particles into melt 2 is performed in MHD rotator due to 
rotational movement of metal. In the center of the rotator 
the movement is directed downwards, this leads to alloying 
agents penetrating into the melt and then the melt with 
already mixed particles is fed to the lower layers of the 
melting furnace via connecting channel 5. 

MHD rotator can be used in the processing of fine 
aluminium chips that are formed in the result of mechanical 
treatment of ingots. High quality metal output can be 
achieved when the chips are in the minimum time of 
contact with the hot surface of the melt. This is due to the 
fact that surface oxidation occurs in hot oxygenated air. 
The longer chips are on the melt surface, the thicker is the 

oxide layer and this, in its turn, complicates the separation 
of oxides from the metal. The metal cannot be smelt from 
chips and its output is significantly reduced. A prospecting 
direction of improving the efficiency of equipment for 
melting fine recycled aluminum (sawdust, chips, foils, etc.) 
is to create a funnel in the doghouse of a melting furnace. 
The funnel will provide for the immersion of recycled 
aluminum inside the melt in the melting furnace [2]. 

 

 
Fig. 1. Melting furnace with MHD rotator. 
1 is lining of furnaces and MHD rotator;  
2 is melt (liquid metal);  
3 is coil of inductor winding of MHD rotator; 
4 is magnetic core (core) of  MHD rotator ;  
5 is channel connecting the MHD rotator  with the bath of the melting 
furnace. 

 
Currently, many studies on the creation of liquid metal 

motion by means of a magnetic field have been conducted, 
numerical and experimental studies have been conducted 
[3-8]. In this paper we will consider the electromagnetic 
characteristics of the rotator, creating a rotational and 
translational motion of the melt. 

 

II. PROBLEM STATEMENT 

To build the design model of the "cylindrical inductor - 
channel" system there have been adopted the following 
assumptions. 

1. We adopt the surfaces of melt and magnetic core 
of MHD rotator as cylindrical with radius r (melt) and R 
(magnetic core). 

2. The winding of the inductor is  presented in the 
form of surface currents with a complex linear density ܬሶ௠ 

E
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where ߙ௠ is a current phase in m-th coil; 

2
m m

m
W Ij

Rϕ
=

Δ
  

is the value of linear current load on the m-th coil. 
Here  2 ϕΔ  is the arc angle of -th layer in the cylindrical 

coordinate system (ρ, φ); ௠ܹܫ௠ is a number of turns and 
current of m-th coil. 

3. We consider the coordinate system as strictly 
related to the inductor and the melt rotates with the 
constant angular velocity Ω as a solid body. 

4. The magnetic core of the inductor is replaced 
with the media of magnetic permeability μ = ∞ and electric 
conductivity γ = 0, which restricts the design area with the 
surface of magnetic core ρ = R. 

5. The design model has infinite size along the Z 
axis, i.e. electro-magnetic field is a plane-parallel. 

In the cylindrical coordinate system (ρ, φ, z), the complex 
strengths of electric and magnetic field comprises as 
follows: 

,z zE e E= 

     

.H e H e Hρ ρ ϕ ϕ= +    

The design model has two areas (Fig. 2): 
Area 1 (ρ < r) is characterized with the specific electric 

conductivity γ and magnetic permeability μ0 and rotates 
clockwise with a constant angular velocity Ω. 

Area 2 (r ≤ ρ ≤ R) has a specific electric conductivity 
γ=0, magnetic permeability μ0 and is limited to the 
ferromagnet cylindric medium ρ > R with γ=0 and μ0=∞. 

 

 
Fig. 2. Design model. 

 
The ferromagnetic surface (ρ = R) bears M infinitely thin 

layers of current layers of the complex linear density Jm 
(see Fig.2). The length of each m-th layer is equal to 
2R∆φ. 

The boundary problem is in finding the tensions of 
electric and magnetic fields in the cylindrical coordinate 
system that satisfy Maxwell equations and the relevant 
boundary conditions in areas 1 and 2. 

III.  THEORY 

А. Electromagnetic field equations and boundary condition 

Directly from Maxwell's equations we can obtain 
differential equations Ėz  in areas 1 and 2. [8] 

In area 1 (ρ < r): 
2 2

1 1 1
2 2 2

1
0 0 1

1 1

. 0

z z z

z
z

Ė Ė Ė

Ė i Ė

ρ ρ ρ ρ ϕ

μ γ ωμ γ
ϕ

∂ ∂ ∂+ +
∂ ∂ ∂

∂+ Ω − =
∂

, 

 
 

(1) 

where 2 fω π= is the angular current frequency in 

circuits,  
7

0 2 10μ π −= ⋅  H/m,  

1i = − . 

In area 2 (r ≤ ρ ≤ R): 
2 2

2 2 2
2 2 2

1 1
0z z zĖ Ė Ė

ρ ρ ρ ρ ϕ
∂ ∂ ∂+ + =
∂ ∂ ∂

. 

 

(2) 

At the boundary of areas 1 and 2 (ρ = r) the following 
boundary conditions are true: 

1 2 ( , ) ( , ),z zĖ Ėr rϕ ϕ=

1 2 ( , ) ( , ).H r H rϕ ϕϕ ϕ=   

(3) 
(4) 

Maxwell equation 0  rotĒ i Hωμ= − imply that   

0

1
,zE

i
Hϕ ωμ ρ

∂=
∂



      0

1
.zEH

iρ ωμ ϕ
∂= −
∂
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(5) 

 
(6) 

 

The following edge condition is observed on the surface 
of the magnetic circuit (ρ = R): 

2

,

0.
m m m m mj

Hϕ

ϕ ϕ ϕ ϕ ϕ− − Δ < < + Δ
= 



 

(7) 

Substituting expression (5) into (4) and (7), we obtain the 
following 

1 2( ) ( ),r rĖ Ė
ρ ρ

∂ ∂=
∂ ∂

 
 

(8) 
 

2 ( )
Ė R
ρ

∂ =
∂

0 , ,

0.
m m m m mi jωμ ϕ ϕ ϕ ϕ ϕ− − Δ < < + Δ

= 


 

 
 
 

(9) 

B. Solving electromagnetic field equations 

We search for the solution of differential equations (1) 
and (2) in the form of Fourier series in the complex form (z 
index is further omitted). [10] 

1,2 1,2( , ) ( ) ,
n

in
n

n
E E e ϕρ ϕ ρ

=+∞

=−∞

= ⋅   
(10) 
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where  
2

1,2 1,2

0

1
( ) ( , ) .

2
in

nE E e d
π

ϕρ ρ ϕ ϕ
π
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(11) 

Zero terms in Fourier series (n=0) must be excluded since 

1

0.
M

m
m

J
=

=   

  Multiplying equations (1) and (2) by the function 
1

2
ine ϕ

π
−  and integrating the resulting expression by φ from 

0 to 2π, we obtain  
2

21
12

1
0,n

n n
E n Eρ β

ρ ρ ρ ρ
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(12) 
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2
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1
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E n Eρ

ρ ρ ρ ρ
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  (13) 

where 2
0 0( . ).n i nβ μ γ μ γω= Ω −   

Common solutions of ordinary differential equations of 
the 2nd order (12) and (13) have the form [10]: 

1 1 1( ) ( ),n n n n n n nE C F D Фβ ρ β ρ= +  (14) 

2 2 2 ,n n
n n nE C Dρ ρ= +    (15) 

Where ( ) ( )n n n nF Jβ ρ β ρ=
 

and ( ) ( )n n n nФ Iβ ρ β ρ=  
are an ordinary and modified Bessel functions of the n-th 
order from the argument βn and ρ. [9] 

Here the constant ܦ௡ଵ has to be equated to zero since 
subject to ρ tending to zero, the function ( )n nФ β ρ  tends to 

infinity. Boundary conditions (3) and (8) are valid for Ė௡ଵ 
and Ė௡ଶ.  

Multiplying equations (3), (8) and (9) by the function 
1

2
ine ϕ

π
−  and integrating the resulting expression by φ from 

10 to 2π, we obtain 

1 2( ) ( );n nĖ Ėr r=  

1 2( ) ( ).nn rĖ rĖ
ρ ρ
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(16) 
 

(17) 

We also convert boundary condition (9) in compliance 
with (10) and (11). Multiplying (9) by the function 

1

2
ine ϕ

π
− and integrating the resulting expression by ߮ from 

0 to 2	ߨ, we will have: 
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Placing (14) and (15) in the boundary conditions (16), 
(17) and (18), we obtain the system of equations 
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(19) 

Solving the system of algebraic equations (19) on the 
constant ܥ௡ଵ, ܥ௡ଶ and ܦ௡ଶ and placing them in (14) and 
(15), we obtain 
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Placing the obtained expressions for Еn1 and Еn2 into the 
Fourier series (11), we record the required solutions for the 
electric field efforts 

01
1 ( )

2 ;( , )
n

inn n n

n n

N FjĖ i R e
n Q

ϕβ ρωμ
π

ρ ϕ
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C. Expressions for the current density in the channel and 
electromagnetic moment 

In a coordinate system fixed relative to the coil, the 
electrical field effort in the rotating channel with the 
angular velocity Ω is equal to 

1 1 0 1.z zĖ Ė H ρμ ρ′ = + Ω   (21) 

Here Ėଵ௭ is generated by the electromotive force induced 
by the alternating magnetic field, penetrating liquid metal - 
EMF of transformation. The addend is the effort of the 
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electrical field caused by the metal rotation in a magnetic 
field  - EMF of movement.  

We define expression 1Hρ
  from (6) subject to (20), we 

obtain  

1
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0

1
  

iωμ
zĖH ρ ρ ϕ
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(22) 

Placing the resulting expression (32) into (31), we will 
have 
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The current density in the channel is determined by 
Ohm's law in the differential form [10] 

( ) 1, zĖδ ρ ϕ γ ′= = . 
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In order to obtain an expression for the current density in 
the relative form we select the basic value of the current 
density. Let us assume that the base value is equal to  

2b
WI
R

δ
π

= .  
 

Then  
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δδ ρ ϕρ ϕ
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Electromagnetic torque impacting the winding of the 
inductor, is defined by the following expression: 
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Expressions for the electromagnetic power can be 
recorded in relative units. As the base moment we adopt 
the moment defined by the expression 

2
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Then the relative rotating electromagnetic moment is 
equal to 
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IV. DISCUSSION RESULTS 

In the beginning, we assume that magnetic core of radius 
R fully covers the cylindrical channel of radius r with the 
liquid metal. The magnetic core bears six (M = 6) coils of 

3-phase windings with phase areas of 600 electric. In this 
case we have an ordinary induction motor with a massive 
aluminium rotor and closed magnetic core. For the 
purposes of calculation, the following values were adopted

ˆ 1.1R = ; ε=2; sliding s=0.3. Fig.3 presents relations of a 

relative value of the current density δ̂  from angle φ at 

different values of the relative radius ρ̂ . On the surface of 

the metal ( ˆ 1ρ = ) the current density repeats the pattern of 

current density distribution in the inductor, with a bigger 
current density opposite the slots with currents and lower 
current density opposite teeth. With the removal from the 

surface ( ˆ 1ρ < ) this effect decreases.  
 
 

 
Fig. 3. The relation of the current density to the angle at different value of 
the relative radius.  

 

Fig.4 presents the relation of the relative moment M̂  to 
sliding s with different values of Q factor q = ε 2,3,6. At 
ε = 2 we have classic characteristic of induction motor with 
maximum starting torque (s = 1) [11]. When ε increases 
(for example, with the increase in the frequency of the 
supply voltage) the mechanical characteristic changes, the 
maximum torque is achieved at lower values of sliding. 
[12]  

 

 
 

Fig. 4. Relation of the relative moment to sliding at different Q factor of ε. 
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Fig.5 and 6 show the relation of the current density δ̂  to 
the angle φ and relative moment M̂ , to sliding s when six 
(M = 6) three-phase winding coils are located on the half of 
length of a magnetic core 2πR.  

 

 
Fig. 5. The relation of the current density to the angle at different value of 
the relative radius for MHD rotator. 

 

 
Fig. 6. Relation of the relative moment to sliding at different Q factor.  

 

Here we have an open magnetic core and the unit of 
MHD rotator of liquid metal, which is an arc asynchronous 
machine with a longitudinal boundary effect. The 
distribution of current density becomes uneven, in addition 
to the slot ripples there emerge the waves of longitudinal 
boundary effect. These waves significantly influence the 
mechanical characteristic of the machine.   

V. FINDINGS AND CONCLUSIONS 

1. By adopting certain assumptions there has been built 
the analytical design model for the MHD rotator of liquid 
metal. 

2. The solution for electromagnetic field vector has been 
obtained in the Fourier series of a complex form using 
Bessel functions. 

3. The analytical expressions for differential and integral 
characteristics of MHD rotator have been obtained, the 
current density distribution in liquid metals has been 
calculated in addition to the electromagnetic power and 
torque at different modes of the unit operation. 

4. The results obtained are used when designing a 
control system for kneading Rotator MHD small particles 

(sawdust, shavings, etc.) in the melt melting furnace with a 
view to enhancing the effectiveness of fusion.  
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