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Abstract. A model of ionization processes in a low-temperature plasma within the 

cathode region of a vacuum arc is presented. This mathematical model is represented by a 

system of nonlinear differential equations of drift-diffusion for the electron density and the 

average energy of second-order electrons. The system of equations was solved by the finite 

element method in two coordinates in numerical form using the COMSOL Multiphysics 

software program. It was shown that due to nonequilibrium processes, Langmuir waves 

appeared at the plasma boundary, which leads to multistage ionization of metal vapor. The arc 

discharge was presented in the form of a cylindrical plasma column with a length of 200 μm 

and a diameter of 50 μm. At the interface between the cathode and the plasma column, a double 

electric layer has appeared which holds hot electrons in the central zone of the discharge. High 

specific power was focused close to the cathode surface, which provided the continuous supply 

of metal vapor. The numerical results of the model have appeared to be in good agreement with 

the experimental data. 

Keywords: mathematical modeling, vacuum arc, cathode spot, ionization, Langmuir 

waves. 

 

1. Introduction 

A vacuum arc discharge is a complex phenomenon that includes physicochemical 

processes at the electrodes and interelectrode space. The main parameters that determine the 

functioning of the cathode spot of a vacuum arc include the ratio of the densities of ion plasma 

and electron emission currents, the electric field strength in the cathode region due to the space 

charge of ions, the electron and ion temperature in the cathode plasma, the temperature of the 

melt surface in a microcrater, etc. [1, 2]. At present, two basic ideas have been formed on the 

nature of the cathode spot: the first model assumes the entry of electrons into the plasma due to 

thermal and field emission, and the heating of the spot due to ion bombardment [3, 4]. In the 

second model, the emission of electrons and Joule heating is carried out due to the explosion of 

micro-tips [5, 6]. However, the question of the mechanisms of ionization in the cathode plasma, 
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the processes of formation of the space charge of Langmuir remains open. In [7, 8], the results 

of experimental studies were published showing the relationship between the processes in the 

cathode plasma and the properties of the synthesized nanoparticles. Based on the experiments, 

it was concluded that all ionization processes proceed similarly to a spark discharge. 

However, the efficiency of ionization, in the case of a small length of this region and low 

potential, remains undecided. In this regard, it is necessary to analyze the experimental results, 

obtained during the study of the threshold intensity of metal vapors breakdown in the cathode 

spot zone in a wide range of pressures, temperatures, and magnetic fields, and to understand 

the physical mechanisms related to ionization caused by various phenomena. In addition to the 

main condition pd = constant, it is necessary to take into account several aspects of maintaining 

the discharge at submillimeter distances. The increase in pressure complicates the collision 

process and many reference values may be wrong. Under the conditions of intensive 

evaporation, it is necessary to take into account the pressure gradient, the formation of 

molecules and clusters, the complication of the plasma chemistry, and the change in the plasma 

frequency during ionization. Taking these important parameters into account can lead to a 

significant complication of the model. 

In this work, for the theoretical analysis of the obtained data, a numerical model is used, 

based on the numerical solution of the drift-diffusion equation, which describes the change in 

the density of electrons and ions due to the mutual effect of the processes of multielectron, 

avalanche and step ionization, taking into account the recombination processes due to energy 

loss due to elastic collisions between an electron and a neutral vapor molecule; loss of electrons 

due to diffusion from the cathode spot zone. 

The obtained results can be used to develop technologies for the synthesis of 

nanomaterials in plasma of a low-pressure arc discharge [9-12]. This pressure range is of great 

interest for technologies related to aerospace engineering, since the operation of equipment at 

low pressure is influenced by the electrical breakdowns. Besides, the nanosecond pulses used 

in this model are suitable for studying the role of ionization-related losses. 

 

2. Physical model 

Based on numerous experimental data, we can conclude that the physicochemical 

processes in the plasma of the cathode region of the vacuum arc proceed as follows. The cathode 

surface in the region of the cathode spot is heated to a boiling point, while the cathode material 

is intensively evaporated and the vapor pressure can reach 100 atm depending on the material. 

In our model, copper was selected as the cathode material and vapor pressure of 10 atm was 

adopted. The main potential drop within the interelectrode space occurs in a region measured 
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as equal to the order of the diameter of the cathode spot (200 μm). The ion cloud, generating 

the potential necessary to accelerate free electrons, is a cause of this effect. The electric field 

strength sufficient to initiate a small field current is created in the region of the main potential 

drop. The emitted electrons serve as seed electrons to excite the main discharge. Since the 

mobility of ions is 100 times less than the mobility of electrons, they do not participate in the 

ionization processes and, accordingly, the second and third Townsend coefficients can be 

neglected. Since the resulting plasma is nonequilibrium, Langmuir plasma oscillations arise, 

which determine ionization processes in the cathode region of the arc discharge. The energy 

generated as a result of high-frequency oscillations is spent on heating the steam and the surface 

of the cathode spot. Thus, the self-maintenance of arc discharge occurs. All the processes occur 

in the cathode spot for a characteristic time of 50 ns. If the plasma wave is plane, then the near-

cathode plasma is described by one-dimensional equations. Quite different processes take place 

in the case of cyclotron waves. 

 

3. Model equations 

The electron density ne and the energy density nε of electrons can be calculated by solving 

the system of temporal equations of drift-diffusion. 

�
�� ���� + ∇ ∙ 
−����� × �� − �� × ∇��� = ��, (1) 

 

�
�� ���� + ∇ ∙ 
−����� × �� − �� × ∇��� + � ∙ �� = ��, (2) 

 

For the Maxwell distribution, using the Einstein's relations, we can calculate De (electron 

diffusion coefficient), με (mobility of energy), Dε (energy diffusion coefficient) as a function of 

μe (mobility of electrons): 

D� = μ��� , μ� = �
� μ� , D� = μ���, (3) 

 

Since we are talking about plasma oscillations, separation of charges within the area of 

plasma shell is occurs due to a significant difference in mobility and diffusion between ions and 

electrons. This process generates high electric field strength, resulted in a significant increase 

in the average electron energy. Therefore, the above drift-diffusion equations are highly 

nonlinear. Within short distances, the electron density �� can vary by 10 orders of magnitude. 

Therefore, it is reasonable to solve the equations for the logarithm of electron density and 

energy. 
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The coefficients for the electron source Re and the energy losses due to inelastic collisions 

Rε [13] in the above equations are determined by plasma chemistry. They are determined using 

a speed coefficient or Townsend coefficient. The inflow of electrons into the plasma within the 

cathode layer due to impact ionization is an energy-inefficient process. A stepwise process is 

more efficient. We will further assume that ionization in the cathode layer of a vacuum arc 

occurs in steps. For simplicity, we assume that ionization proceeds through one excited state. 

Such a state can be both the lower excited state of the 5s2S copper atom and the group of excited 

states [14]. Therefore, plasma chemistry is determined by the ratio: Cu* +e─ → Cu+ + 2e─, 

where * means an electron-excited state. For speed coefficients we can write the following 

relation: 

�� = � � � ����!���"�#$ , (4) 

 

Integration is carried out concerning the electron energies ε (V), γ = (2q/me)
1/2 (C1/2/kg1/2), me 

is the electron mass (kg), σk is the collision cross-section (m2), and f is the energy distribution 

function of electrons. In our case, the Maxwell distribution is assumed. The collision cross-

section is determined by plasma chemistry [14]. The index k, in this case, varies in the range, 

which depends on the type of reaction: (0, M) range is used for the reactions that provide 

increase or decrease of electron density, (0, P) range is used for the energy losses in inelastic 

collisions. In the case of stepwise ionization, it is assumed that P >> M. 

For an electron source, we can write the following expression 

 

�� = ∑ &'�'()��*'+, , (5) 

 

where xj is the molar fraction of particles involved in the reaction of j with targets, and Nn is the 

density of background gas (1/m3). The electron energy loss can be written as follows: 

 

�� = ∑ &'�'()��Δ�'.'+, , (6) 

 

where Δεj (V) is the energy loss as a result of reaction j. 

For studying the mass transfer of heavy particles, the following drift-diffusion equation 

for a multicomponent mixture is solved: 

 

/ �01�� + /�2 ∙ ∇�3� = ∇ ∙ 4� + ��, (7) 
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where wk is the mass fraction of the k-th species, jk is the diffuse flux vector, u is the velocity 

vector averaged over the mass, Rk, kg/(m3 s), is the expression for the velocity for the k-th 

species. The equation is solved in the averaging approximation concerning a multicomponent 

mixture. In this model, instead of calculating the diffusion term Dij for a pair of each species of 

gas, only one averaged diffusion coefficient of the mixture is calculated [15]. For copper plasma 

near the cathode region, such an approximation will be more correct than the larger the mass of 

particles and when the electric field is large enough to ensure that the ion drift velocity is much 

higher than the thermal velocity of the ion. In this model, the ion drift velocity is proportional 

to the one that is often found in the experiments in the high-field limit. The averaged diffusion 

coefficient is calculated using the Einstein relation. 

The electrostatic field is calculated using the Poisson equation: 

 

−∇ ∙ �$�5∇6 = /, (8) 

 

where ε0 is the vacuum permittivity equal to 8.854 ∙ 10-12 (F/m), εr is the relative permeability, 

ρ is the density of bulk charge, calculated based on plasma chemistry by the formula: 

/ = 7�∑ 8�9�+, �� − ���, (9) 

 

where Zk is the ion charge. 

Since the wavelength of plasma oscillations is less than the geometric dimensions of the 

plasma region, the high-frequency electric field is calculated using the following equation: 

 

∇ × �:5;,∇ × �� − �$< =�5 − '>
?�@A � = 0, (10) 

 

where μr is the relative magnetic permeability, k0 is the wave number in a vacuum, defined as 

�$ = ωDε$μ$ = F
G , and c is the speed of light in vacuum. 

In the presence of a magnetic field, the relationship between the density of plasma current 

H and the electric field E in the Ohm differential law becomes more complex: 

 

 ;, ∙ H = �, (11) 

 

where σ is the plasma conductivity, which is a tensor and a function of electron density, collision 

frequency, and magnetic flux density. 
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In our model we deal with the diagonal inversion of plasma conductivity because there is 

no external constant magnetic field: 

 

σ;, =
⎣⎢
⎢⎢
⎡,

M 0 0
0 ,

M 0
0 0 ,

M⎦⎥
⎥⎥
⎤
, R = ��7S, S = T

UV�WVX'?�, (12) 

 

where q is the electron charge, me is the electron mass, νe is the collision frequency, and ω is 

the plasma frequency. 

The boundary conditions can be written based on the following electron exchange 

mechanisms near the wall: the loss of electrons due to the departure of the electron flow from 

the plasma volume, electron amplification due to the secondary and autothermoelectronic 

emission [1]. 

Therefore, the equation for the normal component of the electron and energy flux can be 

written as follows: 

 

Y ∙ �� = 1 − [�1 + [� \12 ^���_ − `a �b��b ∙ Y� + �� ∙ Y
b

c 
(13) 

Y ∙ �d = 1 − [�1 + [� \56 ^��g_ − `a �b�hi��b ∙ Y� + ��i �� ∙ Y
b

c 
(14) 

 

where re is the reflection coefficient, νe is the thermal velocity, γi is the secondary emission 

coefficient, Γt is the thermal emission flux, Γi is the ion flux, �hi, ��i  is the mean energy of 

secondary and auto-thermally emitted electrons. 

The equation is solved numerically using the finite element method in the COMSOL 

Multiphysics software program with an adaptive time step. The total process time was assumed 

to be 50 ns. The electron density growth proceeds through a stepwise ionization process. The 

number of required cycles for stepwise ionization varies depending on the plasma density. 

 

4. Results and discussion 

Figures 1-7 show the results of solving a system of equations. 
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Figure 1. Electron density spatial distribution at 

the initial stage of streamer nucleation during 

plasma oscillations in the boundary region. 

Figure 2. Electron density spatial distribution 50 

ns after the stepwise ionization process. 

  

Figure 3 The spatial distribution of the 

accumulated uncompensated ionic density of 

the nonequilibrium near-cathode plasma of a 

vacuum arc. 

Figure 4. The process of alignment of electron 

density and the appearance of electric potential. 

  

Figure 5. The maximum electric field strength 

at the cathode-plasma interface. Due to 

diffusion, the plasma channel decays and three 

maxima of the electric field are formed. 

Figure 6. Electron temperature spatial 

distribution along the plasma column of an arc 

discharge. 
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Figure 7. Specific power spatial distribution 

focused near the cathode surface. At the 

interface between the cathode and the plasma 

column, a double electric layer appears. 

Figure 8. Spatial distribution of current density 

50 ns after the stepwise ionization process. 

 

Let’s analyze the stages of the ionization process of the cathode spot plasma. Figures 1-2 

show the change in electron density during the wave transition from the plasma edge and the 

further growth of the positive streamer to the cathode. Under the action of stepwise ionization, 

the electron density in the cloud gradually increases, and, due to diffusion, the radius of the 

streamer head increases. At the initial avalanche stage, the bulk charge is very small and the 

electric field does not change. Due to the influence of diffusion, a part of the electron density 

moves to the cathode, the central part significantly remains behind. These electrons, due to the 

high electric field near the cathode and the high ionization frequency, cause a sharp increase in 

the electron density near the cathode. A new peak is formed, overtaking the previous largest 

one. But, since the rate of ionization processes is significantly higher than the rate of drift, the 

electron density peak is smeared. As the plasma density increased, the electron losses enhanced 

due to diffusion, recombination, and bonds, which reduce the effect of a rapid increase in 

electron density during step ionization. The recombination processes, the partial departure of 

electrons towards the anode lead to the equalization of the electron density (Figure 2) and the 

appearance of an electric potential (Figure 4). The obtained value of the electric potential is in 

a good agreement with numerous experimental data [1, 2] and explains the significant potential 

drop in the interelectrode space. 

The equilibrium value of the potential (Figure 4) is achieved due to many factors: electron 

inertia, discharge current, applied external voltage, excitation and ionization potential. 

Resonant regions are formed in the plasma. In these regions, the frequency of atomic excitation 

is equal to the local plasma frequency. The working range of the local potential is achieved due 

to the emergence of intense internal currents and a violation of local quasineutrality. When the 
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ionization excitation frequency exceeds the plasma frequency, the plasma heating mechanism 

does not function. The plasma turns into an insulator with low losses and an increase in the 

external voltage is necessary to maintain the discharge. The authors of [16] experimentally 

studied the dependence of the argon plasma properties on the frequency of the applied 

microwave radiation and investigated the conditions of effective heating and plasma losses. It 

has been shown that a key way to increase the excitation-ionization frequency is to low the peak 

electron temperature and to decrease the temperature modulation. Plasma cooling leads to an 

increase in electron density and a decrease in its escape from the chemical reaction zone. 

Increasing the frequency of microwave radiation resulted in a rapid increase in the electron 

density and a decrease in the voltage across the plasma gap. A transition frequency, at which 

the increase of electron density ceases, and the rate of decrease in the applied voltage decreases, 

has been found. The transition frequency was determined by the condition νе ≤ νex, where νе is 

the energy dissipation frequency during an electron collision, and νex is the excitation-ionization 

frequency in the discharge region. We can talk about the condition of plasma resonance in the 

discharge gap. In this case, two types of resonance can be distinguished: sequential or boundary 

plasma resonance and parallel resonance related to volume oscillations of quasi-neutral plasma. 

In particular, both types of resonance interactions are characteristic of cathode spot plasma. The 

sequential resonance has a lower frequency and is determined by the thickness s and the length 

L of the boundary region jk~Dm�b/o. For arc discharges, sequential resonance is more 

efficient concerning to energy consumption because lower temperature and plasma pressure are 

required. One of the applications of this approach is a very accurate diagnosis of arc plasma 

properties. In particular, the identification of the frequency of parallel resonance permits the 

direct determination of the plasma density and electron energy distribution [17]. 

The accumulated uncompensated ionic density (Figure 3) significantly affects the 

external electric field, displacing it from the region of increased electron density to the boundary 

of this region. The region of increased ionization rate also shifts to this region, which leads to 

an increase in ionic density in front of the boundary. A reflected streamer begins to grow 

towards the avalanche, displacing the field, and the process repeats. A plasma channel is formed 

and the field from this channel is displaced to the boundary with the cathode. The region of 

increased electron density transforms into a plasma state. The maximum electric field is formed 

at the cathode-plasma interface (Figure 5) and its order of magnitude is in good agreement with 

the experimental data [18]. Due to diffusion, the plasma channel decays and three maximums 

of the electric field strength are formed. A high density of seed electrons appears at lateral 

maximums, which become centers of ionization processes and the jump in the cathode spot 

occurs, as described in [2]. As a result of ionization, additional plasma channels with a high 
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electron density are formed. It should be noted that as a result of stepwise ionization the electron 

density increases by several orders of magnitude compared to seed electrons. Despite the 

significant value, the electric field does not cause a significant increase in the electron 

temperature (Figure 6) in this region, since the wave propagates along the plasma column and 

the specific energy contribution rapidly decreases with increasing Te, the active zone of the 

discharge is significantly extended. Due to the rapid increase in the radial component of the 

electric field strength at the boundary of the plasma column, an increase in the electron density 

drift in the boundary layer is possible. The intensity of the electric field in the plasma determines 

such an important characteristic for plasma chemistry as the ratio of the temperatures of 

electrons and heavy particles. The electron temperature, determined both from the ratio of the 

populations of the upper excited levels of the copper atom and from the intensity of the 

continuous spectrum, was found to be about 1.3 V, i.e., the plasma in the discharge is far from 

equilibrium. 

The high specific power focused near the cathode surface is of particular interest. 

Considering the previous discussion and Figures 1-6, the arc discharge can be represented as a 

cylindrical plasma column with a length of 200 and a diameter of 50 μm. The power supplied 

to the discharge excites plasma oscillations at the boundary region. At the interface between the 

cathode and the plasma column, a double electric layer appears. This layer holds hot electrons 

in the central zone of the discharge. The presence of a high-temperature zone and a double 

electric layer at its boundary explains the observed increase in specific power. Figure 7 explains 

the thermal phenomena on the cathode surface in vacuum arcs, such as inconsistency of the 

current density with the geometrical dimensions of the cathode spot, high-speed heating of a 

thin layer of the surface, observed intensities of ultraviolet radiation, high speed of spots 

moving, similar to the pulsed laser heating, high-speed jets of metal vapor, thermomechanical 

effects. However, direct experimental confirmation of the results obtained is currently difficult. 

Figure 8 shows the spatial distribution of current density in the plasma of the cathode spot 

of a vacuum arc. Currently, the main criterion for the existence and self-maintenance of the 

cathode spot of a vacuum arc is the magnitude of the current density. It is the emission current 

that determines all plasma processes in the cathode spot, and it must be at least 1010 A/m2. The 

value of the density of the emission current is determined experimentally by the method of 

"autographs" [2] or by studying the spectra. In the model proposed above, the main criterion 

for the existence of a cathode spot plasma is the plasma frequency, which determines all 

ionization processes, therefore, the plasma current density is low compared to the emission 

current. The cathode surface can be heated by ion current, electromagnetic radiation, hot plasma 

electrons, and emission current. 
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Conclusion. In the present work, the structure of the plasma region of the cathode spot 

of a low-voltage vacuum arc discharge is calculated within the framework of a computer model. 

It is shown that due to plasma waves and multistage ionization, a plasma cylindrical channel 

arises similar to the cathodirectional streamer channel of a spark discharge. As a result of 

stepwise ionization, the electron concentration increases by several orders of magnitude 

compared to the initial value. A high field strength near the cathode is formed due to the space 

charge of slow ions forming a double electric layer. Due to diffusion, the plasma channel decays 

and three maxima of the electric field are formed. The obtained numerical results are in 

qualitative and quantitative agreement with the experiments of other authors. 

In conclusion, it should be specially noted that the Paschen condition for arc breakdown 

in the region of the cathode spot must be satisfied and the product of the vapor pressure (p) and 

the characteristic length of the plasma column (d) can be kept constant even for a plasma gap 

less than a millimeter in length and a pressure of several atmospheres. Thus, for glow, spark, 

and arc discharges, the nonequilibrium character of the plasma is a common feature, and the 

electron temperature can significantly exceed the ion temperature. 
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