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Abstract. In this paper we study the estimation of a multivariate normal mean under the balanced loss
function. We present here a class of shrinkage estimators which generalizes the James-Stein estimator
and we are interested to establish the asymptotic behaviour of risks ratios of these estimators to the
maximum likelihood estimators (MLE). Thus, in the case where the dimension of the parameter space and
the sample size are large, we determine the sufficient conditions for that the estimators cited previously
are minimax.
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Introduction

The multivariate analysis plays an essential role in statistical data analysis. Thus, the mean
parameters estimation of the multivariate Gaussian distribution is of interest to many users.
Stein [1] showed the inadmissibility of the usual estimator when the dimension of the parameter
space is greater than or equal to three by considering an alternative estimator with uniformly
smaller risk than the latter, the improvement being substantial for the mean close to the origin.
A central focus is on the general technique, namely, shrinkage estimation. This is systematically
applied to derive the MLE of the mean parameters. A large amount of research have been carried
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out to develop the properties of shrinkage estimators and to compare them with the MLE. For
a selected review of the subject matter of shrinkage estimation, interested readers may refer to
Stein [1], James and Stein [2] and Efron and Morris [3].

When the dimension of the parameter space and the sample size are large, Benmansour and
Hamdaoui [4] have taken the model X ∼ Np

(
θ, σ2Ip

)
where the parameter σ2 is unknown and

estimated by S2 (S2 ∼ σ2χ2
n). The authors established the analogous results obtained by Casella

and Hwang [5]. Benkhaled and Hamdaoui [6], have considered the same model given by Benman-
sour and Hamdaoui [4], namely X ∼ Np

(
θ, σ2Ip

)
where σ2 is unknown. They studied two differ-

ent forms of shrinkage estimators of θ: estimators of the form δψ = (1−ψ(S2, ∥X∥2)S2/ ∥X∥2)X,
and estimators of Lindley-Type given by δφ = (1−φ(S2, T 2)S2/T 2)(X−X)+X, that shrink the
components of the MLE X to the random variable X. The authors showed that if the shrinkage
function ψ (respectively φ) satisfies the new conditions different from the known results in the
literature, then the estimator δψ (respectively δφ) is minimax. When the sample size and the
dimension of parameters space tend to infinity, they studied the behaviour of risks ratio of these
estimators to the MLE. Hamdaoui et al. [7], have treated the minimaxity and limits of risks
ratios of shrinkage estimators of a multivariate normal mean in the Bayesian case. The authors
have considered the model X ∼ Np

(
θ, σ2Ip

)
where σ2 is unknown and have taken the prior law

θ ∼ Np
(
υ, τ2Ip

)
. They constructed a modified Bayes estimator δ∗B and an empirical modified

Bayes estimator δ∗EB . When n and p are finite, they showed that the estimators δ∗B and δ∗EB
are minimax. The authors have also interested in studying the limits of risks ratios of these
estimators, to the MLE X, when n and p tend to infinity. The majority of these authors have
been considered the quadratic loss function for computing the risk.

Zellner [8] proposes a balanced loss function that takes error of estimation and goodness of fit
into account. This balanced loss function consists of weighting the predictive loss function and
the goodness of fit term. In addition for estimation under the balanced loss function we cite for
example, Guikai et al. [9], Karamikabir et al. [10]. Sanjari Farsipour and Asgharzadeh [11] have
considered the model: X1, . . . , Xn to be a random sample from Np

(
θ, σ2

)
with σ2 known and

the aim is to estimate the parameter θ. They studied the admissibility of the estimator of the
form aX + b under the balanced loss function. Selahattin and Issam [12] introduced and derived
the optimal extended balanced loss function (EBLF) estimators and predictors and discussed
their performances. Under the balanced loss function, Hamdaoui et al. [13] studied the behavior
of risks ratios of James-Stein estimator and the positive-part of James-Stein estimator to the
MLE, when the dimension of the parameter space tends to infinity and the sample size is fixes
and when the dimension of the parameter space and the sample size tend simultaneously to the
infinity. They showed that these risks ratios tend to values less than 1. Thus, the authors have
assured the stability of minimaxity property of the James-Stein estimator and the positive-part
of James-Stein estimator in the large values of the dimension of the parameter space p and the
sample size n.

In this work, we deal with the model X ∼ Np
(
θ, σ2Ip

)
, where the parameter σ2 is unknown

and estimated by S2 (S2 ∼ σ2χ2
n). Our aim is to estimate the unknown parameter θ by shrinkage

estimators deduced from the MLE. The adopted criterion to compare two estimators is the risk
associated to the balanced loss function. The paper is organized as follows. In Section 1, we
recall some preliminaries that are useful for our main results. In Section 2, we present the main
results. Under the balanced loss function, we consider the general class of shrinkage estimators
δφ = (1 − φ(S2, ∥X∥2)S2/ ∥X∥2)X which containing the James-Stein estimator and we study
the behavior of risks ratio of these estimators to the MLE. Thus we generalized some obtained
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results in the our published papers for the case where the risks functions calculated relatively to
the quadratic loss function.

1. Preliminaries

We recall that ifX is a multivariate Gaussian randomNp
(
θ, σ2Ip

)
in Rp, then

∥X∥2

σ2
∼ χ2

p (λ)

where χ2
p (λ) denotes the non-central chi-square distribution with p degrees of freedom and non-

centrality parameter λ =
∥θ∥2

2σ2
. We also recall the following definition given in formula (1.2) by

Arnold [14]. It will be used to calculate the expectation of functions of a non-central chi-square
law’s variable.

Definition 1. Let U ∼ χ2
p (λ) be non-central chi-square with p degrees of freedom and non-

centrality parameter λ. The density function of U is given by

f(x) =

+∞∑
k=0

e−
λ
2 (λ2 )

k

k!

x(p/2)+k−1e−x/2

Γ(p2 + k)2(p/2)+k
, 0 < x < +∞.

The right hand side (RHS) of this equality is none other than the formula

+∞∑
k=0

e−
λ
2 (λ2 )

k

k!
χ2
p+2k,

where χ2
p+2k is the density of the central χ2 distribution with p+ 2k degrees of freedom.

To this definition we deduce that if U ∼ χ2
p (λ) , then for any function f : R+ −→ R, χ2

p (λ)

integrable, we have

E [f(U)] = Eχ2
p(λ)

[f(U)] =

=

∫
R+

f(x)χ2
p (λ) dx =

=

+∞∑
k=0

[∫
R+

f(x)χ2
p+2k (0) dx

]
e−

λ
2

(
λ
2

)k
k!

=

=

+∞∑
k=0

[∫
R+

f(x)χ2
p+2kdx

]
P

(
λ

2
; dk

)
, (1)

where P
(
λ
2 ; dk

)
being the Poisson distribution of parameter

λ

2
and χ2

p+2k is the central chi-square
distribution with p+ 2k degrees of freedom.

Using the Definition 1 and the Lemma 1 in Benmansour and Hamdaoui [4], we deduce that
if X ∼ Np

(
θ, σ2Ip

)
, then

1

σ2
(
p− 2 + ∥θ∥2

σ2

) 6 E

(
1

∥X∥2

)
=

1

σ2
E

(
1

p− 2 + 2K

)
6 p

σ2(p− 2)
(
p+ ∥θ∥2

σ2

) . (2)

We recall the following Lemma given by Stein [15], that we will use often in the next.
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Lemma 1. Let X be a N
(
υ, σ2

)
real random variable and let f : R −→ R be an indefinite

integral of the Lebesgue measurable function, f ′ essentially the derivative of f. Suppose also that
E |f ′ (X)| < +∞, then

E

[(
X − υ

σ

)
f (X)

]
= E (f ′ (X)) .

For the next, assume that X ∼ Np
(
θ, σ2Ip

)
where σ2 is unknown and estimated by S2

(S2 ∼ σ2χ2
n). Our aim is to estimate the unknown parameter θ under the balanced loss function

defined as, for any estimator δ of θ:

Lω(δ, θ) = ω∥δ − δ0∥2 + (1− ω)∥δ − θ∥2,

where 0 6 ω < 1. We associate to this balanced loss function the risk function defined by

Rω(δ, θ) = E(Lω(δ, θ)).

In this model, it is clear that the MLE is δ0 = X, its risk function is (1− ω)pσ2.
Indeed:

Rω(X, θ) = ωE(∥X −X∥2) + (1− ω)E(∥X − θ∥2).

As X ∼ Np
(
θ, σ2Ip

)
, then

X − θ

σ
∼ Np (0, Ip), thus

∥X − θ∥2

σ2
∼ χ2

p.
Hence

E(∥X − θ∥2) = E(σ2χ2
p) = σ2p.

It is well known that δ0 is minimax and inadmissible for p > 3, thus any estimator dominates it
is also minimax.

Now, we consider the shrinkage estimator

δφ =
(
1− φ(S2, ∥X∥2) S2

∥X∥2
)
X. (3)

In the special case when φ(S2, ∥X∥2) = a, (i.e. δa =
(
1− a

S2

∥X∥2
)
X) where a is a real constant

may depend on n and p. It is easy to show that a sufficient condition for that δa dominating the
MLE, thus it is minimax, is that

0 6 a 6 2(p− 2)(1− ω)

n+ 2
.

For a = â =
(p− 2)(1− ω)

n+ 2
, we obtain the estimator that minimizes the risk function of the

estimators δa, and its called the James-Sten estimator given by

δJS = δâ =

(
1− â

S2

∥X∥2

)
X =

(
1− (1− ω)(p− 2)

n+ 2

S2

∥X∥2

)
X. (4)

Using the Definition 1 and the Lemma 1, one can prove that the risk function of δJS is

Rω(δJS , θ) = (1− ω)pσ2 − (1− ω)2(p− 2)2
n

n+ 2
σ2E

(
1

p− 2 + 2K

)
, (5)

where K ∼ P

(
∥θ∥2

2σ2

)
.
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From the formula 5, it is trivial that the James-Stein estimator δJS dominate the MLE, thus
it is minimax. Furthermore, the Theorem 4.1 given in Hamdaoui et al [13] show that

lim
n,p→+∞

Rω(δJS , θ)

Rω(X, θ)
=
ω + c

1 + c
. (6)

Then one can deduce that the James-Stein estimators dominates the MLE, for the large values
of n and p.

2. Main results

In the next we need the following Lemma that shows a explicit formula of the risk function
of the estimator δφ given in (3), which helps us to compute the limit of risks ratio.

Lemma 2. Assume the estimator δφ given in (3). Then

∆φ,JS := Rω(δφ, θ)−Rω(δJS , θ) =

= E

(
(d− φ(S2, ∥X∥2))2 (S

2)2

∥X∥2
− 2d(d− φ(S2, ∥X∥2)) (S

2)2

∥X∥2

)
+

+ 2(1− ω)× E

(
(d− φ(S2, ∥X∥2))S2 − λ(d− φ(σ2χ2

n, σ
2χ2

p+2(λ)))
σ2χ2

n

χ2
p+2(λ)

)
,

where δJS =

(
1− d

S2

∥X∥2

)
X, d =

(1− ω)(p− 2)

n+ 2
and λ =

∥θ∥2

σ2
.

Proof.

Rω(δφ, θ) = ωE(∥δφ −X∥2) + (1− ω)E(∥δφ − θ∥2) =

= ωE(∥δφ − δJS + δJS −X∥2) + (1− ω)E(∥δφ − δJS + δJS − θ∥2) =

= ω{E
(
∥δφ − δJS∥2 + ∥δJS −X∥2 + 2⟨δφ − δJS , δJS −X⟩

)
}+

+ (1− ω){E
(
∥δφ − δJS∥2 + ∥δJS − θ∥2 + 2⟨δφ − δJS , δJS − θ⟩

)
} =

= Rω(δJS , θ) + E(∥δφ − δJS∥2) + 2E(⟨δφ − δJS , δJS −X⟩)+

+ 2(1− ω)E(⟨δφ − δJS , X − θ⟩).

(7)

As

E(∥δφ − δJS∥2) = E

(
(d− φ(S2, ∥X∥2))2 (S

2)2

∥X∥2

)
, (8)

E(⟨δφ − δJS , δJS −X⟩) = −E
(
d(d− φ(S2, ∥X∥2)) (S

2)2

∥X∥2

)
(9)

and

E(⟨δφ − δJS , X − θ⟩) = E

(
⟨(d− φ(S2, ∥X∥2)) S2

∥X∥2
X,X − θ⟩

)
=

= E((d− φ(S2, ∥X∥2))S2)− E

(
⟨X, θ⟩(d− φ(S2, ∥X∥2)) S2

∥X∥2

)
=

= E((d− φ(S2, ∥X∥2))S2)−

− λE

(
(d− φ(σ2χ2

n, σ
2χ2

p+2(λ)))
χ2
n

χ2
p+2(λ)

)
.

(10)
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The last equality comes from the conditional expectation and the formula (2.7) given in Benman-
sour and Mourid Benmansour and Mourid [16]. Using the formulas (7–9) and (10), we deduce
the desired result. �

Theorem 1. Assume the estimator δφ given in (3), with φ satisfies the conditions

(H1) φ >
√
(1− ω)(p− 2)

n+ 2
,

(H2) |d − φ| 6 g(S2) a.s., where E
[
(g2(S2))1+γ

]
= O

(
1

n2(1+γ)

)
for some γ > 0, in the

neighborhood of +∞.

If lim
p→+∞

∥θ∥2

pσ2
= c, then

lim
n,p→+∞

Rω(δφ, θ)

Rω(X, θ)
=
ω + c

1 + c
.

Proof. From (H2) we have

∆φ,JS 6 E

(
(d− φ(S2, ∥X∥2))2 (S

2)2

∥X∥2
+ 2d|d− φ(S2, ∥X∥2)| (S

2)2

∥X∥2

)
+ 2(1− ω)×

× E

(
|d− φ(S2, ∥X∥2)|S2 + λ|d− φ(σ2χ2

n, σ
2χ2

p+2(λ))|
σ2χ2

n

χ2
p+2(λ)

)
6

6 E

(
g2(S2)

(S2)2

∥X∥2

)
+ 2dE

(
g(S2)

(S2)2

∥X∥2

)
+ 2(1− ω)E(g(S2)S2)+

+ 2(1− ω)λE

(
g(S2)

S2

χ2
p+2(λ)

)
.

From the independence between ∥X∥2 and S2 and the holder inequality, we get

∆φ,JS 6 E
1

1+γ

(
(g(S2))2(1+γ)

)
E

γ
1+γ

(
(S2)2(

1+γ
γ )
)
E

(
1

∥X∥2

)
+

+ 2dE
1

2(1+γ)

(
(g(S2))2(1+γ)

)
E

1+2γ
2(1+γ)

(
(S2)

4(1+γ)
1+2γ

)
E

(
1

∥X∥2

)
+

+ 2(1− ω)E
1

2(1+γ)

(
(g(S2))2(1+γ)

)
E

1+2γ
2(1+γ)

(
(S2)

2(1+γ)
1+2γ

)
+

+ 2(1− ω)λE
1

2(1+γ)

(
(g(S2))2(1+γ)

)
E

1+2γ
2(1+γ)

(
(S2)

2(1+γ)
1+2γ

)
E

(
1

χ2
p+2(λ)

)
.

As

E

(
1

∥X∥2

)
=

1

σ2
E

(
1

p− 2 + 2K

)
6 1

σ2

1

p− 2
,

E

(
1

χ2
p+2(λ)

)
= E

(
1

p+ 2K

)
6 1

p− 2

and

d =
(1− ω)(p− 2)

n+ 2
,
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we obtain

∆φ,JS

Rω(X, θ)
6 4

(1− ω)p(p− 2)
E

1
1+γ

(
(g(S2))2(1+γ)

)(Γ(n2 + 2(1+γ)
γ )

Γ(n2 )

) γ
1+γ

+

+
8

p(n+ 2)
E

1
2(1+γ)

(
(g(S2))2(1+γ)

)(Γ(n2 + 4(1+γ)
1+2γ )

Γ(n2 )

) 1+2γ
2(1+γ)

+

+
4

p
E

1
2(1+γ)

(
(g(S2))2(1+γ)

)(Γ(n2 + 2(1+γ)
1+2γ )

Γ(n2 )

) 1+2γ
2(1+γ)

+

+
4

σ2(p− 2)

∥θ∥2

pσ2
E

1
2(1+γ)

(
(g(S2))2(1+γ)

)(Γ(n2 + 2(1+γ)
1+2γ )

Γ(n2 )

) 1+2γ
2(1+γ)

.

Now, from stirling’s formula which expresses that in the neighborhood of +∞, we have

Γ(y + 1) ≃
√
2πyy+

1
2 e−y

and the fact that
lim

n→+∞

(
1 +

α

n

)n
= eα,

we have (
Γ(n2 + 2(1+γ)

γ )

Γ(n2 )

) γ
1+γ

≃
(
n

2
+

2

γ
+ 1

)2

,

(
Γ(n2 + 4(1+γ)

1+2γ )

Γ(n2 )

) 1+2γ
2(1+γ)

≃
(
n

2
+

2

1 + 2γ
+ 1

)2

and (
Γ(n2 + 2(1+γ)

1+2γ )

Γ(n2 )

) 1+2γ
2(1+γ)

≃ n

2
+

1

1 + 2γ
.

Then, in the neighborhood of +∞ we have

∆φ,JS

Rω(X, θ)
6 4

(1− ω)p(p− 2)
E

1
1+γ

(
(g(S2))2(1+γ)

)(n
2
+

2

γ
+ 1

)2

+

+
8

p(n+ 2)
E

1
2(1+γ)

(
(g(S2))2(1+γ)

)(n
2
+

2

1 + 2γ
+ 1

)2

+

+
4

p
E

1
2(1+γ)

(
(g(S2))2(1+γ)

)(n
2
+

1

1 + 2γ

)
+

+
4

σ2(p− 2)

∥θ∥2

pσ2
E

1
2(1+γ)

(
(g(S2))2(1+γ)

)(n
2
+

1

1 + 2γ

)
.

Using the condition E((g2(S2))2(1+γ)) = O

(
1

n2(1+γ)

)
, then it exists M > 0 such that

lim
n,p→+∞

∆φ,JS

Rω(X, θ)
6 lim
n,p→+∞

{
4

(1− ω)p(p− 2)
M

1
1+γ

1

n2

(
n

2
+

2

γ
+ 1

)2

+
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+
8

p(n+ 2)
M

1
2(1+γ)

1

n

(
n

2
+

2

1 + 2γ
+ 1

)2

+

+
4

p
M

1
2(1+γ)

1

n

(
n

2
+

1

1 + 2γ

)
+

+
4

σ2(p− 2)

∥θ∥2

pσ2
M

1
2(1+γ)

1

n

(
n

2
+

1

1 + 2γ

)}
+

= 0,

from formula 6, we get

lim
n,p→+∞

Rω(δφ, θ)

Rω(X, θ)
6 lim
n,p→+∞

Rω(δJS , θ)

Rω(X, θ)
=
ω + c

1 + c
. (11)

In the other hand

Rω(δφ, θ) = ωE

(
φ2(S2, ∥X∥2) (S

2)2

∥X∥2

)
+ (1− ω)E

(∥∥∥∥(1− φ(S2, ∥X∥2) S2

∥X∥2

)
X − θ

∥∥∥∥2
)
,

and

E

∥∥∥∥(1− φ(S2, ∥X∥2) S2

∥X∥2

)
X − θ

∥∥∥∥2 = E

{
p∑
i=1

[(
1− φ(S2, ∥X∥2) S2

∥X∥2

)
Xi − θi

]2}
=

= E

{
p∑
i=1

(
1− φ(S2, ∥X∥2) S2

∥X∥2

)2

X2
i +

p∑
i=1

θ2i − 2

p∑
i=1

(
1− φ(S2, ∥X∥2) S2

∥X∥2

)
Xiθi

}
=

= E

{(
1− φ(S2, ∥X∥2) S2

∥X∥2

)2

∥X∥2 + 2σ2K − 2

(
1− φ(S2, ∥X∥2) S2

∥X∥2

) p∑
i=1

Xiθi

}
.

Using (b) of Lemma 3.1 in Hamdaoui and Benmansour [17], we obtain

E

∥∥∥∥(1− φ(S2, ∥X∥2) S2

∥X∥2

)
X − θ

∥∥∥∥2 = σ2E

{(
1− φ(σ2χ2

n, σ
2χ2

p+2K)
σ2χ2

n

σ2χ2
p+2K

)2

χ2
p+2K+

+2K − 4

(
1− φ(σ2χ2

n, σ
2χ2

p+2K)
σ2χ2

n

σ2χ2
p+2K

)}
=

=σ2E

{(
φ(σ2χ2

n, σ
2χ2

p+2K)
χ2
n

χ2
p+2K

− 1+
2K

χ2
p+2K

)2

χ2
p+2K

}
+

+σ2E

{
p−

(χ2
p+2K − 2K)2

χ2
p+2K

}
.

Using the conditional expectation we get

E

{
p−

(χ2
p+2K − 2K)2

χ2
p+2K

}
= E

{
E

[
p− χ2

p+2K − 4K2

χ2
p+2K

+ 4K|K
]}

=

= E

{
p− (p+ 2K)− 4K2

p− 2 + 2K
+ 4K

}
=

= E

{
p− 2− (p− 2 + 2K)− 4K2

p− 2 + 2K
+ 4K

}
=
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= E

{
p− 2− (p− 2)2

p− 2 + 2K

}
.

From the hypotheses (H1), we deduce that

Rω(δφ, θ) > ω

[
(1− ω)(p− 2)2nσ2

n+ 2
E

(
1

p− 2 + 2K

)]
+ (1− ω)σ2E

{
p− 2− (p− 2)2

p− 2 + 2K

}
.

Using the last formula and the formula (2), we have

Rω(δφ, θ)

Rω(X, θ)
>
[
ω(p− 2)2n

p(n+ 2)

1

p− 2 + ∥θ∥2

σ2

)

]
+ (1− ω)σ2E

{
1− 2

p
− (p− 2)2

1

(p− 2)(p+ ∥θ∥2

σ2 )

}
.

From the condition lim
p→+∞

∥θ∥2

pσ2
= c, we obtain

lim
n,p→+∞

Rω(δφ, θ)

Rω(X, θ)
> ω + c

1 + c
. (12)

The formulas 11 and 12 give the desired result. �
The following Proposition gives the same result as Theorem 1 for a particular shrinkage

function φ. Indeed, we will choose g in L2 and note in L2(1+γ) but with the constraint that the
function g is monotone non-increasing.

Proposition 1. Assume the estimator δφ given in (3), with φ satisfies the condition

(H1) φ > (1− ω)1/2(p− 2)

n+ 2
,

(H2) |d− φ| 6 g(S2) a.s., where g is monotone non-increasing and E
(
(g2(S2))

)
= O

(
1

n2

)
in

the neighborhood of +∞.

If lim
p→+∞

∥θ∥2

pσ2
= c, then

lim
n,p→+∞

Rω(δφ, θ)

Rω(X, θ)
=
ω + c

1 + c
.

Proof. From (H2) we have

∆φ,JS 6 E

(
(d− φ(S2, ∥X∥2))2 (S

2)2

∥X∥2
+ 2d|d− φ(S2, ∥X∥2)| (S

2)2

∥X∥2

)
+ 2(1− ω)×

× E

(
|d− φ(S2, ∥X∥2)|S2 + λ|d− φ(σ2χ2

n, σ
2χ2

p+2(λ))|
σ2χ2

n

χ2
p+2(λ)

)
6

6 E

(
(g(S2))2

(S2)2

∥X∥2

)
+ 2dE

(
g(S2)

(S2)2

∥X∥2

)
+ 2(1− ω)E(g(S2)S2)+

+ 2(1− ω)λE

(
g(S2)

S2

χ2
p+2(λ)

)
.

As g is monotone non-increasing, the covariance of two functions, one increasing and the other

decreasing is negative and the fact that E
(

1

∥X∥2

)
=

1

σ2
E

(
1

p− 2 + 2K

)
, we obtain

∆φ,JS 6 E((g(S2))2)σ2n(n+ 2)E

(
1

p− 2 + 2K

)
+ 2

(1− ω)(p− 2)

n+ 2
E(g(S2))σ2×
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× n(n+ 2)E

(
1

p− 2 + 2K

)
+ 2n(1− ω)E(g(S2))

{
σ2 + λE

(
1

p+ 2K

)}
.

Then

∆φ,JS

Rω(X, θ)
6 n(n+ 2)

p(1− ω)
E((g(S2))2)E

(
1

χ2
p+2K

)
+

2n(p− 2)

p
E(g(S2))E

(
1

χ2
p+2K

)
+

+
2n

p
E(g(S2)) +

2nλ

pσ2
E(g(S2))E

(
1

χ2
p+2+2K

)
.

From condition E((g(S2))2) = O

(
1

n2

)
and using the Schwarz inequality, when n is in the

neighbourhood of +∞, we obtain

E(g(S2)) 6 E1/2((g(S2))2) 6
√
M

1

n
,

where M is a real strictly positive. Then, when n is in the neighbourhood of +∞, we have

∆φ,JS

Rω(X, θ)
6 M

p(1− ω)
E

(
1

p− 2 + 2K

)
+

2(p− 2)
√
M

p
E

(
1

p− 2 + 2K

)
+

+
2
√
M

p
+

2
√
M

σ2

∥θ∥2

pσ2
E

(
1

p+ 2K

)
=

=
M

p(1− ω)

(
p

p− 2

)(
1

p+ ∥θ∥2

σ2

)
+

2(p− 2)
√
M

p

(
p

p− 2

)(
1

p+ ∥θ∥2

σ2

)
+

+
2
√
M

p
+

2
√
M

σ2

(
∥θ∥2

pσ2

)(
p+ 2

p

)(
1

p+ 2 + ∥θ∥2

σ2

)
.

As lim
p→+∞

∥θ∥2

pσ2
= c, then

lim
p→+∞

∆φ,JS

Rω(X, θ)
6 0,

thus
lim

n,p→+∞

Rω(δφ, θ)

Rω(X, θ)
6 lim
n,p→+∞

Rω(δJS , θ)

Rω(X, θ)
=
ω + c

1 + c
.

The proof of

lim
n,p→+∞

Rω(δφ, θ)

Rω(X, θ)
> ω + c

1 + c
.

is the same given in the Theorem 1. �

Conclusion

In this work, we studied the estimation of the multivariate normal mean distribution X ∼
Np
(
θ, σ2Ip

)
under the balanced loss function. We considered the class of estimators defined

by δφ =
(
1− φ(S2, ∥X∥2)S2/∥X∥2

)
X which are not necessarily minimax, and containing the

James-Stein estimator δJS and we interested to establish the sufficient conditions for that the
estimators δφ dominates the MLE X in the case where the dimension of the parameter spaces p
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and the sample size n are large. If the limit of the ratio ∥θ∥2 /pσ2 is a constant c > 0 when p tends
to infinity, we showed that the risks ratio Rω(δφ, θ)/Rω(X, θ) tends to (ω+c)/(1+c) (0 6 ω < 1)
when n and p tend simultaneously to infinity. Thus we ensured that the estimators δφ which are
not necessarily minimax, dominate the MLE X, even if the dimension of the parameter spaces
p and the sample size n tend simultaneously to infinity. An extension of this work is to obtain
the similar results in the case where the model has a symmetrical spherical distribution.

The authors would like to thank the editor and the referees for their comments and insightful
suggestions, and careful reading of the manuscript. This work was supported by the Thematic
Research Agency in Science and Technology (ATRST-Algeria).
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Пределы отношений рисков оценщиков усадки
при сбалансированной функции потерь
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Лаборатория статистики и случайных моделей (LSMA) Университета Тлемсена
Оран, Алжир

Аннотация. В этой статье мы изучаем оценку многомерного нормального среднего при сбаланси-
рованной функции потерь. Мы представляем здесь класс оценок усадки, который обобщает оценку
Джеймса-Стейна, и мы заинтересованы в установлении асимптотического поведения отношений
рисков этих оценок к оценкам максимального правдоподобия (MLE). Таким образом, в случае, ко-
гда размерность пространства параметров и размер выборки велики, мы определяем достаточные
условия для того, чтобы приведенные ранее оценки были минимаксными.

Ключевые слова: сбалансированная функция потерь, оценка Джеймса-Стейна, многомерная
гауссова случайная величина, нецентральное распределение хи-квадрат, оценки усадки.

– 312 –


