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Abstract. This paper presents the results of 3D modeling of a Newtonian fluid flow with a free surface.
The PLIC-VOF algorithm, which is developed to solve the problems of two-dimensional fluid flows with
a free surface, is generalized to the case of three-dimensional flows. Eﬃciency of the developed algorithm
and reliability of the obtained results are justified by comparing with available data in literature and by
testing approximation convergence.
Parametric calculations of a rectangular channel filling show that the free surface assumes a steady
convex shape over time and then moves along the channel at a constant velocity. As a result of parametric
studies, the dependences of geometric characteristics of the free surface shape on problem parameters
have been plotted.
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Introduction
Technological processes associated with casting of items, filling of tanks or draining of polymer compounds are characterized by the presence of a free surface in a fluid flow. Adequate
engineering for such processes requires a detailed study of the flow features and free surface
behavior [1].
Tracking of free surface evolution in a fluid flow is known as a complex problem in hydromechanics [2]. One of the first successful attempts to determine free surface dynamics in
the two-dimensional approximation has been made in [3]. In this paper, a numerical method
based on the VOF (Volume of Fluid) approach is proposed, which allows one to determine a
free surface position at any time instant using a scalar function defined in the cells of a regular
grid. Moreover, at a discrete level, the free boundary in a control volume is represented as a
segment, which is parallel to one of the volume’s faces. The method was further developed in [4].
A modification of the method, namely PLIC-VOF (Piecewise-Linear Interface Calculation), is
proposed, according to which a free surface in a control volume is represented as a set of arbitrary
oriented segments. The PLIC-VOF method has been successfully applied for two-dimensional
flows in [5–10].
Many fluid flow features cannot be taken into account nor adequately assessed when modeling
the process in the plane or axisymmetric approximation. Two-dimensional problem formulations
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allow one to study flow mechanics only for some channel designs. However, most of the real
pipelines have complex three-dimensional geometry. Therefore, there is a need to develop algorithms for calculating and modeling fluid flows in a full three-dimensional formulation.
In this work, testing of a modified VOF method on the three-dimensional fluid flow modeling
is implemented.

1.

Formulation of the problem

A three-dimensional flow, which occurs when a vertical rectangular channel is being filled in
a gravity field, is considered. A solution domain is schematically shown in Fig. 1 a. In this case,
the fluid is supplied from the bottom through the inlet section at given constant flow rate.
At the initial time instant, the channel is partially filled with a fluid, and the free surface is
represented as a plane z = const confined by the walls.
When filling the channel, the free surface becomes curved and assumes a convex shape. The
maximum height of the free surface, χ (Fig. 1 b), is taken as convexity characteristics, which is
determined by the values of the parameters Re and W.

Fig. 1. Solution domain (a) at the initial time instant and (b) during the filling process
Mathematical formulation of the problem includes the Navier-Stokes and continuity equations
written in a dimensionless form as
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No-slip conditions are assigned on the solid walls. On the free surface, the continuity conditions for normal and shear stresses are used. The fluid is supplied through the inlet section at a
velocity equal to unity.
The following quantities are used as length, velocity, time, and pressure scales: L (a characteristic size of the channel), U0 (an average velocity at the inlet section), and the complexes
of L/U0 and µU0 /L, respectively. The problem formulation includes dimensionless criteria: the
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Reynolds number Re = ρU0 L/µ and the parameter W = ρL2 g/µU0 = Re/Fr, which is equal to
the ratio of the Reynolds and Froude numbers.

2.

Method of solving

The formulated problem is solved numerically using the finite volume method implemented
on a staggered grid. Kinematic and dynamic characteristics of the flow are determined using the
SIMPLE algorithm [11]. In this case, to approximate of convective and non-stationary term, an
exponential scheme was used. Tracking of the free surface evolution is carried out by a modified
VOF method, which is generalized to the three-dimensional case with account for an arbitrary
inclination of the free surface in a control volume.
The VOF method implies introducing of a scalar function F , whose value is equal to unity
at all points occupied by the fluid and equal to zero at the rest of the points. At a discrete
level, when averaging over the control volume, the value of F is equal to a volume fraction of the
control volume occupied by the fluid. In particular, when the control volume is entirely filled
with a fluid, F = 1, and when the control volume does not contain any fluid, F = 0. If there is
a free surface in the control volume, 0 < F < 1. The values of this function can be determined
from the equality to zero of the total derivative of F with respect to time, which reflects the law
of conservation of mass
dF
dF
dF
dF
+ Ux
+ Uy
+ Uz
=0
(3)
dt
dx
dy
dz
When integrating this equation over the control volume, it is necessary to determine the
fluxes through the faces, which are calculated using the obtained velocity values on these faces
and the orientation of the free surface in the control volume.
It is assumed that at a discrete level, the free surface in the control volume represents a
cutting plane, whose position is determined by its normal and by the fraction of the volume
filled with the fluid. In the three-dimensional case, there are eight options for the free surface
to cross the control volume (Fig. 2), which are characterized by positive components of the
normal vector. The normal to the free surface is assumed to be directed along the gradient of
the function F . When the value of F and the direction of the normal to the free surface are
known, the plane approximating the free surface can be drawn in the boundary control volume.
Therefore, in addition to the boundary control volume tracking, the function F is used to detect
the fluid location inside the volume.

Fig. 2. Possible locations for the free surface inside the control volume
Other possible free surface locations are reduced to those shown in Fig. 2 by rotating the
control volume and / or by reflecting in coordinate planes.
Variation of the function F with time is determined by equation (3), which can be solved
numerically after calculating its fluxes through the control volume faces. An illustration of the
method in use is shown in Fig. 3. Two adjacent control volumes are considered, where the fluid
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flows through a common side. The velocity U on the adjacent face determines which one is a
donor and which is an acceptor. Afterwards, a plane, which is parallel to the common side, is
plotted at a distance of U ∆t. The fluid fraction in the donor cell ∆F , which is enclosed between
the plotted plane and the adjacent face, is transferred to the acceptor. The value of this fluid
fraction (∆F ) is calculated by analytical formulas for polyhedra volume.

Fig. 3. Illustration of the VOF method operation
The fluxes through the other five faces of the control volume are determined similarly.

3.

Verification of numerical method

To verify operational capability of the developed algorithm and reliability of the obtained
results, the approximation convergence is tested on a sequence of grids.
The calculations show that at a time instant of t = 2 in a cross section of z = 2, the absolute
value of the maximum transverse velocity is of the order of 10−6 . It is supposed that the inlet
boundary and the free surface do not aﬀect the flow in this section, where a steady-state flow is
observed. Thus, to verify the obtained velocity distributions, a well-known solution is used [12]:
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Since the fluid velocity is equal to unity in the inlet section, at a time instant of t = 2, the
volume of the inflowed fluid should equal V = 2. The error in the calculation of the volume is
determined by formula
2 − Vt=2
∆V = max
100%.
(6)
2
To show the approximation convergence, a velocity profile along a straight line of y = 0.5 at
z = 2 (Fig. 4 a) and a free surface shape in a cross section of y = 0.5 (Fig. 4 b) are calculated at
diﬀerent grid steps.
According to Fig. 4 b, a maximal diﬀerence in the free surface shapes is observed on the solid
walls. Therefore, to control the approximation convergence, a parameter H (the free surface
height at the point of x = 0, y = 0.5) is introduced.
Thus, the errors in the calculations of the fluid velocity, fluid volume, and free surface height
on the solid wall H are selected as controlled characteristics in the computational method verification.
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Fig. 4. (a) Velocity distribution along a straight line of y = 0.5 at z = 2 and (b) the free surface
shape in a cross section of y = 0.5 at a time instant of t = 2 for Re = 0.1 and W = 32: h = 0.1
(the dashed line), h = 0.05 (the dotted and dashed line), and h = 0.025 (the solid line)
The obtained results presented in Tab. 1 demonstrate the approximation convergence for the
selected characteristics.
Table 1. Dependence of the values of the controlled characteristics on the grid step at t = 2,
Re = 0.1, W = 32
h
∆Uz , % ∆V, %
H
0.1
2.53
0.42
3.944
0.05
2.15
0.41
3.915
0.025
2.01
0.40
3.900

4.

Results of calculations

The initially flat free surface becomes curved over time and assumes a convex shape, which
then moves upward along the channel and remains unchanged. Fig. 5 shows the evolution of the
free surface shape.

Fig. 5. Free surface shapes for Re = 0.1, W = 32 at various time instants: (a) t = 0, (b) t = 0.2,
(c) t = 0.5, (d) t = 1, (e) t = 2, and (f ) t = 3
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Fig. 6 demonstrates distributions of the velocities and pressure in a longitudinal section of the
channel y = 0.5 for Re = 0.1 and W = 32 at a time instant of t = 2. A fountain flow is observed
in the section under consideration. Three zones can be distinguished in the flow: a hydrodynamic
flow stabilization zone near the inlet section; a fountain flow zone near the free surface; and a
one-dimensional flow zone. The calculations showed that the lengths of the stabilization and
fountain flow regions are less than unity for the selected values of the dimensionless criteria.

Fig. 6. Distribution of the kinematic characteristics along the channel for Re = 0.1, W = 32
at a time instant of t = 2 in a cross section of y = 0.5: (a) velocity Ux , (b) velocity Uz , and
(c) pressure
In the other longitudinal sections, distributions of the kinematic characteristics qualitatively
coincide with those presented in Fig. 6. In the section of x = y, velocity distributions (Ux and
Uy ) coincide with each other, which also confirms the eﬃciency of the computational algorithm.
The obtained results are compared with those of other authors. In particular, the results of
studying of a channel filling in the creeping flow approximation are presented in [12]. Fig. 7 a
shows the calculated values of the free surface height as a function of the parameter W presented
in [13] (the solid line) and the results obtained by the VOF method (the dots).
Fig. 7 b illustrates a diﬀerence in the free surface convexity depending on the parameter W.

Fig. 7. (a) Comparison of the dependence of free surface convexity on the parameter W in the
current work (the dots) and in [13] (the solid line); (b) free surface shapes in a cross section of
y = 0.5 for Re = 0.1 at the same time instant: 1 — W = 0, 2 — W = 10, and 3 – W = 100
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The maximal diﬀerence in the calculated results does not exceed 3%. As a result of comparison, qualitative agreement and little quantitative deviations are observed.

Conclusion
In this work, testing of a modified VOF method on the three-dimensional fluid flow modeling
is implemented. In particular, the PLIC-VOF algorithm, which is developed to solve the problems
of two-dimensional fluid flows with a free surface, is generalized to the case of three-dimensional
flows. Comparing with available data in literature and by testing approximation convergence are
justified by eﬃciency of the developed algorithm. As a demonstration of the operation of the
calculation program, the results of a study on filling a rectangular channel are given. Parametric
calculations show that the free surface assumes a steady convex shape over time and then moves
along the channel at a constant velocity.
The research is implemented at the expanses of the Russian Science Foundation (project
no. 18-19-00021).
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Моделирование пространственного заполнения емкости
вязкой жидкостью с использованием VOF-метода
Евгений И. Борзенко
Ефим И. Хегай
Томский государственный университет
Томск, Российская Федерация
Аннотация. В настоящей работе представлены результаты моделирования пространственного течения ньютоновской жидкости со свободной поверхностью. Алгоритм PLIC VOF, предназначенный для решения задач о течении жидкостей со свободной поверхностью в двумерной постановке,
обобщен на случай пространственных потоков. Работоспособность разработанного алгоритма и
достоверность получаемых результатов продемонстрированы путем сравнения с литературными
данными и проверкой аппроксимационной сходимости.
Параметрические расчеты заполнения канала с прямоугольным сечением показали, что с течением времени свободная поверхность принимает установившуюся выпуклую форму, которая перемещается вдоль канала с постоянной скоростью. В результате параметрического исследования
построены зависимости геометрических характеристик формы свободной поверхности от параметров задачи.
Ключевые слова: течение ньютоновской жидкости, заполнение прямоугольного канала, свободная поверхность, трехмерное моделирование, численное моделирование, VOF-метод, структура потока.
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