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ABSTRACT 
 

The aim of the work is to implement the semi-Lagrangian method for 
numerically solving the initial – boundary-value problem for the continuity equation, 
as well as to combine the semi-Lagrangian method with the finite element method for 
numerically solving the Navier – Stokes system of equations. 

The numerical method for the continuity equation in the two-dimensional case 
is developed and implemented, the semi-Lagrangian method is combined with the 
finite element method to numerically solve the complete system of Navier-Stokes 
equations for a viscous heat-conducting gas. 

Keywords: semi-Lagrangian method, advection problem, Navier-Stokes equation. 

 

 



2 
 

 
 

 ................................................................................................................... 3 

1       .... 5 

1.1   .......................................................................................... 5 

1.2    .................................................................. 6 

1.3        ................................. 7 

1.4        .................................. 9 

1.5    ................................................................................ 13 

1.6       .......................... 14 

1.7    ..................................................... 16 

1.7.1   1 ................................................................................... 16 

1.7.2   2 ................................................................................... 17 

2         
  –  ........................................................................ 19 

2.1   ..................................................................................... 19 

2.2     ......................................... 20 

2.3      ......................... 28 

2.4         
  .............................................................................................. 29 

2.4.1    ..................................................... 30 

2.4.2    ....................................................... 36 

2.5     ................................................... 44 

2.6        ............ 45 

 ............................................................................................................. 48 

   .................................................................... 49 

 ............................................................................................................ 50 

 
  



3 
 

 
 

       , 
  ,     
 .  ,  ,    

       (   
) .  ,       

    ,       
   ,  , , 
  – .      
       ,  

        
  .       

 ,      .   
         

.         
  – .        

 –    .      
     , 

     .  
        

         
 –       

.          
 .       

  ,     ,    
,     .     
     ,    .  

      
   ,   .  

     1960–      
  .      

         
  , . .     

      . 
      , 

    ,  , , 
  ,  –   
       

        [1]  
  . 

   ‒     
  –     ,  



4 
 

         
    – . 

       
   . 

1.       –
    . 

2.       . 
    . 

3.         
   – . 

4.       
     . 

 
 
 
  



5 
 

1      
 

Equation Chapter (Next) Section 1 
       

.        
  .      

    ,   
.  ё          

    [2,3]:     
  ,      ;  

 ( )       ; 
       .    

 –   [4,5],    
        [6], 

         
  ё .     

          
       

     .       
,   -        

          
  .  

 
1.1   

 
 -     . 

 2D R  –      ,   D D Г=  . 
    0,T ×D      

 
 

 2, [0,T],
( ) ( ) 0, Ru v D t

t x y


  + + =  
  

x    (1.1) 

 
 ( , , )t x y  ‒   , u(t,x,y), v(t,x,y) ‒   

 ( ),U u v= , ( ),x y=x . ,   u, v    
   [0, ]T D .        ё  : 

outin rigid=    ,  in –  , out –  ,  rigid – 

  ё  .  
,       

  

( ) ( ) ( )
in out rigid

0, 0, 0,
Г Г Г

     U n U n U n  (1.2) 
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  ( )     , n –   
   Г. 

  ,    ( , , )t x y     
     D  

 
( ) ( ) ( )init, , 0, , ,t x y x y x y D=     (1.3) 

 
     t    

 
( ) ( ) ( )  in in, , , , , , 0, .t x y t x y t x y T=       (1.4) 

 
 ( )init t , ( )in , ,t x y  ‒    . 

     1. 
 

 
 1–   

 
1.2    

 
   T      T

K= ,  K > 0.  
   , 0,..,k k k K = = . 

      1,k kt t− .   ‒  
   tk.         

        .   
       

  
 

( )

( )
 1

, ( ), ( )
 ,  

, ( ), ( )
k k

dx
u t x t y t

dt t t t
dy

v t x t y t
dt

−

 = 
 =


, (1.5) 
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( ) ( ),k x k yx t V y t V= =  (1.6) 

 
 ( ),x yV V V=  –   . 

,     ,    1kt t −=

ё  Q     ( . 2.a).  ,    
     ,  

     in     
inQ .   , Q  Qin    [7–9]. 

    (1.1) –(1.4)   
 

( ) ( ) ( )1, , , ,k
Q

k in
t x y d t x y dQ I Q

 
 
  −= +


   , (1.7) 

 
 

 

( )
( ) ( )

in

, in, , ;

0, .

in in
Qin

U n t x y dQ Q
I Q

   = 


 
. (1.8) 

 

 
 2 –     

 
1.3        

 
  D     

 
( ) , : , ; , 0,..,h i j i jD x y x ih y jh i j N= = = =  (1.9) 

 
   1h N= ,  N>0.   ( ), ,i j i jx y=P  hD   
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( ) ( )2, / 2 2, / 2ij i i i ix h x h y h y h= − +  − + . (1.10) 
 

 ,        ,i j

   .     
    

 
( ) ( )2, / 2 2, / 2ij i i i ix h x h y h y h D= − +  − +  . (1.11) 

 
    :  ,   

 ,    ,       
 ( .3). 
 

 
 

  (1.1) – (1.4)     –  
   ( ), , ,h t x y       

      , ,
k
i j k i jt =  .  ,   

1kt t −=    h       hD    
   ( ), ,h t x y   k–    .   (1.7) 

 

( ) ( ) ( )
1

,,

1 1
, , , ,1, , , ,

kk i ji j

k k k
i j i j in i jk

Q
k

t x y d t x y dQ I Q


  
−

− −   −= + , (1.12) 

 
 1

,
k
i jQ − ‒  ,   

 ,     ,i j ,  

 3 -    
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 1kt t −= .      
,   . 1.2.  1

, ,
k
in i jQ −    

     0,inГ T ,    
  

( )
( ) ( ) 1 1

,, , , ,
1

, ,
1
, ,

, , ;

0, .

k k
in i j in i j

k
in i j

k
in i j

in
Q

U n t x y dQ Q
I Q

 − −

− −

   
= 




. (1.13) 

 
    (1.12)    

 
 

( ) ( )
,

, , ,, , ,
k
i j

k k k
i j i j i jk

t x y d meas


   



  (1.14) 

 
 ( ),

k
i jmeas   —    ,

k
i j .     

  2h ,  ,       

    ‒ 
2

2

h ,    ‒ 
2

4

h
. 

 
1.4        

 
     (1.7),   , 
   ,       

    .     
, ,  –    

 

( )1 1 2 3 42 2
6n nl l k k k k


+ = + + + + , 

( ) ( )( )1 t ,x t , tn n nk l= ,  

1 1
2 n nf(t ,x ,y )

2 2 2n

k k
k

  = + + + , 

2 2
3 n nf(t + , x ,y )

2 2 2n

k k
k

  = + + ,  

4 n 3 n 3f(t + ,x k ,y k )nk   = + + . 

(1.15) 

 
     1nl +      nl ,    

   .         
 ,    
,    Q ,     

 ( ), ,k x y
n k n nB t B B= .       Q , 



10 
 

        h   
   

 
( ) ( )

1 1
, ,

1 1, , , ,
k k
i j i j

h
k k

Q Q

t x y dxdy t x y dxdy 
− −

− −  . (1.16) 

 
       [9]  

   –  .    
  ,     

        
  (1.18).    [10]    

 ( ) ,    
  .     (1724—1788)  

1769     1795 .     
ё          

          . 
     ,  

      .  
        . ё  

     ,    
      C   

    D,   . 
         

         . 
           

 
( )

1
,

1, ,
k
i j

h k

Q

t x y dQ
−

−   (1.17) 

 
   . 

1.          
  ,     .   
      Q ,    

  ( ), ,k x y
n k n nB t B B= .      

 ,       [11].  
     ( )   

 B,    .   , 
   M.    M     

B,   ,  M B= . 
2.     B    M,   . 
3.   ,    P       – 

      ( ),g h  (    
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,     ),      
P  (   ..., , ,...g h   ..., , , ,...g P h ). 

4.       ,  
     .  

     (  )   
    .  

      
 ,   ,      

,  .      
   .   4  R  

 ,    B.    
     ,    

 R,       ,i j   
   B,    . 

      ,    
  .   ,   

  .     
     B    

   B,          
 . 

 

 
 

 4 –      
 

       B ,  
   ,    ,  

    ,   B.   
    M,   .   M  

    B    
         

ё    5.       
  

 
1 1

1 1 1 1
1 1

1

2

n n

i i n i i n
i i

S x y x y x y x y
− −

+ +
= =

       = + − −  , (1.18) 

𝐵ℎ  

𝐵ℎ  

𝐵ℎ  

𝐵ℎ  

R1 R2 

R3 R4 
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 ( ),x y
i i
   –   ,    

 M. 
 

 
 5 –      

 
          

(1.14).          
 (1.12).  

      M. 
 ij      .   

     ij ,   
  B,     M.    , 
         .    

,     .      
    ,     

1.    B; 
2.    ,    6,  

      M  , 
   ; 

3.   ; 
4.      B,      

,  — . 
         

B   ij .  ,       
 .  

 

M 

 6 -  ,    
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      ,   
,          .   
        . 

 ,          , 
    .  

     k–      
 

 

 
1.5   я 

 
    ё      ,  

 ,
k
i j      inP  ( . 7).     

        
 , 1

, ,
h k
in i jQ − .      ( ), 1

, ,
h k
in i jI Q − ,   

   (1.7). 
 

 
 
 

           inP ,  
( ), 1

in, , 0h k
i jI Q −      ,   

, 1
in, ,
h k

i jQ − ,    ё ,     
 ё    ,  , 1

, ,
h k
in i jQ −     

ё  ,    ,    
  . 

    ( ), 1
in, ,
h k

i jI Q − ,   inP    

 
( ) ,in ,0, : 0,..., ; 0,..., .h k pt y q N k K= = =  (1.20) 

 

( ) ( )
1 1

, , ,

,
, 1

,

1
, ,

meas k k
i j in i j

h k h h h
i j k in

i j R R

t x y d u dS   
 − −

−

 
 = +
 
 
  . (1.19) 

 7 -    
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    ,inh   

 

( )   ( )in, , 0 , .2 2 2 2
k

q k k q q
h ht t y y= − +   − +   (1.21) 

 
  inP    in

h   hU  ,  
 

( ) ( ) ( ) ( )in in in,,0, ,0, , ,0, ,0, ,0, .h h k
k q k q q int y t y U t y U t y t y P= =       (1.22) 

 
 ( ), 1

, ,
h k
in i jI Q −     

 
( ) ( )

1 1
n , , n , ,

1 1, , , ,
k k
i i j i i j

h
k k

Q Q

u t x y dS u t x y dS
− −

− −   . (1.23) 

 
     ,  

 . 1.4. 
 

1.6  я     
 

      
(1.1)   .     (1.1)   

 
( ) ( )1 1

0
2 2

u v

t x t y

       
+ + + =         

 (1.24) 

 
     ,    

 
(2 )

0

(2 )
0

u

t x
v

t y

 

 

  + =  
  + =
 

. (1.25) 

 
       (1.25) 

    [3–4]   
      

 

( ) ( ) ( ) ( )
1/21/2

1/2 1/2

1 1

1 1
, ,

, , , , , , , , ,
ji

i j

yx
k k k k

j j i i

x yk k
x i y jQ Q

t x y dx t x y dx t x y dy t x y dy   
++

− −

− −

− −

= =    . (1.26) 

 
 ( )1/2 1/2,i ix x− + , ( )1/2 1/2,j jy y− +  ‒    ijx ,  1

,
k
x iQ −   1

y,
k

iQ −  –  

 ,     
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        k     
 k-1.       

       
 

( )

( )
 1

2 , ( ), ( )
, .

2 , ( ), ( )
k k

x
u t x t y t

t t t t
y

v t x t y t
t

−

 =  =
 

 (1.27) 

 
     1

2ix  , 1
2jy  ,    

 ( )1
, 1/2 1/2,k

x i i iQ x x−
− +=   ( )1

y, 1/2 1/2, yk
i j jQ y−

− += .   8   
 1

,
k
x iQ − . 

       
 
 

 
 8 -     

 
      (1.26)    

   
   

1
, 1

1
, 2

( ) 2

( ) 2

k k x
ij x i in

k k
ij y j

h I x hf I

h I y hf

 

 

−

−

  = + +


 = +
, (1.28) 

 
 1

,
k
x iI − , 1

,
k
y jI −  –       

 1
,

k
x iQ −   1

y,
k

iQ −    (k–1)‒    .  
1

,
k
x iI −          

,  .     
 ё    8. 

 (1.28)          
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( )1 1 1
, , ,

1

2
k k k k
ij x i y j x inI I I

h
 − − −= + + , (1.29) 

 
 1

,
k
x inI −        .   
     ,     

          . 
   1

, 0k
x inI −  .  1

,
k
x inI −     1

,
k
x iI − . 

       ,  
1

, 0k
x inI − = .  

 
1.7    

 
1.7.1 я  1 

 
     c  :  
    (0,1) (0,1) =    0,1t    .    
       

 

( )
2 2

init

1, ( 0.2) ( 0.2) 0.1,
,

0, ,

е x y
x y

а е
 − + − 

= 


 , (1.30) 

( )in , , 0
inГ

t x y = . (1.31) 

 
   : ( , , ) 0.6u t x y = , ( , , ) 0v t x y = .  

          
 

( )
2 21, ( ) ( ) 0.1,

, ,
0, ,

c cе x x y y
t x y

а е


 − + − 
= 


, (1.32) 

 
 ( ) 0.2cx t ut= + .    t=1     

( )0.8,0.5 .    (1.7)   
    ( )1L   

  

( )
1

, ,
, ,

, 0
h

N
h k h k

i j i jL i j
meas

=
=    , (1.33) 

 

 ( ),i jmeas  –   ,i j .  ,   
           

      (1.34)   .  
       .  
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 1 –        

     
0.00000  
0.01250 0.000000000E+00 
0.02500 0.000000000E+00 
0.03750 0.000000000E+00 
… … 
1.96250 1.000033389E-13 
1.97500 1.000033389E-13 
1.98750 1.000033389E-13 
2.00000 1.000033389E-13 

   12–     .   ,  
   ,     .  

          . 
 

1.7.2 я  2 
 

       (1.1)
–(1.4)     

 
( ) ( )( )0 cos 2 1c cx t x R t= + − , ( ) ( )0 sin 2c cy t y R t= + , (1.35) 

( ) ( ) ( )2 2
1, ( ) ( ) ;

, ,
0, .

c cx x t y y t R
t x y

 − + − = 


, (1.36) 

 
    

 
( ) ( ), , 2 sin 2cu t x y R t = − , ( ) ( ), , 2 cos 2cv t x y R t = . (1.37) 

 
  0 0.75x = , 0 0.5y = , 0.1R = , 0.25cR = . 

  9       
,     .  ,  

        
   . 

 

1 1

0, , 0
h h

k h k

L L
 − = , (1.34) 
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 9 –       
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2       
 я я  –  

Equation Chapter (Next) Section 1 
2.1   

 
         D , 

D D =   ( . 10).       ё   
:  outin rigid=    ,  in –  , out –  ,  

rigid –   ё  . 
 

 
 10 –   

 
      

    ,   
    .  

 
( ) ( )

0,
u v

t x y

    
+ + =

  
 (2.1) 

,xyxxdu P

dt x x y




= − + +
  

, (2.2) 

,xy yydv P

dt y x y

 


 
= − + +

  
 (2.3) 

,yx
qqde u v

P
dt x y x y

 
   

+ + = − − +     
, (2.4) 

2 2
2 , , 2 ;

3 3xx xy yx yy

u v u v v u

x y y x y x

     
          

= − = = + = +               
 (2.5) 

,
Pr Prx y

e e
q q

x y

   
= − = −

 
, (2.6) 

2 2 22
2 2 2

3 3 3

u v u v u v

x y x y x y
 

            = + + + + −                    
. (2.7) 
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2.2     
 

       . 
         

  ,   ,  ,  
.         

« » ,       , 
 –1  1.      

 .      
 

, ,
x y t

x y t
L L t

  = = = , (2.8) 

, ,
u v

u v
V V


  

  = = = , (2.9) 

2
, , ,

P T e
P T e

P T V   

   = = = =



, (2.10) 

 
    ,   

  ¥, L –   V −   , t −  
 ,  −   . 
ё     (2.1).    

  .     
   (2.9),   

 
( ) t

t t t t t

    



    
= =

    
. (2.11) 

 
    (2.1).     (2.9) 

 u,     ,   
 

( ) ( )( ) V u uVu x

x x x L x

      
     

= =
    

. (2.12) 

 
    (2.1).     (2.9) 

 v,     ,   
 

( )( )
.

vVv

y L y

  
 

=
 

 (2.13) 

 
   (2.11)–(2.13),     
 (2.1) 
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( ) ( )
0.

u vV

t t L x y

    



     
+ + =      

 (2.14) 

 

 (2.14)  L

V 

,  

 
( ) ( )

0.
u vL

V t t x y

 

 

    
+ + =

    
 (2.15) 

 

 t  ,  1
L

V t 

= ,  L
t

V


= .   

  
 

( ) ( )
0,

u v

t x y

        
+ + =

    
 (2.16) 

 
     (2.2),   

 (2.9),  
 

( ) ( ) ( ) 2 2V u V u V u V V Vt x y u u u
V u V v u v

t t x x y y t t L x L y
     

 


                 + + = + +
             

. (2.17) 

 

  L
t

V


= ,  
2

.
V V

t L
 



=   ,  

     (2.2)  
 

2V Vdu u u u u
u v

dt L t x y L t
         = + + =        

. (2.18) 

 
        

  
 

( )P P PP x P

x x x L x
 

     
= =

    
. (2.19) 

 

     ё  


 = . 

      (2.2)  
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2

2 2
2 2

3 3

2
2

3

xx V Vu v u v x

x x x y x L x L y x

V u v

L x x y

   

 

 


 

               = − = − =                     
     = −        

. (2.20) 

 
      (2.2)  

  
 

2

xy V u v

y L y y x

   
      = +         

. (2.21) 

 
     (2.18)–(2.21)   

  (2.2).      
 

2

2 2

2
2 2

3

V P V Vdu dP d u v d u v

L dt L dx L dx x y L dy y x

         


                = − + − + +                     
. (2.22) 

 
  (2.22)     

 

2

2
2 2

3

Pdu P u v d u v

dt V x L V x x y dy y x
 

   

                = + − + +                       

 
 

. (2.23) 

 

 
2

1
P

V


 

= ,  2P V  = .   Re
V L

 



=  –  . 

         
 

xyxxdu P

dt x x y


   = − + +

     
, (2.24) 

 

 2
2 , .

3 Re Rexx xy

u v u v

x y y x

  
            = − = +            

 

 
       

 ,       
 

xy yydv P

dt y x y

 


    = − + +
     

, (2.25) 

 

 ,
Rexy

u v

y x


     = +    

 
2

2 .
3 Reyy

v u

y x


     = −    
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   (2.4).    
 e
e

e
 = .    de

dt
  

 
( ) ( ) ( )

.

e e e e e ede e e e t x y
u v V u V v

dt t x y t t x x y y

e V ee e e
u v

t t L x y

  
 

  



            = + + = + + =
          

      = + +    

 (2.26) 

 

  L
t

V


= ,  e e V

t L
  



= .    

  
 

V e V ede e e e de
u v

dt L t x y L dt
          = + + =    

. (2.27) 

 
   2,P P P P V   = = ,     

     
 

2P V P  = . (2.28) 
 

    ( )1P e = − ,     
 e e e = ,    = .     

 
 

( )1P e e     = − . (2.29) 
 

   (2.28)  ( )2 1V P e e        = − .  , 
2e V = ,        

 
( )1P e   = − . (2.30) 

 

     (2.4).   xq

x




 ,    ,  
  

 
( )

2

Pr Pr

1

Pr Pr

x
e eq e x x

x x x x x x x

e ee e

L x L x L x x

   

   




  


         = − = − =             
        = − = −          

. (2.31) 
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2 Pr
xq e e

x L x x

       = −    
. (2.32) 

 
        

  
 

2 Pr
yq e e

x L y y

   
   = −    

. (2.33) 

 
         

 
2 2 222

2

2 2 2

3 3 3

V u v u v u v

L x y x y x y

  
                 = + + + + −                         

. (2.34) 

 
   (2.27), (2.30), (2.32), (2.33)  (2.34)    

       (2.4)  
 

2 2 222

2

2 2 2

3 3 3

e V Vde u v
P P

L dt L x y

V u v u v u v

L x y x y x y

 

 

  
 

 

     + + =     
                 = − + + + + −                         

. (2.35) 

 
  ,  2e V =   2P V  = ,   

 
yx

qqde u v
P

dt x y x y
 

       + + = − − +         
, (2.36) 

 

 
Pr Rex

e
q

x

   = −

, 

Pr Rey

e
q

y

   = −

,  

2 2 22
2 2 2

Re 3 3 3

u v u v u v

x y x y x y


                   = + + + + −                         

. 

    .   
   

•    ,
x y

x y
L L

 = = ; 

•   ,
t

t
t

 =  L
t

V


= ; 
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•     ,
u v

u v
V V 

 = = ; 

•   


 = ; 

•   ,
P

P
P

 =  2P V  =  ; 

•    ,
e

e
e

 =  2e V = . 

     
( )( ) ( )( )2 21 1e e e

           = − = − =  ,  e =  . 

        
  

 
( ) ( )

0,
u v

t x y

        
+ + =

    
, (2.37) 

xyxxdu P

dt x x y


   = − + +

     
, (2.38) 

,xy yydv P

dt y x y

 


    = − + +
     

 (2.39) 

yx
qqde u v

P
dt x y x y

 
       + + = − − +         

, (2.40) 

2 2 22
2 2 2

Re 3 3 3

u v u v u v

x y x y x y


                   = + + + + −                         

, (2.41) 

 

 2
2 ,

3 Rexx

u v

x y


     = −    

,
Rexy

u v

y x


     = +    

 
2

2 ,
3 Reyy

v u

y x


     = −    

 

2 Pr
xq e e

x L x x

       = −    
, 2 Pr

yq e e

x L y y

   
   = −    

,  Re
V L

 



= .  

      ,  
  .      – , 

        
    ,   

 
( ) ( )

0,
u v

t x y

    
+ + =

  
 (2.42) 

,xyxxdu P

dt x x y




= − + +
  

 (2.43) 

,xy yydv P

dt y x y

 


 
= − + +

  
 (2.44) 
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,yx
qqde u v

P
dt x y x y

 
   

+ + = − − +     
 (2.45) 

 
 ,u v  –     U    ;   – 

; e –  ,    ; ( )1P pe= −  – 

; ( )( )21 M e


  = −  –   ; , ,xx xy yy    – 

  ,    
2 2

2 , , 2 ;
3Re Re 3Rexx xy yx yy

u v u v v u

x y y x y x

     
          

= − = = + = +               
 

xq , yq –   ,    

,
Pr Re Pr Rex y

e e
q q

x y

   
= − = −

 
; 

 –      
2 2 22

2 2 2

Re 3 3 3

u v u v u v

x y x y x y


            = + + + + −                    

, 

 Re–  ,  Pr–  ,  –  
;  

du

dt
–  ( ) ,     

 . 
    (2.13)–(2.14)    
       ,  
     (  ), 
 –        

        . 
 ,   ( ), ,t x y        

  D  
 

( ) ( ) ( ), , 0, , , ,initt x y x y x y D=     (2.46) 
 

     t     in  
 

( ) ( ) ( )  , , , , , , 0,in int x y t x y t x y T  =     (2.47) 
 

  ,     in    
 

  in0, ( , , ) 0, ,t x y T    U n   (2.48) 
 а а ц  ы а я out  
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  out0, ( , , ) 0, ,t x y T    U n   (2.49) 
 а ц   ё   rigid  

 
  rigid(0,0), ( , , ) 0, ,U t x y T=     (2.50) 

 

  ( )    , n –     
  . 

 
      out ,    

        
 

( ) ,
ГD

UdD U n U Pn TndГ
t

 
= −  + −



   (2.51) 

( )( ) ( )( )( ) ( )2 2 2 22 2
D Г Г

e u v dD e u v U n dГ PU Tn q ndГ
t

 
+ + = − + +  − − + 

     (2.52) 

 

 ,       
 

out out( , , ) [0, ]P P t x y T Г− =   n n n  (2.53) 
 
 

 
( ) out out( , , ) [0, ] ,PU U q P U t x y T Г− + =    n n  (2.54) 

 
outP –  .  (2.53)  (2.54)    

 
( )   out0 , , 0,t x y T Г =   q n . (2.55) 

 
  outP P− =n n n   

 

( )out

1 1

0 0
xx xy

yx yy

P P
    

= −    
    

 
 

. (2.56) 

 
 ,  , 0xx out xyP P = − = .      
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( ) ( )  out out

3Re
2 , , 0, ,

2

u v
P P t x y T Г

x y

 
− = −   

  
 (2.57) 

( )   out0, , , 0, .
u v

t x y T Г
y x

 
+ =   

 
 (2.58) 

 
,   0q n =       0xq = ,  

          
 

( )  0 , , 0, .out

e
t x y T Г

x


=   


 (2.59) 

 

2.3   я я  
 

ё   .  D    
( ) , : , , , 0,..,h i j i jD x y x ih y jh i j N= = = =    1 , 1h NN=  .    0,T   

  T    , 1T KK =     , 0,..,k k k K = = .   
  (2.42)  (2.42) – (2.45)   

,     1.      kD  
        

,      
 

 
 ij  –        kt , 

,i j
Q –  

       1kt − ,  ё    
      , inQ –  

    inГ .      
     

 

 

 

 

( ) ( ) ( ) ( )
,,

,

, ,1, , , , , ,0, ,
in
i ji j

i j

k in
i j i j in

Q

k

Q
k

t x y d t x y dQ t y u t y dQ


   
   

−= +   (2.60) 

( ) ( )
1 1

, , ,

,
, 1

,

1
, ,

meas k k
i j in i j

h k h h h
i j k in

i j R R

t x y d u dS   
 − −

−

 
 = +
 
 
   (2.61) 
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2.4    я   я  
я  

 
       

 𝑢ℎ,     (  ),   
 D        . 

 𝑢ℎ      
 

 
 ( ) ( ) ( ),ij i jx y x y  = .      

 
 

 
 ,i j       ( ) ( )1 1 1 1, ,ij i i j jD x x y y− + − +=  , 

   ,   ,i jx . 

 

 

( ) ( ) ( ) ( )
, ,

( , , ) , , ( , , ) , ,
k ki j i j

h h
ij ij ij ij

S D S D

u t x y u t x y v t x y v t x y 
 

= =   (2.62) 

( ) ( )
,

( , , ) , ,
ki j

h
ij ij

S D

e t x y e t x y


=   (2.63) 

( )
0,

, 0,
1,

i
i

i

x x
x i n

x x


= = =

 , (2.64) 

( )
0,

, 0,
1,

j

j
j

y y
x j n

y y


= = =
. (2.65) 

 11 -   
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   ,i jx         

   ( )1 1 1 1, ,ij i i i iD x x y y D− + − +=    ( . 11).    ( ),i j hx y D  

ijD       : 
4

1

.ij k
m

D 
=

=  

 

 
 12 –     

 
2.4.1 я  я 

 
       ,  

     ,   
      

 

 
       

 

 
  (2.67)–(2.68)    ij     

 D  
 

( ) .ijV VV f
t
   

+ = +


 (2.66) 

,xyxxdu P

dt x x y




= − + +
  

 (2.67) 

xy yydv P

dt y x y

 


 
= − + +

  
. (2.68) 

xyxx
ij ij

D D

du P
dD dD

dt x x y

  
 

= − + +    

  
 (2.69) 
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    (2.69)–(2.70).    
  

 

 
     ijx    
   

 

 
 1m

ij
−x –   ijx         

.       

 
   ( )1m

ij
−U x      

     . 
 (2.73)  (2.71)      

   
 

 
     f  

   
 

xy yy
ij ij

D D

dv P
dD dD

dt y x y

 
  

  
= − + +    

  
. (2.70) 

2,
ij ij

ij ij ij
x xD

D

du du du
dD dD h

dt dt dt
    

   (2.71) 

2

ij ij

ij ij ij
x xD

D

dv dv dv
dD dD h

dt dt dt
 

     . (2.72) 

( ), 1
,

ij

h m m
i j ij

x

u udu

dt

−−


x


, (2.73) 

( ), 1
,

ij

h m m
i j ij

x

v vdu

dt

−−


x


, (2.74) 

1 ,m h m
ij ij ij
−  −x x U  (2.75) 

( ), 1,

2

ij

h mh m
ijij

hm
ij ij ij

x D
D

u u Pdu du
dD dD h

dt dt
   



−
−

 
   (2.76) 
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    (2.67)–(2.68)    ij  

    D  
 

 
    (2.79)  (2.80).    

,    Dij    
  00 01 10 11ijD D D D D=  ( . 13).    

  
 

        
 

 
   (2.82)–(2.85)  (2.81),  

 

( )
1

1 11

1 11

1

i

i ii

i ii

i

x
y xy

ij ij
ij ij ij

y xD y D D
x

f f
dD dydx f dy f dD f dD

x x x x

 
  

+

+ ++

− −−

−

  
= = − = −

   


        


 , (2.77) 

ij
ij

D D

f
dD f dD

y y





= −

 


  
. (2.78) 

ij

xy ij ij ijxx
ij xx xy

D D

P
dD P dD

x x y x x y

      
− + + = − −           

 
 
 

       , (2.79) 

ij

xy yy ij ij ij
ij xx xy

D D

P
dD P dD

y x y y y x

       
− + + = − −           

 
 
 

    
   . (2.80) 

00 01 10 11

ij ij ij ij ij

D D D D D

P dD P dD P dD P dD P dD
x x x x x

        
= + + +

    
    
    
    

 (2.81) 

( )
00

1,4
ij

i j ij

D

h
P dD P P

x


−


 +






, (2.82) 

( )
01

1,4
ij

i j ij

D

h
P dD P P

x


−


 +






, (2.83) 

( )
10

1,4
ij

i j ij

D

h
P dD P P

x


+


 − +






, (2.84) 

( )
11

1, .
4

ij
i j ij

D

h
P dD P P

x


+


 − +






 (2.85) 
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ё        

 

 
  1I     (2.89)  

 

 

 11

2
2

3Re

u v

x y
 

  
= −   

 . 

   (2.90)   Dij    
    .     

1
00I .   1

01I , 1
10I , 1

11I     . 

( )1, 1,2
ij

ij
i j i j

D

h
P dD P P

x − +


 −




. (2.86) 

( )1, 1,2
ij

ij i j i j

D

P h
dD P P

x + −


−  −
  , (2.87) 

( ), 1 , 12
ij

ij i j i j

D

P h
dD P P

u + −


−  −





 . (2.88) 

ij

ij ij
xx xy

D

dD
x y

  
− −   





 
   (2.89) 

1
11

ij

ij

D

I dD
x


=







 , (2.90) 

xi x 

D 10 

xi+1 
 

D 11 

D 00 

y 

yj 

yj+1 D01 

xi-1 

yj-1 

 13 -   D 
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( ) ( )( )
( )00

1
00 11 11 11 1,1, ,

1,

2
2

4 4 3Re
ij

i ji j i j
D i j

h h u v
I dD

x x y


    −−

−

   
=  + = − +    
  

( )

, 1, 1, 1, 1
, 1,

,

2 2
2 2

4 3Re 6 3Re
i j i j i j i j

i j i j

i j

u u v vh u v h

x y h h
  − − − −

−

− −   
+ − = − +      

  

( ), 1, 1, 1, 1
, 1, 1, 1,

2 1 1
2

6 3Re 3Re 3Re
i j i j i j i j

i j i j ij ij i j i j

u u v vh
u u

h h
   − − − −

− − −

− − 
+ − = + − − 

 
  

( ), , 1, 1, 1, 1, 1, 1, 1

1 1 1 1

3Re 3Re 6Re 6Rei j i j i j ij i j i j i j i j i ju u v v    − − − − − − −− − + − + −   

, , , , 1

1 1

6Re 6Rei j i j i j i jv v  −− + =   

( ) ( )1, 1, 1, 1, 1, 1, 1, 1

1 1 1 1

3Re 3Re 6Re 6Rei j ij ij i j ij i j i j i j i j i ju u v v     − − − − − − − −= + − + − + −   

, , , , 1

1 1

6Re 6Rei j i j i j i jv v  −− + =  

( )( ) ( ) ( )( )1, 1, 1, 1, 1, 1 , , , 1

1 1

3Re 6Rei j ij ij i j i j i j i j i j i j i ju u v v v v   − − − − − − −= + − − − + −   

 

 
     ,  (2.91)–(2.94),   
 

        

1, 1 1, 1 , 1 , 1 1, 1 1, 1 0i j i j i j i j i j i j− − − + − + + − + + = = = = = = , ( )1, 1,

2

3Rei j i j ij− − = −  +

( ), 1, 1,

2 4

3Re 3Rei j i j i j ij− + =  + +  , ( )1, 1,

2

3Rei j ij i j+ + =  + , 

1, 1 1,

1

6Rei j i j+ + + =  , 1, 1 1,

1

6Rei j i j− − − =  , 1, , , 1 0i j i j i j− + = = = , 1, 1 1,

1

6Rei j i j− + − = −  , 

, 1

1

6Rei j ij− =  , 1, 1 1,

1

6Rei j i j+ − + = −  , 1, 1,

1

6Rei j i j+ − =  , 1, 1 1,

1

6Rei j i j+ + + =  . 

 
   

( )( ) ( ) ( )( )1
00 1, 1, 1, 1, 1, 1 , , , 1

1 1

3Re 6Rei j ij ij i j i j i j i j i j i j i jI u u v v v v   − − − − − − − + − − − + − , (2.91) 

( )( ) ( ) ( )( )1
01 1, 1, 1, 1, 1 1, , , 1 ,

1 1

3Re 6Rei j ij ij i j i j i j i j i j i j i jI u u v v v v   − − − − + − + + − − − + − , (2.92) 

( )( ) ( ) ( )( )1
10 1, 1 , 1 1, 1, 1, 1

1 1

3Re 6Reij i j ij i j ij ij i j i j i j i jI u u v v v v   + + − + + + − + − + − + − , (2.93) 

( )( ) ( ) ( )( )1
11 1, , 1, , 1 , 1, 1, 1 1,

1 1

3Re 6Reij i j i j i j ij i j i j i j i j i jI u u v v v v   + + + + + + + + − + − + − . (2.94) 

, (2.95) 
1 11 1

, ,

1 1 1 1

j ji i
xy ij ij h m h mxx

ij xx xy pq pq pq pq
p i q j p i q j

D D

dD dD u v
x y x y

       
+ ++ +

= − = − = − = −

     
+ = − −  +         
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 ё ,   (2.76), (2.95), (2.96),  

 

 

 (2.97)  
2 ,h m

ijh 


   

 

 

 2 2
,pq pq

pq pqh h

 
 = =  . 

  
 

 
  (2.99) ё   .     

   ,    
 

( )1, 1,2
ij

ij i j i j

D D

P h
dD p dD P P

x x


 + −


− =  −
 

  
, (2.96) 

( ) ( )
, , 1 1 11 1

2 , , ,
1, 1,

1 1 1 12

h m h m j ji i
ij ijh m h m h m

ij i j i j pq pq pq pq
p i q j p i q j

u u P h
h P P u v  



− + ++ +

+ −
= − = − = − = −

−
= − + +    . (2.97) 

( )
1 11 1, 1 1, 1,, , ,

, ,
1 1 1 12

j ji ih m i j i jh m h m h m
ijij pq pq pq pqh m h m

p i q j p i q jij ij

P P
u u P u v

h

   
 

+ ++ +− + −

= − = − = − = −

−  
= + + + 

 
    , (2.98) 

( )

11
, ,

, ,
1 1

11, 1 1, 1, ,
, ,

1 1

1

2

ji
h m h m

pq pq ij ijh m h m
p i q jij ij
p i

jih m i j i j h m
ij pq pqh m h m

p i q jij ij

u u

P P
u P v

h

  
 

  
 

++

= − = −


++− + −

= − = −

    − + − =       
−

= + +

 

 

. (2.99) 

( )

11
, ,

, ,
1 1

11, 1 1, 1, ,
, ,

1 1

1

2

ji
u h m u h m
pq pq ij ujh m h m

p i q jij ij
p i

jih m i j i j v h m
ij pq pqh m h m

p i q jij ij

u u

P P
u P v

h

  
 

  
 

++

= − = −


++− + −

= − = −

 
− + − =  

 

−
= + +

 

 
, 

( )

11
, ,

, ,
1 1

11, 1 1, 1, ,
, ,

1 1

1

2

ji
u h m u h m
pq pq pq pqh m h m

p i q jij ij
p i

jih m i j i j u h m
ij pq pqh m h m

p i q jij ij

v v

P P
v P u

h

  
 

  
 

++

= − = −


++− + −

= − = −

 
− + − =  

 

−
= + +

 

 
 

(2.100) 
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   (2.39)   , 

   
 

 
2.4.2    

 

   ,     
-  

 

 
 : ( )1P e = − ;   : 

( )( )21 M e


  = − ;  : ,
Pr Prx y

e e
q q

x y

   
= − = −

 
 . 

  : 2( , , ) ( , , )e t x y t x y= .  
     (2.103)   

  
 

 
    

 

ё   ( )1ˆ 1
2 2

P
P e 


= = − .  

( )
1

, 1 1, 1,, ,( 1)
, ,

1 11 1
, ,( ) , ,( )

, ,
1 1 1 1

1
2

h m i j i jh m s u
ijij ijh m h m

ij ij

j ji i
u h m s u h m s
pq pq pq pqh m h m

p i q j p i q jij ij

P P
u u P

h

u v

 
 

  
 

−
− + −+

+ ++ +

= − = − = − = −

    −
= − + +         


+ + 


   

 (2.101) 

( )
1

, 1 1, 1,, ,( 1)
, ,

1 11 1
, ,( ) , ,( )

, ,
1 1 1 1

1
2

h m i j i jh m s v
ijij ijh m h m

ij ij

j ji i
v h m s u h m s
pq pq pq pqh m h m

p i q j p i q jij ij

P P
v v P

h

u v

 
 

  
 

−
− + −+

+ ++ +

= − = − = − = −

    −
= − + +         


+ + 


   

 (2.102) 

( ), , ,yx
t

qqde u v
P Q t x y

dt x y x y
 

   
+ + = − − + +     

 (2.103) 

( )2 , ,yx
t

qqd u v
P Q t x y

dt x y x y

 
   

= − + − − + +     
. (2.104) 

1

2
yx

t

qqd u v
P Q

dt x y x y

 


    
= − + + + − −       

. (2.105) 
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  (2.105)    ij      
D  
 

 
    (2.106).  ё  

 
 

 
 (2.107)   .  

  
 

 
 , 1h m

ij
−x  –        , 

   : , 1 ,h m h m
ij ij ij

− = −x x U . 

    (2.106)  ё   
 

 

 
ё         (2.106) 

 

( )1 1ˆ
2 2

yx
ij ij ij t ij

DD D D

qqd u v
dD P dD dD Ф Q dD

dy x y x y

    
 

    
= − + − + + +        

     
. (2.106) 

, 2

ij

h m
ij ij

x
D

d d
dD h

dy dt

   



. (2.107) 

( ), , 1

ij

h m h m
ij ijd

dt

−−


x

x 


, (2.108) 

( ) ( ) 2
,

1 1
, , , ,

2 2
m

t ij t i jh m

D

Q t x y dD Q t x y h
 




, (2.109) 

2 22
1, 1, , 1 , 1

2 2 2
1, 1, , 1 , 1 1, 1, , 1 , 1

1 1 2 2ˆ
2 2 Re 3 2 3 2

2 1 ˆ .
2 2 3 2 2 2 Re

i j i j i j i j
ij ij

D

i j i j i j i j i j i j i j i j
ij ij

u u v vhФ dD
h h

v v u u u u v v h
F

h h h h

+ − + −

+ − + − + − + −

 − −   
 + +    

    

− − − −   
+ + + − =   

    




 




 (2.110) 

ˆ
ij

D

u v
P dD

x y


  
+   





. (2.111) 
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    (2.111)      
  00D , 01D , 10D , 11D .  

 (2.111)   00D  
 

 
  (2.112)     

 

 
ё     (2.113) 

 

 
    

 

 
 ,  (2.114)–(2.116)     

 (2.111)   00D  
 

 
     ,  

00 00

,ˆ ˆ h m
ij ij ij

D D

u v u v
P dD P dD

x y x y
 

      
+  +         

 
 
 

. (2.112) 

( ) ( )
00 1

1

i

i

i

i

x
y

ij i j

D y
x

u u
dD x y dydx

x x
  

−

−

 
=

 


  
 


. (2.113) 

( )
1 1

1 1 1

1 1

1

1

2 2

i ii

i

i i i

i i i

x xx

x i i
i i i ix x x

x x x

i i i i
i

u
x dx u u dx u u u dx

x x h x

u u u u
u h

h

− −

− − −

− −

 
= − = − − =

  

+ −
= − =

   
  

    
. (2.114) 
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1

2

j

j

y

j

y

h
y dy

−

= . (2.115) 

( )
1

00

1, 1,

2 2 2

j

j

y

ij i j ij i j
ij j

y
D

u u u uu h
dD y dy

x
 

−

− −− −
 




  



. (2.116) 

( )
00

, 1 , 1, ,1ˆ 1
2 2 2 2

ij i j ij i jh m h m
ij ij ij

D

u u v vu v h
P dD

x y
    − −− −   
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. (2.117) 
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   ,   (2.117)–(2.120),  
  

 

 
ё         (2.106).  

    
 

 
   x   
 

 

 (2.123)  1

2
−   

 

 
   

 

( )
01

, 1 , 1, ,1ˆ 1
2 2 2 2

ij i j i j ijh m h m
ij ij ij

D

u u v vu v h
P dD

x y
    − +− −   
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. (2.118) 

( )
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2 2 2 2

i j ij ij i jh m h m
ij ij ij

D

u u v vu v h
P dD

x y
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. (2.119) 
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2 2 2 2

i j ij ij ijh m h m
ij ij ij

D

u u v vu v h
P dD

x y
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. (2.120) 
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ˆ

1
1
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D

i j i j i j i jh m h m
ij ij

u v
P dD
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   + − + −
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. (2.121) 

( )2

2
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