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Introduction

Let C be the complex plane, D be the unit disk on C, H(D) be the set of all functions,
holomorphic in D. For all 0 < ¢ < +o0o we define the Privalov class of function II, as follows
(see [11)):

s

Hq:{feH(D): sup S (ln+|f(rei9)|)qd9<+oo}.

o<r<12m J

In" |a| = max(In |al,0), Va € C.
The classes II, were first considered by I.I. Privalov in [11]. If ¢ = 1 the Privalov class
coincides with the Nevanlinna class N of analytic functions in D with bounded characteristic

1 )

T(r, f) = Py [ In"|f(re?)|dd, 0 < 7 < 1. This is well-known in scientific literature (see [9]).
U —T

Using Hélder’s inequality, it is easy to prove the inclusion chain:

M,(¢g>1)CcNCI;(0<g<1).

Since for all 0 < ¢ < ¢
(£ < Qart 7]+ 17 < (7] 4 1% <2 (Qact 7)7 +1).

we have
I, C 11,

In the case of 1 < ¢ < 400 the Privalov spaces were studied by M. Stoll, V.I.Gavrilov,
A.V.Subbotin, D.A.Efimov, R.Mestrovic, Z.Pavicevic, etc. The monograph [6] contains a
brief overview of their results. Certain results were extended to the case 0 < g < 1 by the first
author of this paper (see [13]). Notice that the case 0 < ¢ < 1 was little studied. The questions
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of interpolation in the Privalov classes, as well as properties of root sets of analytic functions
from these classes were investigated in recent works by the authors (see [14-16,20]).

In this paper we study a question of the invariance of the classes II; with respect to the
differentiation operator. In other words, we verify the validity of the Bloch-Nevanlinna conjecture
in the Privalov spaces.

The assumption, known as the Bloch-Nevanlinna conjecture, was clearly formulated by Nevan-
linna in 1929 (see [9]) as follows: a derivative of any analytic function in the unit disk with
bounded characteristic is a function of bounded characteristic.

The famous result refuting this hypothesis belongs to O.Frostman (see [5]). He proved that
there is a Blaschke product whose derivative is not a function with a bounded characteristic.

Subsequently, many counterexamples that refute the Bloch-Nevanlinna conjecture were con-
structed in the works of others such as H. Fried (1946), W.Rudin (1955), W.Hayman (1964),
P.Duren (1969), J. Anderson (1971), L.-Sh. Khan (1972), et. al. D.Campbell and G. Weeks [1]
provide a brief overview of these results, as well as a general approach to the construction of
such examples.

The invariance with respect to the integro-differential operators of other classes of ana-
lytic functions have been studied by many mathematicians. A brief overview of their results
is contained in the work of S.V.Shvedenko [22]. In particular, a closure of the classes of ana-
lytic functions in a disk with the restrictions on Nevanlinna’s characteristic function regarding
the operations of differentiation and integration was studied by F.A.Shamoyan, I.S. Kursina,
V. A.Bednazh (see [19]).

We state the Bloch-Nevanlinna conjecture in the Privalov spaces: for whatever ¢ > 0, the
derivative of a function from the class II; belongs to the class 1I,.

The paper is organized as follows. In the first part of the article we refute the Bloch-
Nevanlinna conjecture in the Privalov spaces for all 0 < ¢ < +o0o. In the second part of the
article we indicate the class to which the derivative of any function from the Privalov space
belongs.

1. The Bloch-Nevanlinna conjecture
for the Privalov spaces

The following statement is true.
Theorem 1.1. The Bloch-Nevanlinna conjecture fails in the spaces Ily, 0 < ¢ < 4o00.

In other words, the Privalov spaces II; are not invariant under the differentiation operator
for all 0 < ¢ < 400, not only for ¢ = 1.

In the sequel, unless otherwise noted, we denote by ¢, c1,...,cn(, 3,...) some arbitrary
positive constants depending on «, 3, ..., whose specific values are immaterial.

Proof of this statement reproduces the arguments from [21], the method goes back to the
work of Hayman [8].

Let X be a sufficiently large positive integer, 0 < o < 1, H* be the class of bounded analytic
functions in D. We define a function f) as follows:

+oo
=S ATHOm
k=0

11—«

PUETINET that is f) € H*. Since

400
It is obvious that fy € H(D), and |fy| < 3 A7F0-a) =
k=0

H> C II,, we have f\ €1l for all 0 < ¢ < +o00.
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In the same time we have
“+oo

Ji= oAk (1)
k=0
Show that f{ ¢ II,. We fix n € N and denote r,, = exp(—a/\"), r,, = 1 —0, n — +oco. Let
un(2) be the n-th term of the series (1):
Un(z) = XA L
By S, (z) we denote the n-th partial sum of the series (1):

n—1

Sn(Z) — Z}\akzz\k—I’

k=0
and by R, (z) we denote the n-th remainder of the series (1):
+oo

R,(z) = Z Aok AR

k=n-+1

We estimate these sums on the circle |z| = rp,.
n—1 n—1 n—1

|Sh(2)] < Z )\akr,)‘lk_l = Z A exp (—/\a—n ~(\F - 1)) = exp (%) Z A exp (—a . )\_(”_k)> <
k=0 k=0 k=0

< exp (%) ”z_:l A = exp ()%) . );\naa__ll = \N"%exp(—a—1) - A\ a),
k=0

1 1 _ —no |
where A(\, ) = exp [04(1 + )\—n) . %
Therefore we have |5, (z)| < %|un(z)|

Now we estimate R, (z) on the circle |z| = r,.

1
}<4 for A > Ag.

+oo +oo \am

|Rn(2)] < Z exp (%) Ak Z W.

k=n+1 m=1
Since exp (aA™) > exp(mal) for m > 1 and sufficient large A,

too \am b

<
Z exp (@A™) ~ ear — \a

m=1

so we have

Ao % 1

Ru(2)] < expla+ fun(2)| s < oo < glun(2)
for A > Aq.
As a result, we obtain:
1
A= lu)l, |2 = o,
for A > max(Ag, \1).
But
In u,(2)| = cql ., n=12 ...
nlu,(2)| = ¢ nl—rn n
Thus, we have
| i) a0 > et
this means that f{ ¢ II,. Theorem 1.1 is proved. m
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2. On the differentiation in the Privalov spaces

An important place in the theory of analytic functions belongs to the Nevanlinna N-class of
analytic functions in D with bounded characteristic T'(r, f). It was introduced by A.Ostrovsky
and brothers R. Nevanlinna and F. Nevanlinna (see [10]). As noted above, N = II;. Unlike the
class N, the area Nevanlinna class is defined as follows (see ibid.):

N=<feHD): //ln+|f(z)|da:dy<—|—oo , 2=+ 1y,
D
or equivalent to this

1 =«
N = fGH(D)://ln+|f(rew)|d9dr<—|—oo

0 —m

The area Nevanlinna classes are a natural generalization of the classes N. As it was established
in the works [2,17], these classes are close with respect to the properties of root sets and the
factorization of functions. The class N is included in the scale of the Nevanlinna-Djrbashian
classes N, (see ibid.):

N, = {f e HD): /01(1 — )T (r, f)dr < +oo}, a>—1,

and in the scale of S%-classes of F.A. Shamoyan (see [18]):
1
Sd = {fEH(D) :/ (l—r)o‘Tq(r,f)dr<—|—oo}, a>-1,0<q< +oo.
0

Similar to the definition of the area Nevanlinna class, for all 0 < ¢ < +00 we introduce the
area Privalov class:

1 =«
I, = feH(D)://(1n+|f(rei9)|)qd9dr<+oo

0 —m

It is clear that II; = N. Using Holder’s inequality, it is easy to prove that I:Iq C Sd forg>1
and I, D S for 0 < ¢ < 1.
The main result of the second part of this paper is the following theorem.

Theorem 2.1. If f € II, (0 < g < +00) and function f has no zeros, then f' € I:Iq.
To prove this statement, we need auxiliary statements.

Theorem 2.2 (see [13]). If f € II,,(0 < ¢ < 1), then
Int M(r, f) =o((1—7)"Y9), r =1 -0, (2)

where M (r, f) = max |f(z)|, and the estimate is exact.
T

|z|=

Lemma 2.3 (The Minkowski inequality, see [7], p. 178). Let {fk}z;“{ be the sequence of mon-
negative functions. For all 0 < p < 1 the following inequality is valid:

1/p

V{gfm)}pdx] > Xk:{/f;f(x)dar}l/p-
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Lemma 2.4 (see [6], p. 144). Let P(r,0) denote the Poisson kernel in D, i.e.

1—72

Pr)= ——————.
(r.6) 1472 —2rcosf

For each real number q there exist finite positive constants cq, dg, such that

CqPq(r) < % :Pq(r,G)dH < dgy(r),
where
(-t a< s,
6a(r) = { VT=7In (1+ 11T) a=y
(1—7r)t74, ¢ > %

Proof of Theorem 2.1. Let z = re?, t = Re’?, 0 <r < R < 1. Since f € H(D) and function f
has no zeros, we have, by the Schwarz formula, that:

2
nfe) =5 [ i) dpric Q

where the main branch of the logarithm is chosen.
Differentiate (3) by z:

e = [T mirol e

/ f(Z) 2 i R@iw
f(2) = T/o In[f(Re)| - md‘p’

whence )
o < G , R
e L[ ) e,
/ |f(2)] o + NS 1
OISR [ R e (@

Let us consider 3 cases.

Case 1. We assume that 0 < g < 1.
Rewrite the last inequality in the form:

27
) . 1
"(2)] € /)] / In* [f(Re™®))T - (InT | f(Re))1 9" - de.
IfI <=5 | (In™ [f(Re™))* - (In™ | f(Re'?)]) I3 cos(p—0) 4 5 @
. i . . . 1 1
Applying Holder’s inequality with exponents p and ¢ we have:
1-q

/ HONwEm- i ! o (In™ | f(Re#)|) !
z)| < In Re*? )4 - d
e < SN [ wt iswaey) - o emto 0+ 2T
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Since the function f belongs to the class II,, we have by Theorem 2.2:

2 ya-g) 7171
/ < lf(2)] Cq€q / (p (L _3)) d
|f (Z)| 7TR (1—R)(17q2)/q( _%22) 0 R7g0 ¥ ’

. . . . 1 1
where P (%, w— 9) is the Poisson kernel. We use the Poisson kernel estimate for -4 > 3 from
Lemma 2.4: ) D

z ¢ €
[f'(2)] < : e T T
7R (1 - R)(-4*)/a (1_%“2) (1_%)‘1
1+r . .
Suppose R = . After elementary transformations we obtain:

1

[ (re’?)| < Ag - [ f(re')] - RS

We proceed with the logarithm of the last inequality and take into account that In™ |ab| <
In" |a| +1In* [b], a >0, b > 0:

4 ) A
+ | gt 0 + 0 1
mLﬂmﬂ<m|ﬂWﬂ+m<u_mqu'

Next, raise both sides to the power ¢, and take into account (a + b)? < a? 4 b? for all a > 0,
b>0,0< q< 1, after integration over 6 € [—m, 7] we have:

[ wriseennas [

—T —T

™

i0\[\4 1 !
(In* | f(re™))) d9+Bq+(ln(1_T)(1+q)/q> )

Since f € II; we have:

/ (In™ [ f'(re’)|)? do < By + 27 (hl

—T

1 q
(1-— r)(1+q)/q) )

Integrate over r € [0, 1]. In view of the convergence of the integrals on the right-hand side of the
inequality, we conclude that f’ € 1I,.

Case 2. Now we suppose that ¢ > 1.

Applying Holder’s inequality with exponents g and 1 + 1 in (4), we obtain

Since the function f belongs to the class II,, we have

761« e [ (Re=0) T ]

T R?

1-1/q

1 1
We use the Poisson kernel estimate for 1 + —— > — from Lemma 2.4:

q—1 2
/ . |f(2)] 1
g q 2 : .
PN a ) o
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1
Suppose that R = %, then we have:

, |f(2)]
f(z)] <€ —.
Ol

We proceed with the logarithm of the last inequality and take into account that In™ |ab| <
In" |a| +1In™|b], a >0, b > 0:

It [f(z)] < In* |f(z)] + I — S0
(I—r)aT

Further, raise both sides to the power ¢, and take into account (a + b)? < a? 4 b? for all a > 0,
b>0,0<qg< 1. After integration in 6 € [—m, 7] we obtain:

s

/Tr (1n+|f'(rei9)|)"d9</ (In* | £ (re®)))* df +In — 1.

—Tr —T (1 — ’I’)ﬁ

Since f € I, we see that:
" + | g i0\\ 4 C’q
(In™ [ f/(re*®)])" df < ag + In ————.
- (1 —r)aT

Integrate over r € [0, 1]. In view of the convergence of the integrals on the right-hand side of the
inequality, we conclude that f" € II,.

Case 3. We assume ¢ = 1. Using the estimate of S.N.Mergelyan for a function of the
Nevanlinna class (see [12, c. 84]), we get from (4):

, |f(2)] o
Pl < C?TR(l R (1- 1) /o P (E"p_ 9) de,

whence by the property of the Poisson integral

£ (=)l .
TR(1-R)(1- %)

IF')l<c

Further, the proof repeats the argument for Case 2. Theorem 2.1 is completely proved. O
Remark 2.1. Note that W. Hayman indicates the invariance of the class Il;, (1 < ¢ < 400)

with respect to the integration operator [8].
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O muddepennupoBanuu B Kjaaccax V. . IIpuBanosa

EBrenus I'. PooqukoBa

Bpsinckuil rocyiapcTBeHHbBI yHUBEPCUTET
Bpsuck, Poccuiickas @enepanys

®Daiizo A.IIlamosin

CapaToBCKUil TOCYIapCTBEHHBI YHUBEPCUTET
Caparos, Poccuitckas ®eneparust

Awnnorauusi. B craree uccienyercst uaBapuanTHOCTh Kiaccos . U. [IpuaioBa OTHOCHUTEBHO OmEpa-
Topa audpepeHIupPOBAHMS.
KumarouyeBbie cioBa: kitacc IlpuBasoBa, runoresa Biioxa-HeBanyimuubl, oneparop mauddepeHnnpoBa-

HUs.
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