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1. Introduction and Preliminaries

The field of estimation of a multivariate normal mean using shrinkage estimators was intro-
duced in [10]. The author showed that the maximum likelihood estimator (MLE) of the mean θ
of a multivariate gaussian distribution Np

(
θ, σ2Ip

)
is inadmissible in mean squared sense when

the dimension of the parameters space p > 3. In particular, he proved the existence of an es-
timator which always achieves the smaller total mean squared error regardless of the true θ.
Perhaps the best known estimator of such kind is James-Stein’s estimator introduced in [7]. This
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one is a special case of a larger class of estimators known as shrinkage estimators which is a
combination of a model with low bias and high variance, and a model with high bias but low
variance. In this context we can cite for example Baranchik [2] for his work on the minimax-
ity of the estimators of the form δr(X,S) = (1 − r(F )/F )X where F = ∥X∥2/S, the statistics
S ∼ σ2χ2

n is the estimator of the unknown parameter σ2 and r(.) is a real mesurable function.
Strawderman [12] was interested to study the estimation of the mean vector of a scale mixture
of multivariate distribution under squared error loss. He showed the analogous results obtained
by Baranchik [2]. Xie et al [13] have introduced a class of semiparametric/parametric shrinkage
estimators and established their asymptotic optimality properties. Selahattin et al [9], provided
several alternative methods for derivation of the restricted ridge regression estimator (RRRE).
The optimal extended balanced loss function (EBLF) estimators and predictors are introduced
and derived from [8] and discussed their performances. In [6], the authors considered the model
X ∼ Np

(
θ, σ2Ip

)
where σ2 is unknown and estimated by S2 (S2 ∼ σ2χ2

n). They studied the
following class of shrinkage estimators δψ = δJS + l(S2ψ(S2, ∥X∥2)/ ∥X∥2)X with l is real pa-
rameter. Benkhaled and Hamdaoui [3], have considered the model X ∼ Np

(
θ, σ2Ip

)
where σ2

is unknown. They studied the minimaxity of two different forms of shrinkage estimators of θ:
estimators of the form δψ = (1− ψ(S2, ∥X∥2)S2/ ∥X∥2)X, and estimators of Lindley-type given
by δφ = (1− φ(S2, T 2)S2/T 2)(X −X) +X.

In this work, we deal with the modelX ∼ Np (θ,Σ) and the loss matrixQ where the covariance
matrix Σ is known. Our aims is to estimate the unknown parameter θ by shrinkage estimators
deduced by the MLE. The paper is organized as follows. In Section 2, we study the standard
case Σ = Ip and Q = D = diag(d1, d2, . . . , dp), we find the explicit formula of the risk function of
considered estimators and we treat there minimax property. As a special case, the James-Stein
estimator and its risk are also found. In Section 3, we study the considered problem with the
generalized matrices Σ and Q. In Section 4, we graphically illustrate risks ratios of the James-
Stein estimator and the estimators of Baranchick-type to the MLE for various values of p. We
end the manuscript by giving an Appendix which contains technical lemmas used in the proofs
of our results.

We recall that if X ∼ Np
(
θ, σ2Ip

)
, then ∥X∥2/σ2 ∼ χ2

p (λ) where χ2
p (λ) denotes the

non-central chi-square distribution with p degrees of freedom and non-centrality parameter
λ = ∥θ∥2/2σ2. We also recall the following results that are useful in our proofs.

Definition 1. For any measurable function f : R+ −→ R, χ2
p (λ) integrable, we have

E
[
f(χ2

p (λ))
]
= Eχ2

p(λ)
[f(U)] =

+∞∑
k=0

[∫
R+

f(u)χ2
p+2kdu

]
P

(
λ

2
; dk

)
,

where P (λ/2) being the Poisson’s distribution of parameter λ/2 and χ2
p+2k is the central chi-

square distribution with p+ 2k degrees of freedom.

Lemma 1. (Stein [11]). Let X be a N
(
υ, σ2

)
real random variable and let f : R −→ R be an

indefinite integral of the Lebesgue measurable function, f ′ essentially the derivative of f. Suppose
also that E |f ′ (X)| < +∞, Then

E

[(
X − υ

σ2

)
f (X)

]
= E (f ′ (X)) .

For the next, if X ∼ Np (θ,Σ), we assume that the loss incurred in estimating θ by δ

is the function LQ(δ, θ) = (δ − θ)tQ(δ − θ) and the risk function associated to this loss is
RQ(δ, θ) = Eθ(LQ(δ, θ)).
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2. Results for standard case

Let X ∼ Np(θ, Ip) be a multivariate gaussian random variable in Rp and for any estimator
δ we take the loss function LQ(δ, θ) = (δ − θ)

t
Q(δ − θ) where Q = D = diag (d1, d2, . . . , dp) . It

is well known that the MLE of the parameter θ is X and its risk function associated to the loss

function LD is
p∑
i=1

di = Tr (D). Endeed

RD (X, θ) = E (LD (X, θ)) = E

(
p∑
i=1

di (Xi − θi)
2

)
=

p∑
i=1

diE (Xi − θi)
2
= Tr (D) ,

because for any i (i = 1, . . . , p), (Xi − θi)
2 ∼ χ2

1 where χ2
1 is the chi-square distribution with 1

degrees of freedom, then Eθ(Xi− θi)
2 = 1. It is easy to check that the MLE X is minimax, thus

any estimator dominates it, is also minimax.
Next, we suppose that K = (K1, . . . ,Kp) where Ki (i = 1, . . . , p) are independent Poisson

P
(
θ2i /2

)
and K =

p∑
i=1

Ki

(
K ∼ P

(∥∥θ2∥∥/2)). We give the following Lemma, that can be used in

our proofs and its proof is postponed to the Appendix.

Lemma 2. Let X ∼ Np (θ, Ip) where X = (X1, . . . , Xp)
t and θ = (θ1, . . . , θp)

t. If p > 3, we
have

i) E

(
X2
i

∥X∥2

)
= E


1 +

2θ2i

∥θ∥2
K

p+ 2K

;

ii) E

(
X2
i

∥X∥4

)
= E


1 +

2θ2i

∥θ∥2
K

(p− 2 + 2K) (p+ 2K)

.

2.1. Baranchick-type estimators

In this part, we study the minimaxity of Baranchick-type estimator, which is given by

δψ =

1−
ψ
(
∥X∥2

)
∥X∥2

X. (1)

Proposition 1. The risk function of the estimator defined in (1) under the loss function LD is

RD(δψ, θ) = Tr(D) + E


p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
p+ 2K

[
ψ2(χ2

p+2K)

χ2
p+2K

− 4ψ′(χ2
p+2K) + 4

ψ(χ2
p+2K)

χ2
p+2K

]−

− 2Tr (D)E

(
ψ
(
χ2
p+2K

)
χ2
p+2K

)
. (2)
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Proof. We have

RD(δψ, θ) = E [LD (δψ, θ)] = E


X − θ −

ψ
(
∥X∥2

)
∥X∥2

X

t

D

X − θ −
ψ
(
∥X∥2

)
∥X∥2

X


 =

= E
{
(X − θ)

t
D (X − θ)

}
+ E


ψ

(
∥X∥2

)
∥X∥2

X

t

D

ψ
(
∥X∥2

)
∥X∥2

X


−

− 2E

(X − θ)
t
D

ψ
(
∥X∥2

)
∥X∥2

X

 =

= Tr (D) + E

ψ
2
(
∥X∥2

) p∑
i=1

diX
2
i

∥X∥4

− 2

p∑
i=1

diE

(Xi − θi)

ψ
(
∥X∥2

)
Xi

∥X∥2

 .
Using Lemma 1, we obtain

RD(δψ, θ) = Tr (D) + E

ψ
2
(
∥X∥2

) p∑
i=1

diX
2
i

∥X∥4

− 2

p∑
i=1

diE

 ∂

∂Xi

ψ
(
∥X∥2

)
Xi

∥X∥2

 =

= Tr (D) + E

ψ
2
(
∥X∥2

) p∑
i=1

diX
2
i

∥X∥4

− 4E

ψ
′
(
∥X∥2

) p∑
i=1

diX
2
i

∥X∥2

−

− 2

(
p∑
i=1

di

)
E

ψ
(
∥X∥2

)
∥X∥2

+ 4E

ψ
(
∥X∥2

) p∑
i=1

diX
2
i

∥X∥4

 =

= Tr (D) + E


p∑
i=1

diX
2
i

∥X∥2

ψ2
(
∥X∥2

)
∥X∥2

− 4ψ′
(
∥X∥2

)
+ 4

ψ
(
∥X∥2

)
∥X∥2


−

− 2Tr (D)E

ψ
(
∥X∥2

)
∥X∥2

 .

From the independence given K between X2
i /∥X∥2 and ∥X∥2 for i = 1, . . . , p, we get

RD(δψ, θ) = Tr (D)+

+ E


p∑
i=1

diE

(
X2
i

∥X∥2
|K

)
E

ψ2
(
∥X∥2

)
∥X∥2

− 4ψ′
(
∥X∥2

)
+ 4

ψ
(
∥X∥2

)
∥X∥2

 |K

−

− 2

(
p∑
i=1

di

)
E

ψ
(
∥X∥2

)
∥X∥2

 .
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Using the Lemma 2, we have

RD(δψ, θ) = Tr (D)+

+ E


p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
p+ 2K

E

ψ2
(
∥X∥2

)
∥X∥2

− 4ψ′
(
∥X∥2

)
+ 4

ψ
(
∥X∥2

)
∥X∥2

|K


−

− 2Tr (D)E

ψ
(
∥X∥2

)
∥X∥2

 =

= Tr (D)− 2Tr (D)E

ψ
(
∥X∥2

)
∥X∥2

+

+ E

E


p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
p+ 2K

ψ2
(
∥X∥2

)
∥X∥2

− 4ψ′
(
∥X∥2

)
+ 4

ψ
(
∥X∥2

)
∥X∥2

|K



 .

From Definition 1 and using properties of conditional expectation we have, for any two measurable
functions G and H, E

[
G
(
∥X∥2

)]
= E

[
G
(
χ2
p+2K

)]
and E {E [H (K) |K]} = E [H (K)], where

K ∼ P
(
∥θ∥2/2

)
, thus we get the desired result. �

Note that the classical result of minimaxity of Baranchick-type estimators which is obtained

for the loss function L (δ, θ) =
p∑
i=1

(δi − θi)
2 (i.e. di = 1 for any i = 1, . . . , p), is also available

and it is established in the following Theorem.

Theorem 1. Assume that δψ is given in (1) with p > 3. Under the loss function LD with
Tr (D)

max
16i6p

(di)
> 2, if

i) ψ (.) is monotone non-decreasing function;

ii) 0 6 ψ (.) 6 2

 Tr (D)

max
16i6p

(di)
− 2

,

then δψ is minimax.

Proof. From formula (2), we have

RD(δψ, θ) 6 Tr (D)+

+ E


−4ψ′ (χ2

p+2K

) p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
p+ 2K

+ max
16i6p

(di)

[
ψ2
(
χ2
p+2K

)
+ 4ψ

(
χ2
p+2K

)
χ2
p+2K

]−

− 2Tr (D)E

(
ψ
(
χ2
p+2K

)
χ2
p+2K

)
6
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6 Tr (D) + E


−4ψ′ (χ2

p+2K

) p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
p+ 2K

+

+ E

{
ψ
(
χ2
p+2K

)
χ2
p+2K

[
max
16i6p

(di)
[
ψ
(
χ2
p+2K

)
+ 4
]
− 2Tr (D)

]}
.

Then, a sufficient condition for that δψ is minimax is that ψ (.) is a positive monotone non-
decreasing function and max

16i6p
(di)

[
ψ
(
χ2
p+2K

)
+ 4
]
− 2Tr (D) 6 0. Which are equivalent to

0 6 ψ (.) 6 2

(
Tr (D)

max
16i6p

(di)
− 2

)

and ψ (.) is monotone non-decreasing. �

Example 1. Let the shrinkage functions ψ(1)
(
∥X∥2

)
= ∥X∥2/

(
∥X∥2 + 1

)
, ψ(2)

(
∥X∥2

)
=

= 1 − exp(−∥X∥2) and the matrices D(1) = diag (d1 = 1, d2 = 1/2, . . . , dp = 1/p) with p > 7

and D(2) = diag (d1 = 1/2, d2 = 2/3, . . . , dp = p/p+ 1) with p > 4. It is clear that the functions
ψ(1) (.) and ψ(2) (.) satisfie conditions of Theorem 1. Then the estimators δψ(1) and δψ(2) are
minimax for p > 7 under the loss function L

(1)
D and are minimax for p > 4 under the loss

function L(2)
D .

Now, we discuss the special case where ψ (.) = a with a is a positive constant.

2.2. James-Stein estimator

Consider the estimator δa =
(
1− a/∥X∥2

)
X = X−

(
a/∥X∥2

)
X, where a is a real parameter

that can depend on p. Using the Proposition 1, the risk function of the estimator δa is

RD(δa, θ) = Tr (D) + a (a+ 4)E


p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
(p− 2 + 2K) (p+ 2K)

− 2aTr (D)E

(
1

p− 2 + 2K

)
. (3)

Proposition 2. Under the loss function LD with p > 3 and
Tr (D)

max
16i6p

(di)
> 2, we have

i) a sufficient condition for that δa dominates the MLE X is

0 6 a 6 2

 Tr (D)

max
16i6p

(di)
− 2

 ;

ii) the optimal value of a that minimizes the risk function RD(δa, θ) is

â =

Tr (D)E

(
1

(p− 2 + 2K)

)
α

− 2,
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where α = E

(
p∑
i=1

di

(
1 +

(
2θ2i /∥θ∥

2
)
K
)
/(p− 2 + 2K) (p+ 2K)

)
.

Proof. i) From formula (3), a sufficient condition so that δa dominating the MLE X is

a (a+ 4)E


p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
(p− 2 + 2K) (p+ 2K)

− 2aTr (D)E

(
1

p− 2 + 2K

)
6 0.

As

E


p∑
i=1

di

(
1 +

2θ2i

∥θ∥2
K

)
(p− 2 + 2K) (p+ 2K)

 6 max
16i6p

(di)E

(
1

p− 2 + 2K

)
,

thus, a sufficient condition so that δa dominates the MLE X is

a

[
(a+ 4) max

16i6p
(di)− 2Tr (D)

]
E

(
1

p− 2 + 2K

)
6 0,

which is equivalent to the desired result.

ii) Using the convexity of the risk function RD(δa, θ) on a, one can easily show that the optimal
value of a that minimizes the risk function RD(δa, θ) is â = (Tr (D)E (1/(p− 2 + 2K))/α)− 2,

where α = E

(
p∑
i=1

di

(
1 +

(
2θ2i /∥θ∥

2
)
K
)
/(p− 2 + 2K) (p+ 2K)

)
. �

For a = â we obtain the James-Stein estimator δJS
(
= δâ =

(
1− â/∥X∥2

)
X
)

which min-
imizes the risk function of estimators δa, so that from formula (3), the risk function of the
James-Stein estimator δJS under the loss function LD is

RD(δJS , θ) = Tr (D)−

[
Tr (D)E

(
1

p− 2 + 2K

)
− 2α

]2
α

, (4)

As the constant α is non-negative and using the formula (4), it is clear that the James-Stein
estimator δJS , has a risk less than Tr (D), then δJS is minimax.

3. The case of generalized Σ and Q

Let X ∼ Np (θ,Σ) and the loss function LQ (δ, θ) = (δ − θ)
t
Q (δ − θ) where the covari-

ance matrix Σ is known and Σ1/2QΣ1/2 is diagonalizable matrix. Take the change of vari-
ables Y = PΣ−1/2X where P is an orthogonal matrix (PP t = Ip) that diagonalizes the matrix
Σ1/2QΣ1/2 such as PΣ1/2QΣ1/2P t = D∗ = diag (a1, . . . , ap). Then we have Y ∼ Np (ν, Ip)

with ν = PΣ−1/2θ. Thus the risk function of the MLE X associated to the loss function LQ is
p∑
i=1

ai = Tr (D∗) . Endeed

RQ (X, θ) = E
[
(X − θ)

t
Q (X − θ)

]
= E

{[
Σ1/2P−1 (Y − ν)

]t
Q
[
Σ1/2P−1 (Y − ν)

]}
=

= E
{
(Y − ν)

t
PΣ1/2QΣ1/2P t (Y − ν)

}
= E

{
(Y − ν)

t
D∗ (Y − ν)

}
=

=

p∑
i=1

aiE
[
(Yi − νi)

2
]
= Tr (D∗) ,
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because for any i (i = 1, . . . , p) (Yi − νi)
2 ∼ χ2

1 where χ2
1 is the chi-square distribution with

1 degrees of freedom, thus E (Yi − νi)
2
= 1. As the MLE X is minimax, then any estimator

dominates it, is also minimax.

3.1. Baranchik-type estimators

Now, consider the estimator given by

δϕ =

(
1−

ϕ
(
XtΣ−1X

)
XtΣ−1X

)
X. (5)

Proposition 3. Under the loss function LQ the risk function of the estimator δϕis

RQ(δϕ, θ) = Tr (D∗) + E


p∑
i=1

ai

(
1 +

2θ2i

∥θ∥2
K

)
p+ 2K

[
ϕ2
(
χ2
p+2K

)
χ2
p+2K

− 4ϕ′
(
χ2
p+2K

)
+ 4

ϕ
(
χ2
p+2K

)
χ2
p+2K

]−

− 2Tr (D∗)E

(
ϕ
(
χ2
p+2K

)
χ2
p+2K

)
,

where K ∼ P
(
∥ν∥2/2

)
.

Proof.

RQ(δϕ, θ) = E


[(

1−
ϕ
(
XtΣ−1X

)
XtΣ−1X

)
X − θ

]t
Q

[(
1−

ϕ
(
XtΣ−1X

)
XtΣ−1X

)
X − θ

] =

= E


[
(X − θ)−

ϕ
(
XtΣ−1X

)
XtΣ−1X

X

]t
Q

[
(X − θ)−

ϕ
(
XtΣ−1X

)
XtΣ−1X

X

] .

Using the change variable Y = PΣ−1/2X where P is an orthogonal matrix and P diagonalizes
the matrix Σ1/2QΣ1/2, then Y ∼ Np (ν, Ip) with ν = PΣ−1/2θ and

RQ(δϕ, θ) = E

{[
Σ1/2P−1

[
(Y − ν)− ϕ (Y tY )

Y tY
Y

]]t
Q

[
Σ1/2P−1

[
(Y − ν)− ϕ (Y tY )

Y tY
Y

]]}
=

= E

{[
(Y − ν)− ϕ (Y tY )

Y tY
Y

]t (
P−1

)t
Σ1/2QΣ1/2P−1

[
(Y − ν)− ϕ (Y tY )

Y tY
Y

]}
=

= E


(Y − ν)−

ϕ
(
∥Y ∥2

)
∥Y ∥2

Y

t PΣ1/2QΣ1/2P t

(Y − ν)−
ϕ
(
∥Y ∥2

)
∥Y ∥2

Y


 =

= E


(Y − ν)−

ϕ
(
∥Y ∥2

)
∥Y ∥2

Y

tD∗

(Y − ν)−
ϕ
(
∥Y ∥2

)
∥Y ∥2

Y


 = RD∗(δ∗ϕ, θ),

where ∥.∥ is the usual euclidean norm in Rp, PΣ1/2QΣ1/2P t = D∗ = diag (a1, . . . , ap) and
δ∗ϕ =

(
1− (ϕ(∥Y ∥2/∥Y ∥2)

)
Y . From Proposition 1, we obtain the desired result. �
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Theorem 2. Assume that δϕ is given by (5) where p > 3. Under the loss function LQ with
Tr(D∗)

max
16i6p

(ai)
> 2, if

i) ϕ (.) is monotone non-decreasing;

ii) 0 6 ϕ (.) 6 2

(
Tr (D∗)

max
16i6p

(ai)
− 2

)
,

then δϕ is minimax.

The proof is the same given for the Theorem 1.

3.2. James-Stein estimator

Consider the estimator δb =
(
1− b/

(
XtΣ−1X

))
X. Using the Proposition 3, one can show

easily that the risk function of the estimator δb under the loss function LQ is.

RQ(δb, θ) = Tr (D∗) + b (b+ 4)E


p∑
i=1

ai

(
1 +

2θ2i

∥θ∥2
K

)
(p− 2 + 2K) (p+ 2K)

− 2bTr (D∗)E

(
1

(p− 2 + 2K)

)
,

where K ∼ P
(
∥ν∥2/2

)
. From the last formula, we deduce immediately that, a sufficient condi-

tion for that δb dominating the MLE X is 0 6 b 6 2

(
(Tr (D∗) /max

16i6p
ai)− 2

)
, and the optimal

value of b that minimizes the risk function RQ(δb, θ) is

b̂ =

Tr (D∗)E

(
1

(p− 2 + 2K)

)
β

− 2,

where β = E

(
p∑
i=1

ai

(
1 +

(
2θ2i /∥θ∥

2
)
K
)
/(p− 2 + 2K) (p+ 2K)

)
.

For b = b̂ we obtain the James-Stein estimator δ∗JS = δb̂ =
(
1− b̂/

(
XtΣ−1X

))
X which

minimizes the risk function of δb. Its risk function associated to the loss function LQ is

RQ(δ
∗
JS , θ) = Tr (D∗)−

[
Tr (D∗)E

(
1

p− 2 + 2K

)
− 2β

]2
β

. (6)

From formula (6), we note that δ∗JS dominates the MLE X, thus δ∗JS is minimax.

4. The simulation results

In this section we take the model X ∼ Np(θ, Ip) where θ = (θ1, θ1, . . . , θ1)
t and we recall

the estimators of Baranchick-type and the matrices D(1) and D(2) given in Example 1, i.e.,
δψ(1) =

(
1− ψ(1)

(
∥X∥2

)
/∥X∥2

)
X, δψ(2) =

(
1− ψ(2)

(
∥X∥2

)
/∥X∥2

)
X with ψ(1)

(
∥X∥2

)
=

= ∥X∥2/
(
∥X∥2+ 1

)
, ψ(2)

(
∥X∥2

)
=1−exp

(
−∥X∥2

)
, D(1)=diag (d1 = 1, d2=1/2, . . . , dp = 1/p)

– 616 –



Abdenour Hamdaoui . . . Baranchick-type Estimators of a Multivariate Normal Mean . . .

and D(2)=diag (d1=1/2, d2 = 2/3, . . . , dp=p/p+ 1). We also recall the form of the James-Stein
estimator δJS

(
= δâ =

(
1− â / ∥X∥2

)
X
)
, where â = (Tr (D)E (1/ (p− 2 + 2K))/α)− 2 and

α = E

(
p∑
i=1

di

(
1 +

(
2θ2i /∥θ∥

2
)
K
)
/(p− 2 + 2K) (p+ 2K)

)
. We graph the risks ratios of es-

timators cited above, to the MLE associated the the losses functions LD(1) and LD(2) denoted re-
spectively: R(δJS , θ)/R(X, θ), R(δψ(1) , θ)/R(X, θ) and R(δψ(2) , θ)/R(X, θ) as function of λ = θ21
for various values of p.

In Figs. 1–4, we note that the risks ratios R(δJS , θ)/R(X, θ), R(δψ(1) , θ)/R(X, θ) and
R(δψ(2) , θ)/R(X, θ) are less than 1, thus the estimators δJS , δψ(1) and δψ(2) are minimax for
p = 8 and p = 12 under the loss function LD(1) , and also minimax for p = 4 and p = 6 under the
loss function LD(2) .

Fig. 1. Graph of risks ratios R(δJS , θ)/R(X, θ), R(δψ(1) , θ)/R(X, θ) and R(δψ(2) , θ)/R(X, θ) as
function of λ = θ21 for p = 8 under the loss function LD(1)

Fig. 2. Graph of risks ratios R(δJS , θ)/R(X, θ), R(δψ(1) , θ)/R(X, θ) and R(δψ(2) , θ)/R(X, θ) as
function of λ = θ21 for p = 12 under the loss function LD(1)
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Fig. 3. Graph of risks ratios R(δJS , θ)/R(X, θ), R(δψ(1) , θ)/R(X, θ) and R(δψ(2) , θ)/R(X, θ) as
function of λ = θ21 for p = 4 under the loss function LD(2)

Fig. 4. Graph of risks ratios R(δJS , θ)/R(X, θ), R(δψ(1) , θ)/R(X, θ) and R(δψ(2) , θ)/R(X, θ) as
function of λ = θ21 for p = 6 under the loss function LD(2)

5. Appendix

Lemma 3 (Bock [5]). Let X ∼ Np (θ, Ip) where X = (X1, . . . , Xp)
t and θ = (θ1, . . . , θp)

t
, then,

For any measurable function h : [0,+∞[ → R, we have

E
(
h
(
∥X∥2

)
X2
i

)
= E

[
h
(
χ2
p+2

(
∥θ∥2

))]
+θ2iE

[
h
(
χ2
p+4

(
∥θ∥2

))]
.

where K ∼ P
(
∥θ∥2/2σ2

)
being the Poisson’s distribution of parameter ∥θ∥2/2σ2.
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Lemma 4 (Bock [5]). Let f be a real-valued mesurable function defined on the integer. Let
K ∼ P (λ/2) being the Poison’s distribution of parameter λ/2. Then

λE [f (K)] = E [2Kf (K − 1)] ,

if both sides exist.

Proof Lemma 2. i) Using Lemma 3 and the Definition 1, we obtain

E

(
X2
i

∥X∥2

)
= Eχ2

p+2(∥θ∥
2)

(
1

u

)
+ θ2iEχ2

p+4(∥θ∥
2)

(
1

u

)
= E

(
1

p+ 2K

)
+ θ2iE

(
1

p+ 2 + 2K

)
,

where K ∼ P
(
∥θ∥2/2

)
being the Poisson’s distribution of parameter ∥θ∥2/2.

From Lemma 4, we have

E

(
X2
i

∥X∥2

)
= E

(
1

p+ 2K

)
+

θ2i

∥θ∥2
E

(
2K

p+ 2K

)
= E


1 + 2

θ2i

∥θ∥2
K

p+ 2K

 .

ii) Using Lemma 3 and the Definition 1, we obtain

E

(
X2
i

∥X∥4

)
= Eχ2

p+2(∥θ∥
2)

(
1

u2

)
+ θ2iEχ2

p+4(∥θ∥
2)

(
1

u2

)
=

= E

(
1

(p− 2 + 2K) (p+ 2K)

)
+ θ2iE

(
1

(p+ 2K) (p+ 2 + 2K)

)
,

where K ∼ P
(
∥θ∥2/2

)
. From Lemma 4, we have

E

(
X2
i

∥X∥2

)
= E

(
1

(p− 2 + 2K) (p+ 2K)

)
+

θ2i

∥θ∥2
E

(
2K

(p− 2 + 2K) (p+ 2K)

)
=

= E


1 + 2

θ2i

∥θ∥2
K

(p− 2 + 2K) (p+ 2K)

 .

�

Conclusion

Stein [10], has started to study the estimation of the mean θ of a multivariate gaussian
random Np

(
θ, σ2Ip

)
in Rp, by the shrinkage estimators deduced from the usual estimator. Many

authors continued to work in this field. The majority among them have studied the minimaxity
of these estimators under the usual quadratic risk function, we cite for example [5,7]. Other
authors research the stability of the minimaxity property in the case where the dimension of the
parameter space and the sample size are large, we refer to [3,6]. In this work we studied the
minimaxity of Baranchick-type estimators, relatively to the general loss function. We showed
similar results to those found in the classical case. An idea would be to see whether one can
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obtain similar results of the minimaxity and the asymptotic behavior of risk ratios in the general
case of the symmetrical spherical models.

The authors are extremely grateful to the editor and the referees for carefully reading the
paper and for valuable comments and helpful remarks and suggestions which greatly improved
the presentation of this paper. This research is supported by the Thematic Research Agency in
Science and Technology (ATRST-Algeria).
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Аннотация. Исследована проблема оценки среднего многомерного нормального распределения
различными типами оценок усадки. Мы установили минимаксность оценок типа Баранчика для
единичной ковариационной матрицы, а матрица, связанная с функцией потерь, является диаго-
нальной. В частности, представлен класс оценки Джеймса-Стейна. Обсуждается общая ситуация
для обеих упомянутых выше матриц.
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