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Universal algebraic geometry is a new area of modern algebra, whose subject is basically the
study of equations over an arbitrary algebraic structure A (see [11]). In the classical algebraic
geometry A of type L is a field. Many articles already published about algebraic geometry over
groups, see [1,8,16], and [10]. O.Kharlampovich and A.Miyasnikov developed algebraic geom-
etry over free groups to give affirmative answer for an old problem of Alfred Tarski concerning
elementary theory of free groups (see [7] and also [15] for the independent solution of Z. Sela).
Also in [9], a problem of Tarski about decidablity of the elementary theory of free groups is solved.
Algebraic geometry over algebraic structures (universal algebraic geometry) is also developed for
algebras other than groups. A systematic study of universal algebraic geometry is done in a
series of articles by V. Remeslennikov, A. Myasnikov and E. Daniyarova in [2—4], and [5].

The notations of the present paper are standard and can be find in [2] or [11]. Our main
aim in this article is to deal with the equational conditions in the universal algebraic geometry
over Heyting algebras, i.e. different conditions relating systems of equations especially conditions
about systems and sub-systems of equations over algebras. The main examples of such condi-
tions are equational noetherian property and g,-compactness. We begin with a review of basic
concepts of universal algebraic geometry and we describe the properties of being being equational
noetherian, g,-compact. We will show that only finite Heyting algebras have these properties.

1. Basic notions

We need to give a brief introduction of universal algebraic geometry. Our notations here are
almost the same as in the above mentioned papers, especially [11].

We begin with an algebraic language £ and an arbitrary algebra A type £ and then we
extended the language by adding new constant symbols a € A. This extended language will
be denoted by L£(A). An algebra B of type £(A) is called A-algebra, if the map a +— o is an
embedding of A in B. In this notation, a® denotes the interpretation of the constant symbol a
in B.

Suppose that X = {z1,...,z,} is a finite set of variables. We denote the term algebra in
the language £ and variables from X by T, (X), and similarly the term algebra in the extended
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language £(A) will denoted by Tz(4y(X). For the sake of simplicity, we define our notions in the
coefficient free frame, i.e. in the language £ and then we can extend all the definitions to the
language L(A).

An equation is a pair (p,q) of the elements of the term algebra T, (X). In many cases, we
assume that such an equation is the same as the atomic formula p(x1,...,z,) ~ q(z1,...,2,) or
p =~ q in short.

Any set of equations is called a system of equations in the language £. A system S is called
consistent over an algebra A, if there is an element (aq,...,a,) € A™ such that for all equations
(p =~ q) € S, the equality

pA(al, cey Q) = qA(al, ceeyGp)

holds. Otherwise, we say that S is in-consistent over A. Note that, p* and ¢” are the corre-
sponding term functions on A™. A system of equations S is called an ideal, if it corresponds to a
congruence on T, (X). For an arbitrary system of equations S, the ideal generated by .S, is the
smallest congruence containing S and it is denoted by [S].

For an algebra A of type £, an element (ay,...,a,) € A™ will be denoted by @, sometimes.
Let S be a system of equations. Then the set

Va(S) = {ac A" :V(p~q) € 5, p*(a) = ¢* (@)}

is called an algebraic set. It is clear that for any non-empty family {S;};cs, we have

Va(lJ i) = [ Va(Sh).

i€l i€l

It is possible to define a topology on A™ using algebraic sets as elements of subbasis: define a
closed set in A™ to be an arbitrary intersections of finite unions of algebraic sets. Therefore, we
obtain a topology on A", which is called Zariski topology.

For any set Y C A", we define

Rad(Y) = {(p,q) : Va ey, p*@) = q¢*(a)}.

It is easy to see that Rad(Y") is an ideal in the term algebra. Any ideal of this type is called an
A-radical ideal or a radical ideal for short. Note that any ideal in the term algebra is in fact a
radical ideal. To see the reason, just note that for any ideal R in the term algebra T, (X), if we
consider the algebra B(R) = T;(X)/R, then Radpr)(R) = R.

It is easy to see that a set Y is algebraic if and only if V4(Rad(Y)) =Y. In the general case,
we have V4(Rad(Y)) = Y (see [3]). The coordinate algebra of a set Y is the quotient algebra

_ Te(X)
L) = gy

An arbitrary element of I'(Y) is denoted by [p]y. We define a function p¥ : Y — A by the rule

pY(a) = pA(a’la .. '7an)7

which is a term functionon Y, for all ay, ..., a, € A. The set of all such functions will be denoted
by T(Y) and it is naturally an algebra of type L. It is easy to see that the map [p]y +— pY is a
well-defined isomorphism. So, we have I'(Y') = T'(Y').

For a system of equation, we can also define the radical Rad4(S) to be Rad(V4(S5)). Two
systems S and S’ are called equivalent over A, if they have the same set of solutions in A, i.e.
Va(S) = Va(S’). So, clearly Rad 4(S) is the largest system which is equivalent to S. Note that
[S] € Rada(S).
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One of the major problems of the universal algebraic geometry is to determine the structures
of algebras which appear as the coordinate algebras. There are many necessary and sufficient
conditions for an algebra to be a coordinate algebra and we will give a summary of such results
in the Subsection 2.4.

In this article, we are dealing with equational conditions on algebras. The first and maybe
the most important condition of this type can be formulated as follows.

Definition 1. An algebra A is called equational Noetherian, if for any system of equations S,
there exists a finite subsystem Sy C S, which is equivalent to S over A, i.e. Va(S) = Va(So).

If an A-algebra is equational Noetherian in the language £(A), then we call it A-equational
Noetherian. Many examples of equational Noetherian algebras are introduced in [3]. Among
them are Noetherian rings and linear groups over Noetherian rings as well as free groups. In [3],
it is proved that the next four assertions are equivalent:

i- An algebra A is equational Noetherian.
ii- For any system S, there exists a finite So C [S], such that V4(S) = Va(So).

1i- For any n, the Zariski topology on A™ is Noetherian, i.e. any descending chain of closed
subsets terminates.

w- Any chain of coordinate algebras and epimorphisims
(Y1) = I(Yz2) = I'(Ys) — -+

terminates.

So, in the case of equational Noetherian algebras, any closed set in A™ is equal to a minimal
finite union of irreducible algebraic sets which is unique up to a permutation. Note that a set
is called irreducible, if it has no proper finite covering consisting of closed sets. The following
theorem is proved in [3].

Theorem 1. Let A be an equational Noetherian algebra. Then the following algebras are also
equational Noetherian:

i- any subalgebra and filter-power of A.

1i- any coordinate algebra over A.

1i- any fully residually A-algebra.

w- any algebra belonging to the quasi-variety generated by A.
v- any algebra universally equivalent to A.

vi- any limit algebra over A.

vii- any finitely generated algebra defined by a complete atomic type in the universal theory
of A or in the set of quasi-identities of A.

The most important theorem for equationally Noetherian algebras is called Unification The-
orem. It describes the structure of coordinate algebras over equationally Noetherian algebras.
For a proof of this theorem (see [2]).
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Theorem 2. Let A and T" be algebras in a language L. Suppose A is equational Noetherian and
T is finitely generated. Then the following assertions are equivalent.

- I' is the coordinate algebra of some irreducible algebraic set over A.

1- T is a fully residually A-algebra. This means that for any finite subset C C T, there exists
a homomorphism o« : T' — A, such that the restriction of a to C' is injective.

1i- I' embeds into some ultra-power of A.
iv- T belongs to the universal closure of A, i.e. Thy(A) C Thy(T).
v- T is a limit algebra over A.

vi- T is defined by a complete type in Thy(A).

There are similar theorems for the cases where A is g,-compact. Note that an algebra A is
called g,,-compact, if for any system S and any equation p & ¢, the condition V4(S) C V4(p = q)
implies that V4(Sg) C Va(p = q) for some finite Sy C S. Clearly, every equationally Noetherian
algebra is g,-compact.

A. Shevlyakov studied algebraic geometry over Boolean algebras, [17]. He obtained necessary
and sufficient condition for a Boolean algebra to be equationally Noetherian or to be ¢,-compact.
Let B be a Boolean algebra and C be a subalgebra of B. Then we can consider B as a C-algebra.
Shevlyakov proved that B is C-equationally Noetherian, if and only if C' is finite. Consequently
only finite Boolean algebras are equationally Noetherian in the case of Diophantine algebraic
geometry. He also obtained necessary and sufficient conditions for the C-Boolean algebra B to
be g,-compact. To explain it, we need to define Ej-systems: a system of C-equations S is called
Ey. system over B, if V5(S) has k elements, but for any finite subsystem S’ & S, the algebraic
set Vp(S') is infinite. It is proved that B is g,-compact as a C-algebra, if and only if there are
no any Fy and F4-systems over B.

In this article, we are dealing with the case of Heyting algebras, which are natural general-
izations of Boolean algebras.

2. Algebraic geometry over Heyting algebras

Heyting algebras for propositional intuitionistic logic are the same as Boolean algebras for
classical propositional logic. Note that in intuitionistic logic, truth is equivalent to provability.
Since by the incompleteness theorem of Godel, there are sentences « in the language of arithmetic
such that « V -« is not provable, so in the case of intuitionistic logic, Boolean algebras are not
useful and one must employ the more general frame of Heyting algebras. A Heyting algebra is
a bounded lattice H, such that for all a,b € H, there exists a maximum element x with the
property a A x < b. Let’s denote that element = by a — b. Then, one can see that the following
identities are hold
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So, let £ = (A,V,—,1,0) be the language of bounded lattices extended by adding a new
binary symbol —. Then the variety of Heyting algebras is just the variety axiomatized by the
identities of bounded lattices plus the above four new identities. Let -a = a — 0. It can be shown
that in any Heyting algebra, we have only one of the De Morgan’s laws, namely —(aVb) = ~aA—b,
but the other law —=(a A b) = —a V —b is not valid, despite the case of Boolean algebras. It is also
true that =———a = —a and —a V ——a = 1. Recall that a complete Heyting algebra is a Heyting
algebra which is also a complete lattice.

An element a in a Heyting algebras H is called regular, if =—a = a. Clearly, both 0 and 1
are regular. Let H,.4 be the set of all regular elements of H. It is easy to see that H,.q = - H,
the set of all negated elements of H. This set is not a Heyting subalgebra in general, but it is a
Boolean algebra bey the following operations

1) aApegb=aAnb.
2) Tregd = Ta.
3) aVyeg b= —(—a A -b).

We will use the notation L,.q4 for the Boolean language (A, Vyeg, =, 0,1). This will help us to
apply results of [17] for Heyting algebras.

Note that, despite Boolean algebras, the free Heyting algebra Fy(X) is always infinite for
any non-empty set X. For example, if X = {z}, then the free Heyting algebra over X consists
of the following elements

0,z,~x,~—x,xV ~x,~xV -z, e =z, (oo = x) = (e Vox), ...

We focus on the case of equations with coefficients inside H (Diophantine Geometry). It is
known that free groups are equationally Noetherian. Free Boolean algebras of finite rank are
also equationally Noetherian since they are finite. We show that no non-trivial Heyting algebra
is equationally Noetherian.

Proposition 1. Let X be a non-empty set. Then the free Heyting algebra Fy(X) is not equa-
tionally Noetherian.

Proof. Tt is enough to consider the case X = {p}, because subalgebras of equationally Noetherian
algebras are again equationally Noetherian. Consider the following infinite chain

Let S be the system {z > p,z > ——p,xz > —pV ——p,...}. It is obvious that Vr(S) = {1}.
But, since the above chain is infinite, so for every finite Sy C S, there are infinitely many
elements in Vi (Sy). Hence Vp(S) # Vi(Sp). This shows that F' = Fy(X) is not equationally
Noetherian. 0

Note that in the same time the above argument shows that non-trivial free Heyting algebras
are not g,-compact. This is true because we have Vg(S) C Vr(z & 1), but for any finite Sy C S,
the algebraic set Vg (Sp) is infinite.

We now, can use the same idea to prove that infinite Heyting algebras are not equationally
Noetherian. It can be also applied for infinite complete Heyting algebras to prove that they are
not gq,-compact.

Theorem 3. Let H be a Heyting algebra and K be a subalgebra, which is infinite. Then H is
not K-equationally Noetherian.
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Proof. For simplicity we discuss Diophantine case (K = H). The idea of the proof is taken from
a similar theorem for Boolean algebras (see [6]). Let

bOublub27 s

be an infinite set of elements in H. Let Ly = {0,1} and define L,, by inductions as follows: if
L,—1={a0=0,a1,...,an_1,a, =1}, and if 0 < i < n, then define

Ci+1 = Q4 \Y (aiJrl A bn)
For example, we have Ly = {ag = 0,a; = 1}. Then we compute
C1 = Qo V (Cll /\bl) = bl.

It is clear that 0 < by < 1. Let Ly = {0, a1, 1} and rename its elements as ag = 0, a; = by, ag = 1.
Now, to find Ly, we compute

61:(10\/(a1/\b2):b1/\b2,

and
Co :al\/(ag/\bg) = by V bs.
We have
0< b Aby <by <by Ve <1,
so Lo consists of the above elements. Again rename a9 = 0, a; = by A by, ag = by, ..., and

continue this process. It is clear from the construction that
LOCL1CL2C"',

so the set L = Up>0Ly, is an infinite chain in H.
Now, we proved that there is an infinite chain ag < a1 < as < --- in H so we can consider
the following system
S={zx>ap,x > a1,z >as,...}.

For any finite subsystem Sy = {z > ag,x > a1, > ag,...,a,}, we have an41 € Vi (Sp), while
an+1 does not belong to Vi (S). This proves that H is not equationally Noetherian.
O

Note that if H is complete, then in the above proof we can put a = sup; a;. Then Vg (S) C
Vi (z > a), but for any finite subset Sy, it is not true that Vi (Sy) C Vi (x > a). This shows
that if H is a complete infinite Heyting algebra, then it is not ¢,-compact. The next theorem
concerns the relation between g,-compactness of a Heyting algebra H and H.g.

Theorem 4. Let H be q.,-compact. Then there is no Ey and Ei-systems in the language Lycq
over the Boolean algebra Hycq.

Proof. Assume that S is an L,¢,-system of equations with n indeterminate and denote H.g4
for simplicity by R. Let Vgr(S) C Vr(p = ¢), where p = ¢ is an L,.4-equation. Note that R"
is an algebraic set in H™ because it is just the solution set of the system ——x, ~ z1, "z ~
To, ..., X, ~ T,. Hence we have

VR(S) = VH<S+ L] R Ly, Ty R .Tn),

and
VrRip=q)=Vulprq+ w1 ®T1,..., Ty X Ty).
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This shows that

Va(S+-ay =ay,..., 2, R a,) CVg(pr g+ oy & ay,..., 0y & Xy),

and hence

V(S + -z ~x1,...,~ T, 2 1,) C Vy(p ~q).

Since H is assumed to be q,,-compact, so there is a finite subset Sg C S+—-—x1 ~ x1,..., "X, ~
x, such that Vi (So) € Vu(p = q). Therefore, Vr(So) C Vr(p = ¢). Let 8" = Sp \ {-z1 =
Z1y..., 7y & Ty }. Then we have

Vr(S") € Vr(So) C Va(p = q),

and this shows that the Boolean algebra R is g,,-compact in the Boolean language L,.4. Now,
we can apply the result of [17] to conclude that there are no Ey and E;-systems in the language
Lyeg over Hyeq. ]
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Anrebpanveckast TeoMeTpusi HaJl TEMTUHTOBBIMHE aJiredbpamMu

Maxmaus Hypwu

@aKyﬂbTeT MaTeMaTU4IeCKUX HayK
Yuusepcurer Tebpuza

Tebpus, Upan

Awnnoranusi. B 910it cTarbe Mbl n3ydaeMm aarebpanvdeckyio TeOMeTPHUIO HaJ TeATHHIOBBIMU aaredpamu
U MICCJIEJLyeM CBOWCTBA OBITH yPABHOBEIIEHHO HETEPOBBIMU U (,-KOMIIAKTHBIMY HaJI TAKUMH aJirebpamu.

KuroueBrbie cjioBa: yHUBepcajbHas ajirebpandeckasi Te€OMEeTpHUsi, CHCTEMbI YPABHEHUI, PaIUKAJIBI, TO-
mostorust 3apucckoro, aarebpor efitunara, HETEPOBHI aareOpbl YPABHEHUH, ¢.,-KOMIIAKTHBIE AJIT€OPHI.
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