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Abstract. At present there are several approaches to estimate survival functions of vectors of lifetimes.
However, some of these estimators are either inconsistent or not fully defined in the range of joint survival
functions. Therefore they are not applicable in practice. In this paper three types of estimates of
exponential-hazard, product-limit and relative-risk power structures for the bivariate survival function
are considered when the number of summands in empirical estimates is replaced with a sequence of
Poisson random variables. It is shown that proposed estimates are asymptotically equivalent.
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Introduction

The problem of estimation of multivariate distribution (or survival) function from incomplete
data was considered from the beginning of 1980’s (Campbell (1981), Campbell & Foldes (1982),
Hanley & Parnes (1983), Horvath (1983), Tsay, Leurgang & Crowley (1986), Burke (1988),
Dabrowska (1988, 1989), Gill (1992), Huang (2000), Abdushukurov(2004) etc.) (see, [1-20]).
In the special bivariate case there are the numerous examples of paired data that represent
life time of individuals (twins or married couples), the failure times of components of a system
and others which are subject to random censoring. At present there are several approaches to
estimate survival functions of vectors of life times. However, some of these estimators are either
nconsistent or not fully defined in the range of joint survival functions. Hence they are not
applicable in practice. In this work we present estimators for bivariate survival function and
present some sample properties of estimators. We extend some results given in [1-4] to Poisson
random summation. At the end of the paper we present consistent estimators of parameters of
Marshall-Olkin exponential distribution.

1. Random right censoring model

Let X={X,; = (X1i, X2i)},-, be a sequence of independent and identically distributed (i.i.d.)
two-dimensional random vectors with a common continuous survival function F(s,t) =
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= P(X11>s8, Xa1 > 1), (s,t) € RY” = [0,00) x [0,00). This sequence is censored from
the right by sequence Y = {Y¥; = (YliaY%)}?; of ii.d. random vectors with survival func-
tion G (s,t) = P (Y11 > s, Yo1 > 1), (s,¢) € R*®. Let us assume that there is the sample
V(n) = {(Zz, A1)7 1 < 7 < n}, Where Zz = (Zh‘,Zgi), A, = (511';621’)7 Zki = min(in,Yki),
Ori = I(Zygi = Xki), k = 1,2, and I (-) is the indicator. The problem consist of estimating
F from the sample V). TLet H (s,t) = P(Zy; > s, Z9; > t), (s,t) € R and sequences X
and Y are independent. Then H (s,t) = F (s,t)G (s,t), (s,t) € R*2. In this paper we use
exponential-hazard, product-limit and relative-risk power types functionals in order to construct
the corresponding estimates of three types for F'. In the empirical estimates the upper index of
summation n is replaced by the Poisson random variable (r.v.) wu, with expectation Eu, = n.
This arises in the insurance business as the size of group insurance payments by an insurance
company to customers in connection with an insured event. Following [2], we introduce some
auxiliary functionals for (z,y) € R*2:

M(w7y):P(Z11 \37 Z21> )7 N($7y):P(le>l‘, Zngy)7

M (z,y) = P (Z11 < =, Z21>y7 S11=1), N(z,y)=P(Z11 >z, Zon <y, 21 =1),

) Y N (z,dt)
(ds y) - (Y N(x,dt) '
) /H L & T}
A(z,y) = Ay (2,0) + Ao(2,y), A(z,y) = Ay (2,0) + As (z,9),

)
A (z,y) :A ('T 0) +Ac(m7y)’ Ac(m>y) :Ai ($>O)+Z_\§ (x,y),

where

Af (2y) = Ay (z,y) = Y A (A s,y), A (o s,y)=A1(s,y) — A1 (s—, ),

s<x

A ( ) A2 .’Ey ZAQ .TAt A2($,At>:Ag(l‘,t)—/\2<.’1?,t—>,
t<y
and similarly defined A§ and AS. To construct estimates for F' we estimate functionals (1.1).

Firstly, we introduce the following empirical estimates of the first four probabilities in (1.1) from
the sample V(™):

1 n
H, (z,y) = EZI(ZU >z, Zoi > Y),
i=1

ZI (Z1i <y Zoi > ),

N, (I,y) = E ZI(ZM >, Jo < y), (12)

i=1

ZI le x, Z2z>ya 617,—1)

N (l’y ZI Z11>£C ZQZ Y, 521:1)
i=1

Let {n, n = 1} be a sequence of Poisson random variables (r.v-s.) with parameter Eu,, = n, that
is independent of the pair (X,Y). Along with estimates (1.2), we propose also their analogues
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Hy, M*, N3, MY, N} obtained from estimates (1.2) by replacing the upper limit of summation
However, it should be noted that these estimates have the disadvantage because

n by r.v. f,.
they can be greater than 1. In fact, for example, for
1 &
H (z,y) = ZI (Z1i >z, Zoi > y),
=1
we have
N = nme "
P(H};(0,0)>1)=P(up >n)= »_ >0

m=n+1
To avoid this disadvantage we consider the following truncated versions of estimates
HY, My, N} M} N:
H (z,y) if H}(z,y)<1
0 —1_ o * * < _ n ) n ) )

and similarly constructed estimates M2, N9, M?, NU. In similar way we construct the corre-

sponding estimates for functionals in (1.1):

_ MO (ds,y) o) = Y NY (z,dt)
Moo= [ gy A = [
- [T MY (ds,y)  + o) = Y NO (z,dt) (1.3)
Aln (xay) - 0 HO (s—,y)’ A2n( ay) - /0 Hg (.’L‘, t_)a

The relative-risk function is

A(z,y)
R(z,y
(59 = K ay)
and its estimator is A ( )
n (T, Y
R’I’L ‘T’y = X
@) Ay (z,y)

Using estimates (1.3), we propose the following three estimates of F' (x,y) for exponential, prod-
uct and power structures

Fln (a:,y) = eXp {_An (J?, y)} = eXp {_ (Aln (J?,O) + AQn (a:,y))} )
Fy, (z,y) = [T (1= Ava (2 5,0) [T (1 = Aon (2,8 1)), (1.4)
s<z t<y
Fa () = [Hy (2,)) ™.
Let A, = [o, Z{"’} x [o, 22")} NA, where Z™ =max (Zu1, ..., Zjn), A= [07 qu x [0, qu :
Ték) =inf{t > 0: P(Zy; <t) =1}, k = 1,2. The following theorem states the asymptotic
equivalence of estimates (1.4).

Theorem 1.1. For all (x,y) € A,

(1) 0% Fio ) = P 2:0) = 0y (1)

n

If the survival function G is also continuous on A, then
logn 1/2
(II) |F1n(x7y)_F3n(-ray)|:Op ( n ) .
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One can also obtain from (I) and (IT) that

|Fyn (2,9) — Fan (2,)] = O, ((“jf”)”j |

To prove Theorem 1.1 we need the following auxiliary statements.

Lemma 1.1. Let {u,, n > 1} — be a sequence of Poisson r.v-s. with expectation n. Then for
any number € > 0 and for n such that

n 9

= 3, €= €xXp (1) ) (15)
logn 8(1 + f)
3
the inequality
p(lm=nl Lie logn " <o (1.6)
n 2\2 n h ’ '
is true, where co = co (¢) =€/16 (1 +¢/3).
Proof. Let 41,72,... be a sequence of Poisson r.v.-s with expectation E(v;) = 1 for all k =

n

=1,2,.... Then p, —n= > (yx — 1) = >_ &, where
k=1

o ( t\k
Ee'®r = ¢t BeM = e7te? Z (ek') =exp(e’ — (t +1)).
k=0

Using Taylor expansion of e!, we have

2 ¢2
Ee'*s = exp (1 +t+ 5+ U(t) — (t+ 1)) = exp (2 + \I/(t)) ,

t3
where U(t) = Eexp(é’t)7 0 <f <1 For 0<t< 1,we have t3 < t? and consequently
3 t?
T(t) < 5 e<e- 5 From here, for 0 < ¢ < 1 we obtain

t? e A e
t&k < J— 7> — —k . 2 = —.
FEe \exp<2(l+3> exp<2 t), py 1—|—3

Then using following exponential inequality for nonidentical distributed r.v.-s of Petrov ([22])
1

2
P( >u><2exp<—1;>, 0<u<N,

> &
k=1
1
under 0 < u = 3 (%nlog n) ’ < A\gn = N, we obtain (1.6). O

The following inequality for two-dimensional empirical estimates from [21, p. 292] is used
below. Let C =C (H)=H (Té1)7Té2)) < 0.

Lemma 1.2 ([21]). For all real z >0
P sup  |Hy (z,y) — H (z,y)| >2C% | <V, - (1+ n2)2 exp (—2nz* - C*), (1.7)
(z,y)€ RT2
where V., =V, (H) = 4exp (42C? + 422C*) .
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1/2
Corollary 1.1. Let z = 2y = (4J2r6 . 10%”) -C~%in (2.7). Then

4+¢ logn /2 9
P\ sup [Hp(zy) = H(z,y)| > ——- O < qn (o), (1.8)
(z,y)ER+2 n

where

4 1/2 4 1/2
qn(g) = dexp (4(;—5 -logn> 1+ (;E ~10gn> . (n2 + 1)2n_(4+8) =0 (n_a) .
n n

Therefore, for € > 1 from (1.8) we have by Borel-Cantelli lemma that

ogn\ /2
sup |Hn<x7y>—H<x,y>|“'=5'0<(lg) ) (1.9)

(z,9)€EA, n

In the next lemma we establish an analogue of (1.7) for an empirical estimate HY. Let q° (¢) be
obtained from ¢, (¢) by replacing 4 + ¢ with (4 4 ¢) /4.

Lemma 1.3. Under the conditions of Lemma 1.1

4+¢ logn
2 n

P sup |H)(z,y)—H(z,y)|> <
(I,y)GAn

1/2
> -02) <270 10 (2) . (1.10)
Proof. For p,, <n: HY (z,y) = H} (z,y) for all (z,y) € R*? and for u, > n we have

sup  |H)(z,y) — H(z,y)| < sup |H;(z,y) — H(z,y)l.
(z,y)eRT2 (z,y)eRT2

Using the formula of complete probability, we obtain

P| swp |[H)(w,y)—H(z,y)|>2C|<P| swp [H(z,y)—H(zy)>2C| <
(z,y)€EA, ($7y)eAn

1 &
<SP sup |Hy(z,y)—H(z,y)+ - Z (Zy; >, Zoi > y)| > 20C° [t > 0 | -P(py > 1)+
(a:,y)EAn n i=n-+1
1 b
+P | sup  |Hu(w,y)— H(z,y)— — Y I(Z1; > 2, Zai > y)| > 200% /i > n | P > n) <
(z,y)€EAL n i=n+1
1 2
<SP sup [Ho(zy)—H(z,y)| > 52007 | +
(@.y)€An 2
1 1
+P sup |— Z I(Zyi > 2, Za; > y)| > 20C% | <
(w’y)eA" n 1=nApn+1 2
n ]- —
<qn(e)+P (Iunnl > 22002) <2n70EH) 4 gl (e),
where (1.6) and (1.8) are used. a

Proof of Theorem 1.1. From inequalities (2.4.2) in [2] applied to estimates F},, and F5,, we have
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(60" (s 0) ] -
=1 | Gy 1 (Zfi) <, 2y < y)

22 i=1 (SOZ Zfi)_) =t (Hg(x, ZQ(i)_))Q

< (111)

-2 -2
< o s (20 0-) o (ot 28 0) .

where Z,gl) <...< Z,gn) order statistics are constructed from Z;, k = 1,2, d3(;) corresponds to
Z,ii) and SYZ (z) = H? (x;0). It is known that for n — oo, Z,(Cn) £>Ték)7 k =1,2. We show that
Z,i“"')ngf), k=1,2whenn —oo. Fore >0, 0<d <1and k=1,2 we have

P (‘Z]E;Mn) _ Ték)‘ > 5) g

<P (‘Z,(f") . Tg@\ > e,

B il <o)+ p (|2 —1]20) <

n n

<P(‘z,§#">_Tg’“>’>g,n(1_5)<un<n(1+5))+P(]%”—1’25) <
<P(|lz 1P| > )+ P (|22 1] > 9).

For arbitrary n > 0 there are numbers n; and € such that for n > ny

P (\z,gm _Tgﬂ] > 5) < g k=12 (1.12)

SinceP(‘%’ —1‘ 25) — 0 when n — oo then for n > no
Hn n
P([E -1 >0) < 1. 1.13
Then for n > ny = max(ni,ng) we obtain from (1.12) and (1.13) that
P (’z,gw - Tg”‘ > 5) <, (1.14)

which is required result. Thus, taking into account (1.13) and (1.14), for n — oo with probability
close to 1 we have

Z¥n D 7D g =1,2,

Lin 1 (1.15)
w2 =0 )
Taking into account (1.15) and the following relations obtained from (1.10) for (z,y) € A,
1 |87 () = S ()] 1 40 <logn>1/2
Sti (@) = S () SY (x) 8P (x) S (x) T n ’
1 < |H2 (x,y) — H(x7y)| N 1 B 1 40 (10gn>1/2
HY(v,y) ~ HY(wy)H(zy)  H(zy) H(zy) "\ n ’
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we obtain the right estimate in (I). Now according to the inequality |u — v| < |logu — log v], for
O<u, v<1, 0< R, (z,y) <1 and (z,y) € A, we have

(7 IOg HO (I7y))
Fn x,y _F’ﬂ x,y <An T,y _1+—n =
[Ern (2,y) = Fan (2, 9)] (z,y) )
1.16
— R (@.9) | (~Tog H) (2,3)) = A (2.9)] < 119
< |- log HY (x.y) + log H (2,9)| + |(~log H (2.)) — A, ().
According to Lemma 1.3 and the mean value theorem for (z,y) € A,, we obtain
0 logn /2
|— log H,, (z,y) + log H (z, y)| =0, . . (1.17)

Taking into account continuity of G, Lemma 3.4.3, the proof of Theorem 2.4.3 and Remark 2.4.4
in [2] we obtain for (z,y) € A, that

oo n 1/2
IMH@MM@MIQ(C5> ) (118)

Now (II) follows from relations (2.16)—(2.18). a

It was shown in Theorem 2.4.3 in [2] that in the case of continuity of F and G both
exponential-hazard and relative-risk power functionals coincide with the estimated survival func-
tion F. Then, taking into account Theorem 1.1, we can state that all three estimates (1.4) are
consistent estimates of F' (see, also [5]).

2. Estimation of parameters of Marshall-Olkin exponential
distribution

Let us consider survival function F'(s,t) = P(X11 > s,Xo1 > t), (s,t) € R*? of Marshall-
Olkin exponential form with unknown parameters Ai, Ag, A1s :

F(s,t) = exp (=18 — Aot — Ao max(s,t)), (s,t) € R (2.1)
Then corresponding cumulative hazard function is
A(s,t) = —log F(s,t) = A\1s + Aot + A2 max(s, t). (2.2)

Nonparametric estimator of A(s,t) from (2.4) is A, (s,t) = —log Fi,(s,t) = A1,(5,0) + Aa, (s, ).
It is easy to verify from (2.2) that we have the system of equations for s > 0
A (S, 0) = A5+ A28,
A(0,8) = Aas + A1as, (2.3)
A(s,8) = Ais+ Aas + Apas.

From (2.3) we find expressions for unknown parameters Aj, A2 and Aj2 for a fixed point
s=159>0:

AL = Sio (A (s0,50) — A (0, 50)) ,
)\2 = %(A (50,80) —A(So,O)), (24)

A2 = % (A (80,0) + A (0780) - A (So,SQ)) .
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Now we obtain estimators of parameters from (2.4) by replacing A with A,, :

n 1 — _

/\5 ) = 5 (An (s0,50) — Ay (O, So)) ,
n 1 — -

A = — (B (50, 50) = K (50,0)) (2.5)
n 1 — - -

)\52) = g (An (50’ O) + An (Oa 50) - An (50; 50)) .

It follows from Theorem 1.1 that A, (s,t) is consistent estimator of A(s,t). Consequently, rela-
tions (2.5) give consistent estimators of corresponding parameters (2.4) of distribution (2.1).
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OO0 orneHMBaHUM JIByMepHOI (pyHKIINN BHI>KWUBAHUS
0 CJy4YailHO IIEH3ypPUPOBAHHBIM JaHHBIM

Abaypaxum A. AGaymiykKypoB

MTI'Y, TamkenTckuit dumnan

Tamxkent, Y36ekucran

Pycramxkou C. MypamoB
HaMaHI‘aHCKHﬁ I/IH)KeHepHO—TeXHI/I‘{eCKI/IIL/'I UHCTUTYT
Hamanran, Ysbekucran

Awnnoranusi. B mHacrosiimee BpeMst CyIeCTBYeT HECKOJIBKO IMOXOOB K OIEHKE (DYHKIWI BBIXKUBAHUST
BEKTOPOB BpeMeHu Ku3uu. OIHAKO HEKOTOPBIE U3 3TUX OIEHOK JINOO SIBJISIIOTCS HECOCTOSATEIbHBIMU, JIN-
60 He TOJTHOCTBIO OIPEJIE/IEHbI B 00/1aCTH (DYHKIIUNA COBMECTHOTO BBIXKUBAHUS U IIO9TOMY HE TTPUMEHUMbI
Ha MpakTHKe. B paboTe aBTOpaMu MpEIoKEHBI COCTOSITEILHBIE OIEHKH COBMECTHOM (DYHKITMH BHI2KHBa~
HUSI SKCITOHEHITNATBHOM, MHOYKUTEJILHON M CTENIEHHON CTPYKTYP IPH CIyYailHOM IIyaCCOHOBCKOM OObEMeE
BbIGOPKU. [loKa3aHO, YTO 9TH ONEHKU ACUMITOTUYECKN SKBUBAJIEHTHBHI.

KuaroueBrblie ciioBa: nBymepHas (pyHKINsS BHIXKUBAHUs, IYACCOHOBCKUE CJIyYailHbIE BEJIMINHBI, SMITUPU-

YEeCKHE OICHKH.
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