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Introduction
The problem of estimation of multivariate distribution (or survival) function from incomplete

data was considered from the beginning of 1980’s (Campbell (1981), Campbell & Földes (1982),
Hanley & Parnes (1983), Horváth (1983), Tsay, Leurgang & Crowley (1986), Burke (1988),
Dabrowska (1988, 1989), Gill (1992), Huang (2000), Abdushukurov(2004) etc.) (see, [1–20]).
In the special bivariate case there are the numerous examples of paired data that represent
life time of individuals (twins or married couples), the failure times of components of a system
and others which are subject to random censoring. At present there are several approaches to
estimate survival functions of vectors of life times. However, some of these estimators are either
nconsistent or not fully defined in the range of joint survival functions. Hence they are not
applicable in practice. In this work we present estimators for bivariate survival function and
present some sample properties of estimators. We extend some results given in [1–4] to Poisson
random summation. At the end of the paper we present consistent estimators of parameters of
Marshall-Olkin exponential distribution.

1. Random right censoring model
Let X={Xi= (X1i,X2i)}∞i=1 be a sequence of independent and identically distributed (i.i.d.)

two-dimensional random vectors with a common continuous survival function F (s, t) =
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= P (X11 > s, X21 > t), (s, t) ∈ R
+2

= [0,∞) × [0,∞). This sequence is censored from
the right by sequence Y = {Yi = (Y1i, Y2i)}∞i=1 of i.i.d. random vectors with survival func-
tion G (s, t) = P (Y11 > s, Y21 > t), (s, t) ∈ R

+2
. Let us assume that there is the sample

V(n) = {(Zi, ∆i), 1 6 i 6 n} , where Zi = (Z1i, Z2i), ∆i = (δ1i, δ2i), Zki = min(Xki, Yki),
δki = I (Zki = Xki) , k = 1, 2, and I (·) is the indicator. The problem consist of estimating
F from the sample V(n). Let H (s, t) = P (Z1i > s,Z2i > t) , (s, t) ∈ R

+2
and sequences X

and Y are independent. Then H (s, t) = F (s, t)G (s, t) , (s, t) ∈ R̄+2. In this paper we use
exponential-hazard, product-limit and relative-risk power types functionals in order to construct
the corresponding estimates of three types for F . In the empirical estimates the upper index of
summation n is replaced by the Poisson random variable (r.v.) µn with expectation Eµn = n.
This arises in the insurance business as the size of group insurance payments by an insurance
company to customers in connection with an insured event. Following [2], we introduce some
auxiliary functionals for (x, y) ∈ R̄+2:

M (x, y) = P (Z11 6 x, Z21 > y) , N (x, y) = P (Z11 > x, Z21 6 y) ,

M̄ (x, y) = P (Z11 6 x, Z21 > y, δ11 = 1) , N̄ (x, y) = P (Z11 > x, Z21 6 y, δ21 = 1) ,

Λ1 (x, y) =

∫ x

0

M (ds, y)

H (s−, y)
, Λ2 (x, y) =

∫ y

0

N (x, dt)

H (x, t−)
,

Λ̄1 (x, y) =

∫ x

0

M̄ (ds, y)

H (s−, y)
, Λ̄2 (x, y) =

∫ y

0

N̄ (x, dt)

H (x, t−)
,

Λ (x, y) = Λ1 (x, 0) + Λ2(x, y), Λ̄ (x, y) = Λ̄1 (x, 0) + Λ̄2 (x, y) ,

Λc (x, y) = Λc
1 (x, 0) + Λc

2(x, y), Λ̄c (x, y) = Λ̄c
1 (x, 0) + Λ̄c

2 (x, y) ,

(1.1)

where
Λc
1 (x, y) = Λ1 (x, y)−

∑
s6x

Λ1 (M s, y), Λ1 (M s, y) = Λ1 (s, y)− Λ1 (s−, y) ,

Λc
2 (x, y) = Λ2 (x, y)−

∑
t6y

Λ2 (x,M t), Λ2 (x,M t) = Λ2 (x, t)− Λ2 (x, t−) ,

and similarly defined Λ̄c
1 and Λ̄c

2. To construct estimates for F we estimate functionals (1.1).
Firstly, we introduce the following empirical estimates of the first four probabilities in (1.1) from
the sample V(n):

Hn (x, y) =
1

n

n∑
i=1

I (Z1i > x, Z2i > y) ,

Mn (x, y) =
1

n

n∑
i=1

I (Z1i 6 x, Z2i > y) ,

Nn (x, y) =
1

n

n∑
i=1

I (Z1i > x, Z2i 6 y) ,

M̄n (x, y) =
1

n

n∑
i=1

I (Z1i 6 x, Z2i > y, δ1i = 1) ,

N̄n (x, y) =
1

n

n∑
i=1

I (Z1i > x, Z2i 6 y, δ2i = 1) .

(1.2)

Let {µn, n > 1} be a sequence of Poisson random variables (r.v-s.) with parameter Eµn = n, that
is independent of the pair (X,Y). Along with estimates (1.2), we propose also their analogues
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H∗
n, M∗

n, N∗
n, M̄∗

n, N̄∗
n obtained from estimates (1.2) by replacing the upper limit of summation

n by r.v. µn. However, it should be noted that these estimates have the disadvantage because
they can be greater than 1. In fact, for example, for

H∗
n (x, y) =

1

n

µn∑
i=1

I (Z1i > x, Z2i > y) ,

we have

P (H∗
n (0, 0) > 1) = P (µn > n) =

∞∑
m=n+1

nme−n

m!
> 0.

To avoid this disadvantage we consider the following truncated versions of estimates
H∗

n, M∗
n, N∗

n, M̄∗
n, N̄

∗
n :

H0
n (x, y) = 1− (1−H∗

n (x, y)) I (H
∗
n (x, y) 6 1) =

{
H∗

n (x, y) if H∗
n (x, y) 6 1,

0 if H∗
n (x, y) > 1,

and similarly constructed estimates M0
n, N0

n, M̄0
n, N̄0

n. In similar way we construct the corre-
sponding estimates for functionals in (1.1):

Λ1n (x, y) =

∫ x

0

M0
n (ds, y)

H0
n (s−, y)

, Λ2n (x, y) =

∫ y

0

N0
n (x, dt)

H0
n (x, t−)

,

Λ̄1n (x, y) =

∫ x

0

M̄0
n (ds, y)

H0
n (s−, y)

, Λ̄2n (x, y) =

∫ y

0

N̄0
n (x, dt)

H0
n (x, t−)

,

Λn (x, y) = Λ1n (x, 0) + Λ2n (x, y) , Λ̄n (x, y) = Λ̄1n (x, 0) + Λ̄2n (x, y) .

(1.3)

The relative-risk function is

R (x, y) =
Λ̄ (x, y)

Λ (x, y)

and its estimator is

Rn (x, y) =
Λ̄n (x, y)

Λn (x, y)
.

Using estimates (1.3), we propose the following three estimates of F (x, y) for exponential, prod-
uct and power structures

F1n (x, y) = exp
{
−Λ̄n (x, y)

}
= exp

{
−
(
Λ̄1n (x, 0) + Λ̄2n (x, y)

)}
,

F2n (x, y) =
∏
s6x

(
1− Λ̄1n (M s, 0)

)∏
t6y

(
1− Λ̄2n (x,M t)

)
,

F3n (x, y) = [Hn (x, y)]
Rn(x,y).

(1.4)

Let ∆n=
[
0, Z

(n)
1

]
×
[
0, Z

(n)
2

]
∩∆, where Z

(n)
k =max (Zk1, . . . , Zkn) , ∆=

[
0, T

(1)
Z

]
×
[
0, T

(2)
Z

]
,

T
(k)
Z = inf{t > 0 : P (Zk1 6 t) = 1}, k = 1, 2. The following theorem states the asymptotic

equivalence of estimates (1.4).

Theorem 1.1. For all (x, y) ∈ ∆n :

(I) 0 6 F1n (x, y)− F2n (x, y) = Op

(
1

n

)
.

If the survival function G is also continuous on ∆n then

(II) |F1n (x, y)− F3n (x, y)| = Op

((
log n

n

)1/2
)

.
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One can also obtain from (I) and (II) that

|F3n (x, y)− F2n (x, y)| = Op

((
log n

n

)1/2
)

.

To prove Theorem 1.1 we need the following auxiliary statements.

Lemma 1.1. Let {µn, n > 1}− be a sequence of Poisson r.v-s. with expectation n. Then for
any number ε > 0 and for n such that

n

log n
> ε

8
(
1 +

e

3

)2 , e = exp (1) , (1.5)

the inequality

P

(
|µn − n|

n
>

1

2

(
ε

2
· log n

n

)1/2
)

6 2n−c0 , (1.6)

is true, where c0 = c0 (ε) = ε/16 (1 + e/3) .

Proof. Let γ1, γ2, . . . be a sequence of Poisson r.v.-s with expectation E(γk) = 1 for all k =

= 1, 2, . . . . Then µn − n =
n∑

k=1

(γk − 1) =
n∑

k=1

ξk, where

Eetξk = e−tEetγ1 = e−te−1
∞∑
k=0

(et)k

k!
= exp(et − (t+ 1)).

Using Taylor expansion of et, we have

Eetξk = exp

(
1 + t+

t2

2
+ Ψ(t)− (t+ 1)

)
= exp

(
t2

2
+ Ψ(t)

)
,

where Ψ(t) =
t3

6
exp(θt), 0 < θ < 1. For 0 6 t 6 1,we have t3 6 t2 and consequently

Ψ(t) 6 t3

6
· e 6 e · t

2

6
. From here, for 0 6 t 6 1 we obtain

Eetξk 6 exp

(
t2

2

(
1 +

e

3

))
= exp

(
λk

2
· t2
)
, λk = 1 +

e

3
.

Then using following exponential inequality for nonidentical distributed r.v.-s of Petrov ([22])

P

(∣∣∣∣∣
n∑

k=1

ξk

∣∣∣∣∣ > u

)
6 2 exp

(
−u2

2

)
, 0 6 u 6 N,

under 0 6 u =
1

2

(ε
2
n log n

) 1
2 6 λkn = N , we obtain (1.6). 2

The following inequality for two-dimensional empirical estimates from [21, p. 292] is used
below. Let C = C (H) = H

(
T

(1)
Z , T

(2)
Z

)
> 0.

Lemma 1.2 ([21]). For all real z > 0

P

(
sup

(x,y)∈ R̄+2

|Hn (x, y)−H (x, y)| > zC2

)
6 Vz ·

(
1 + n2

)2
exp

(
−2nz2 · C4

)
, (1.7)

where Vz = Vz (H) = 4 exp
(
4zC2 + 4z2C4

)
.
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Corollary 1.1. Let z = z0 =
(
4 + ε

2 · log nn

)1/2
· C−2 in (2.7). Then

P

(
sup

(x,y)∈R̄+2

|Hn (x, y)−H (x, y)| >
(
4 + ε

2
· log n

n

)1/2

· C−2

)
6 qn (ε) , (1.8)

where

qn(ε) = 4 exp

(
4

(
4 + ε

2n
· log n

)1/2
[
1 +

(
4 + ε

2n
· log n

)1/2
])

·
(
n2 + 1

)2
n−(4+ε) = O

(
n−ε

)
.

Therefore, for ε > 1 from (1.8) we have by Borel-Cantelli lemma that

sup
(x,y)∈∆n

|Hn (x, y)−H (x, y)| a.s.= O

((
log n

n

)1/2
)
. (1.9)

In the next lemma we establish an analogue of (1.7) for an empirical estimate H0
n. Let q0n (ε) be

obtained from qn (ε) by replacing 4 + ε with (4 + ε) /4.

Lemma 1.3. Under the conditions of Lemma 1.1

P

(
sup

(x,y)∈∆n

∣∣H0
n (x, y)−H (x, y)

∣∣ > (4 + ε

2
· log n

n

)1/2

· C−2

)
6 2n−c0(ε+4) + q0n (ε) . (1.10)

Proof. For µn 6 n : H0
n (x, y) = H∗

n (x, y) for all (x, y) ∈ R̄+2 and for µn > n we have

sup
(x,y)∈R̄+2

|H0
n(x, y)−H(x, y)| 6 sup

(x,y)∈R̄+2

|H∗
n(x, y)−H(x, y)|.

Using the formula of complete probability, we obtain

P

(
sup

(x,y)∈∆n

∣∣H0
n(x, y)−H(x, y)

∣∣ > z0C

)
6 P

(
sup

(x,y)∈∆n

|H∗
n(x, y)−H(x, y)| > z0C

2

)
6

6 P

(
sup

(x,y)∈∆n

∣∣∣∣∣Hn(x, y)−H(x, y) +
1

n

µn∑
i=n+1

I(Z1i > x,Z2i > y)

∣∣∣∣∣ > z0C
2/µn > n

)
·P (µn > n)+

+P

(
sup

(x,y)∈∆n

∣∣∣∣∣Hn(x, y)−H(x, y)− 1

n

µn∑
i=n+1

I(Z1i > x,Z2i > y)

∣∣∣∣∣ > z0C
2/µn > n

)
P (µn > n) 6

6 P

(
sup

(x,y)∈∆n

|Hn (x, y)−H (x, y)| > 1

2
z0C

2

)
+

+P

 sup
(x,y)∈∆n

∣∣∣∣∣∣ 1n
n∨µn∑

i=n∧µn+1

I(Z1i > x,Z2i > y)

∣∣∣∣∣∣ > 1

2
z0C

2

 6

6 q0n (ε) + P

(
|µn − n|

n
>

1

2
z0C

2

)
6 2n−c0(ε+4) + q0n (ε) ,

where (1.6) and (1.8) are used. 2

Proof of Theorem 1.1. From inequalities (2.4.2) in [2] applied to estimates F1n and F2n we have
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0 6 F1n (x, y)− F2n (x, y) 6
1

2

µn−1∑
i=1

[(
q
(n)
1i (x, 0)

)2
+
(
q
(n)
2i (x, y)

)2]
=

=
1

2n2


µn−1∑
i=1

δ1(i) I
(
Z

(i)
1 6 x

)
(
S0Z
1n

(
Z

(i)
1 −

))2
+

µn−1∑
i=1

δ2(i) I
(
Z

(i)
1 6 x,Z2i 6 y

)
(
H0

n

(
x,Z

(i)
2 −

))2

 6

6 µn

2n2

[
S0Z
1n

(
Z

(µn−1)
1 −

)−2

+
(
H0

n

(
x,Z

(µn−1)
2 −

))−2
]
,

(1.11)

where Z
(1)
k 6 . . . 6 Z

(n)
k order statistics are constructed from Zki, k = 1, 2, δk(i) corresponds to

Z
(i)
k and S0Z

1n (x) = H0
n (x; 0). It is known that for n → ∞, Z

(n)
k

p→T
(k)
Z , k = 1, 2. We show that

Z
(µn)
k

p→T
(k)
Z , k = 1, 2 when n → ∞. For ε > 0, 0 < δ < 1 and k = 1, 2 we have

P
(∣∣∣Z(µn)

k − T
(k)
Z

∣∣∣ > ε
)
6

6 P
(∣∣∣Z(µn)

k − T
(k)
Z

∣∣∣ > ε,
∣∣∣µn

n
− 1
∣∣∣ < δ

)
+ P

(∣∣∣µn

n
− 1
∣∣∣ > δ

)
6

6 P
(∣∣∣Z(µn)

k − T
(k)
Z

∣∣∣ > ε, n (1− δ) < µn < n (1 + δ)
)
+ P

(∣∣∣µn

n
− 1
∣∣∣ > δ

)
6

6 P
(∣∣∣Z(n)

k − T
(k)
Z

∣∣∣ > ε
)
+ P

(∣∣∣µn

n
− 1
∣∣∣ > δ

)
.

For arbitrary η > 0 there are numbers n1 and ε such that for n > n1

P
(∣∣∣Z(n)

k − T
(k)
Z

∣∣∣ > ε
)
<

η

2
, k = 1, 2. (1.12)

Since P
(∣∣∣µn

n
− 1
∣∣∣ > δ

)
→ 0 when n → ∞ then for n > n2

P
(∣∣∣µn

n
− 1
∣∣∣ > δ

)
<

η

2
. (1.13)

Then for n > n0 = max(n1, n2) we obtain from (1.12) and (1.13) that

P
(∣∣∣Z(µn)

k − T
(k)
Z

∣∣∣ > ε
)
< η, (1.14)

which is required result. Thus, taking into account (1.13) and (1.14), for n → ∞ with probability
close to 1 we have

Z
(µn−1)
k ≈ Z

(n−1)
k , k = 1, 2,

µn

n2
= Op

(
1

n

)
.

(1.15)

Taking into account (1.15) and the following relations obtained from (1.10) for (x, y) ∈ ∆n

1

S0Z
1n (x)

6
∣∣S0Z

1n (x)− SZ
1 (x)

∣∣
S0Z
1n (x)SZ

1 (x)
+

1

SZ
1 (x)

=
1

SZ
1 (x)

+ Op

((
log n

n

)1/2
)
,

1

H0
n (x, y)

6
∣∣H0

n (x, y)−H (x, y)
∣∣

H0
n (x, y)H (x, y)

+
1

H (x, y)
=

1

H (x, y)
+ Op

((
log n

n

)1/2
)
,
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we obtain the right estimate in (I). Now according to the inequality |u− v| 6 |log u− log v| , for
0 < u, v 6 1, 0 6 Rn (x, y) 6 1 and (x, y) ∈ ∆n we have

|F1n (x, y)− F3n (x, y)| 6 Λ̄n (x, y)

∣∣∣∣∣−1 +

(
− logH0

n (x, y)
)

Λn (x, y)

∣∣∣∣∣ =
= Rn (x, y)

∣∣(− logH0
n (x, y)

)
− Λn (x, y)

∣∣ 6
6
∣∣− logH0

n (x, y) + logH (x, y)
∣∣+ |(− logH (x, y))− Λn (x, y)| .

(1.16)

According to Lemma 1.3 and the mean value theorem for (x, y) ∈ ∆n we obtain

∣∣− logH0
n (x, y) + logH (x, y)

∣∣ = Op

((
log n

n

)1/2
)
. (1.17)

Taking into account continuity of G, Lemma 3.4.3, the proof of Theorem 2.4.3 and Remark 2.4.4
in [2] we obtain for (x, y) ∈ ∆n that

|− logH (x, y)− Λn (x, y)| = Op

((
log n

n

)1/2
)
. (1.18)

Now (II) follows from relations (2.16)–(2.18). 2

It was shown in Theorem 2.4.3 in [2] that in the case of continuity of F and G both
exponential-hazard and relative-risk power functionals coincide with the estimated survival func-
tion F . Then, taking into account Theorem 1.1, we can state that all three estimates (1.4) are
consistent estimates of F (see, also [5]).

2. Estimation of parameters of Marshall-Olkin exponential
distribution

Let us consider survival function F (s, t) = P (X11 > s,X21 > t), (s, t) ∈ R
+2

of Marshall-
Olkin exponential form with unknown parameters λ1, λ2, λ12 :

F (s, t) = exp (−λ1s− λ2t− λ12 max(s, t)) , (s, t) ∈ R
+2

. (2.1)

Then corresponding cumulative hazard function is

Λ(s, t) = − logF (s, t) = λ1s+ λ2t+ λ12 max(s, t). (2.2)

Nonparametric estimator of Λ(s, t) from (2.4) is Λn(s, t) = − logF1n(s, t) = Λ1n(s, 0)+Λ2n(s, t).
It is easy to verify from (2.2) that we have the system of equations for s > 0

Λ (s, 0) = λ1s+ λ12s,

Λ (0, s) = λ2s+ λ12s,

Λ (s, s) = λ1s+ λ2s+ λ12s.

(2.3)

From (2.3) we find expressions for unknown parameters λ1, λ2 and λ12 for a fixed point
s = s0 > 0 : 

λ1 =
1

s0
(Λ (s0, s0)− Λ (0, s0)) ,

λ2 =
1

s0
(Λ (s0, s0)− Λ (s0, 0)) ,

λ12 =
1

s0
(Λ (s0, 0) + Λ (0, s0)− Λ (s0, s0)) .

(2.4)
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Now we obtain estimators of parameters from (2.4) by replacing Λ with Λn :

λ
(n)
1 =

1

s0

(
Λn (s0, s0)− Λn (0, s0)

)
,

λ
(n)
2 =

1

s0

(
Λn (s0, s0)− Λn (s0, 0)

)
,

λ
(n)
12 =

1

s0

(
Λn (s0, 0) + Λn (0, s0)− Λn (s0, s0)

)
.

(2.5)

It follows from Theorem 1.1 that Λn(s, t) is consistent estimator of Λ(s, t). Consequently, rela-
tions (2.5) give consistent estimators of corresponding parameters (2.4) of distribution (2.1).
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Об оценивании двумерной функции выживания
по случайно цензурированным данным

Абдурахим А. Абдушукуров
МГУ, Ташкентский филиал

Ташкент, Узбекистан
Рустамжон С.Мурадов

Наманганский инженерно-технический институт
Наманган, Узбекистан

Аннотация. В настоящее время существует несколько подходов к оценке функций выживания
векторов времени жизни. Однако некоторые из этих оценок либо являются несостоятельными, ли-
бо не полностью определены в области функций совместного выживания и поэтому не применимы
на практике. В работе авторами предложены состоятельные оценки совместной функции выжива-
ния экспоненциальной, множительной и степенной структур при случайном пуассоновском объёме
выборки. Показано, что эти оценки асимптотически эквивалентны.

Ключевые слова: двумерная функция выживания, пуассоновские случайные величины, эмпири-
ческие оценки.
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