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ÍÀÄ ÊÎÍÅ×ÍÛÌÈ ÏÎËßÌÈ

∗)

ß.Í.ÍÓÆÈÍ

Â ðàáîòàõ àâòîðà [1�4℄ äà¼òñÿ îòâåò äëÿ çíàêîïåðåìåííûõ ãðóïï è

ãðóïï ëèåâà òèïà íà ñëåäóþùèé âîïðîñ Â.Ä.Ìàçóðîâà:

Êàêèå êîíå÷íûå ïðîñòûå íåàáåëåâû ãðóïïû ïîðîæäàþòñÿ òðåìÿ èí-

âîëþöèÿìè, äâå èç êîòîðûõ ïåðåñòàíîâî÷íû?

�ðóïïû, îáëàäàþùèå òàêèì ñâîéñòâîì, áóäåì íàçûâàòü (2×2, 2)-ãðóïïàìè.

Äëÿ ñïîðàäè÷åñêèõ ãðóïï îêîí÷àòåëüíóþ òî÷êó ïîñòàâèë ñàì àâòîð âî-

ïðîñà, ïðåäëîæèâ îáùèé ìåòîä ðåøåíèÿ äàííîé çàäà÷è, èñïîëüçóÿ òîëüêî

òàáëèöû õàðàêòåðîâ è èçâåñòíóþ èí�îðìàöèþ î ìàêñèìàëüíûõ ïîäãðóï-

ïàõ ñïîðàäè÷åñêèõ ãðóïï [5℄. Èç [1�5℄ ñëåäóåò, ÷òî ñðåäè êîíå÷íûõ ïðîñòûõ

ãðóïï (2× 2, 2)-ãðóïïàìè íå ÿâëÿþòñÿ òîëüêî ãðóïïû, èçîìîð�íûå îäíîé

èç ãðóïï

A6, A7, A8, L3(q), U3(q), L4(2
n), U4(2

n), S4(3),M11,M22,M23,McL.

Çäåñü èñïîëüçóþòñÿ îáîçíà÷åíèÿ êîíå÷íûõ ïðîñòûõ ãðóïï èç [6℄.

Îñíîâàíèåì äëÿ ýòîé ðàáîòû ïîñëóæèëî ñîîáùåíèå �.À.Äæîíñà â

êîíöå 2016 ã. î òîì, ÷òî ê ýòîìó ñïèñêó íåîáõîäèìî äîáàâèòü äâå óíè-

òàðíûå ãðóïïû U4(3) è U5(2). Òî, ÷òî ýòè ãðóïïû íå ÿâëÿþòñÿ (2 × 2, 2)-

ãðóïïàìè, âïåðâûå óñòàíîâèë M.Ìà÷àé, èññëåäóÿ ãðóïïû àâòîìîð�èçìîâ

ðåãóëÿðíûõ êàðò, è íåçàâèñèìî ïðîâåðèëè Ì.Çèâ-Àâ è Ì.Ä.E.Êîíä¼ð ñ

∗)
�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëü-

íûõ èññëåäîâàíèé, ïðîåêò � 16-01-00707.
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èñïîëüçîâàíèåì êîìïüþòåðíûõ ñèñòåì GAP è MAGMA. Â ñâÿçè ñ ýòèì ñî-

îáùåíèåì àâòîð ïðîàíàëèçèðîâàë äîêàçàòåëüñòâà èç ðàáîò [2, 4℄ äëÿ ãðóïï

U4(q) è U5(q), à òàêæå äëÿ äðóãèõ ãðóïï ëèåâà òèïà ðàíãà 2. Îêàçàëîñü,

÷òî óêàçàííûå â [2℄ ïîðîæäàþùèå òðîéêè èíâîëþöèé ãðóïïû U5(2
n) ïî-

ðîæäàþò å¼ òîëüêî ïðè n > 1, à â [4℄ ïðè íå÷¼òíîì q è q − 1 6= 0 (mod 4)

îäèí èç ïîðîæäàþùèõ ýëåìåíòîâ ãðóïïû U4(q) íå ÿâëÿåòñÿ èíâîëþöèåé.

Â ýòîé ñòàòüå äëÿ íå÷¼òíîãî q è q−1 6= 0 (mod 4) ïðè q > 3 óêàçàíû íîâûå

ïîðîæäàþùèå èíâîëþöèè ãðóïïû U4(q). Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

ÒÅÎ�ÅÌÀ 1. Ïóñòü q � ñòåïåíü ïðîñòîãî ÷èñëà p > 2, q − 1 6=

6= 0 (mod 4) è q 6= 3. Òîãäà ãðóïïû S4(q), U4(q) è U5(2
n), n > 1, ïîðîæäà-

þòñÿ òðåìÿ èíâîëþöèÿìè α, β, γ, ïåðâûå äâå èç êîòîðûõ ïåðåñòàíîâî÷-

íû. Áîëåå òîãî, âñå ÷åòûðå èíâîëþöèè α, β, γ è αβ ñîïðÿæåíû.

Íîâèçíà äàííîãî ðåçóëüòàòà çàêëþ÷àåòñÿ â òîì, ÷òî âñå ïîðîæäàþ-

ùèå èíâîëþöèè è ïðîèçâåäåíèå äâóõ ïåðåñòàíîâî÷íûõ èíâîëþöèé ëåæàò

â îäíîì êëàññå ñîïðÿæ¼ííûõ ýëåìåíòîâ. Ïîýòîìó òåîðåìà 1 ïðåäñòàâëÿåò

èíòåðåñ â ñâÿçè ñî ñëåäóþùåé çàïèñàííîé àâòîðîì â 1999 ã. çàäà÷åé [7,

âîïð. 14.69â)℄:

Äëÿ êàæäîé êîíå÷íîé ïðîñòîé íåàáåëåâîé ãðóïïû G íàéòè i(G) �

ìèíèìóì ÷èñëà ïîðîæäàþùèõ ñîïðÿæ¼ííûõ èíâîëþöèé, ïðîèçâåäåíèå

êîòîðûõ ðàâíî 1.

Çíà÷èòåëüíîãî ïðîãðåññà â ðåøåíèè ýòîé çàäà÷è äîáèëñÿ Äæ.Ì.Óîðä [8℄.

Îí íàø¼ë ÷èñëà i(G) äëÿ çíàêîïåðåìåííûõ è ñïîðàäè÷åñêèõ ãðóïï è äëÿ

G = Ln(q) ïðè íå÷¼òíîì q, à äëÿ n ≥ 4� ïðè äîïîëíèòåëüíîì îãðàíè÷åíèè

q 6= 9, êðîìå òîãî, � äëÿ n = 6 ïðè q−1 6= 0 (mod 4). Èç òåîðåìû 1 âûòåêàåò

ÑËÅÄÑÒÂÈÅ. Ïóñòü G � ýòî îäíà èç ãðóïï S4(q), U4(q) èëè

U5(2
n). Òîãäà i(G) = 5.

Îòìåòèì, ÷òî (2 × 2, 2)-ãðóïïû íàøëè ïðèìåíåíèå â äîêàçàòåëüñòâå

ñóùåñòâîâàíèÿ ãàìèëüòîíîâûõ ïóòåé â ãðà�àõ Êýëè [9, 10℄, â ïîñòðîåíèè

ýêñïàíäåðîâ (ãðà�îâ ñ îïðåäåë¼ííûìè òîïîëîãè÷åñêèìè ñâîéñòâàìè) [10℄

è â îïèñàíèå ãðóïï àâòîìîð�èçìîâ êàðò � ãðà�îâ ñ îäíîñâÿçíûìè ãðàíÿ-

ìè [11, 12℄.
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� 1. Îáîçíà÷åíèÿ

Âñþäó äàëåå Φ � ïðèâåä¼ííàÿ íåðàçëîæèìàÿ ñèñòåìà êîðíåé,

Φ(K) � ïðèñîåäèí¼ííàÿ ãðóïïà Øåâàëëå òèïà Φ íàä ïîëåì K. �ðóïïà

Φ(K) ïîðîæäàåòñÿ êîðíåâûìè ïîäãðóïïàìè

xr(K) = {xr(t) | t ∈ K}, r ∈ Φ.

Äëÿ íåíóëåâûõ ýëåìåíòîâ t ∈ K∗
îïðåäåëåíû ìîíîìèàëüíûå

nr(t) = xr(t)x−r(−t−1)xr(t)

è äèàãîíàëüíûå

hr(t) = nr(t)nr(−1)

ýëåìåíòû ãðóïïû Φ(K). Äëÿ êðàòêîñòè ïîëîæèì

nr = nr(1).

Äðóãèå îáîçíà÷åíèÿ, ñâÿçàííûå ñ ãðóïïàìè ëèåâà òèïà, ñîîòâåòñòâóþò [13℄.

Èñïîëüçóåì òàêæå òàêèå ñîêðàùåíèÿ: 〈M〉� ïîäãðóïïà, ïîðîæä¼ííàÿ ïîä-

ìíîæåñòâîì M èç íåêîòîðîé ãðóïïû G,

xy = yxy−1,

[x, y] = xyx−1y−1.

� 2. Ñâîéñòâà ñòðóêòóðíûõ êîíñòàíò Nr,s è ÷èñåë ηr,s

Äàëåå íàì ïîòðåáóþòñÿ íåêîòîðûå ñâîéñòâà ñòðóêòóðíûõ êîíñòàíò

Nr,s, r, s ∈ Φ, è ÷èñåë ηr,s, çàâèñÿùèõ îò Nr,s.

ËÅÌÌÀ 1 [13, ñ. 55℄. Ïóñòü r, s, r + s ∈ Φ, è p � ìàêñèìàëüíîå

öåëîå íåîòðèöàòåëüíîå ÷èñëî, òàêîå ÷òî s− pr ∈ Φ. Òîãäà

Nr,s = ±(p+ 1), (1)

Nr,s = −N−r,−s, (2)

Nr,s = −Ns,r. (3)



Î ïîðîæäàþùèõ òðîéêàõ èíâîëþöèé 87

ËÅÌÌÀ 2 [13, ñ. 55℄. Ïóñòü êîðíè r1, r2, r3 ∈ Φ, òàêèå ÷òî r1 +

+ r2 + r3 = 0. Òîãäà

Nr1,r2

(r3, r3)
=

Nr2,r3

(r1, r1)
=

Nr3,r1

(r2, r2)
. (4)

×èñëà ηr,s = ±1 îïðåäåëÿþòñÿ ðàâåíñòâàìè

nrxs(t)n
−1
r = xwr(s)(ηr,st), r, s ∈ Φ. (5)

ËÅÌÌÀ 3 [13, ñ. 95℄. Äëÿ ëþáûõ êîðíåé r, s ∈ Φ ñïðàâåäëèâû ðà-

âåíñòâà

ηr,±r = −1, (6)

ηr,s = ηr,−s, (7)

ηr,sηr,wr(s) = (−1)Ars , (8)

ãäå Ars = 2(r, s)/(r, r).

Íà ñâÿçü ìåæäó ñòðóêòóðíûìè êîíñòàíòàìè Nr,s è ÷èñëàìè ηr,s óêà-

çûâàåò ñëåäóþùàÿ

ËÅÌÌÀ 4 [13, ñ. 95℄. Ïóñòü r, s � ëèíåéíî íåçàâèñèìûå êîðíè,

à p è q � ìàêñèìàëüíûå öåëûå íåîòðèöàòåëüíûå ÷èñëà, òàêèå ÷òî s −

− pr, s+ qr ∈ Φ. Òîãäà

ηr,s = (−1)p
ε0ε1 . . . εp−1

ε0ε1 . . . εq−1
, (9)

ãäå εi = ±1 è Nr,(i−p)r+s = εi(i+ 1).

Èñïîëüçóÿ ëåììó 4, â íåêîòîðûõ ñëó÷àÿõ óêàæåì ÿâíî çàâèñèìîñòü

÷èñåë ηr,s îò ñòðóêòóðíûõ êîíñòàíòNr,s.

ËÅÌÌÀ 5. Ïóñòü r, s, p è q � òàêèå, êàê â ëåììå 4. Òîãäà

ηr,s = 1 ïðè p = 0 è q = 0, (10)

ηr,s = Nr,s ïðè p = 0 è q = 1, (11)

ηr,s = Nr,sNr,r+s/|Nr,r+s| ïðè p = 0 è q = 2, (12)

ηr,s = −1 ïðè p = 1 è q = 1. (13)
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ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ïðè p = q = 0 ÷èñëèòåëü è çíàìåíàòåëü äðîáè

èç ïðàâîé ÷àñòè ðàâåíñòâà (9) ðàâíû 1 ïî îïðåäåëåíèþ. Ïîýòîìó ηr,s = 1.

Ïðè p = 0 è q = 1 êîðíè r è s ñîñòàâëÿþò áàçó ñèñòåìû êîðíåé òèïà

A2. Â ýòîì ñëó÷àå ÷èñëèòåëü äðîáè èç ïðàâîé ÷àñòè ðàâåíñòâà (9) ðàâåí 1

ïî îïðåäåëåíèþ, à å¼ çíàìåíàòåëü � ñòðóêòóðíîé êîíñòàíòå Nr,s, êîòîðàÿ

ðàâíà ±1. Ñëåäîâàòåëüíî, ηr,s = Nr,s ïî ëåììå 4.

Ïðè p = 0 è q = 2 êîðíè r è s ñîñòàâëÿþò áàçó ñèñòåìû êîðíåé òèïà

B2, ïðè÷¼ì r � êîðîòêèé êîðåíü. Â ýòîì ñëó÷àå ÷èñëèòåëü äðîáè èç ïðàâîé

÷àñòè ðàâåíñòâà (9) òàêæå ðàâåí 1 ïî îïðåäåëåíèþ, à å¼ çíàìåíàòåëü �

äðîáè Nr,sNr,r+s/|Nr,r+s|, êîòîðàÿ ðàâíà ±1. Ñëåäîâàòåëüíî, ñïðàâåäëèâî

ðàâåíñòâî (12).

Ïðè p = 1 è q = 1 êîðíè r è s ÿâëÿþòñÿ îðòîãîíàëüíûìè êîðîòêèìè

êîðíÿìè ñèñòåìû êîðíåé òèïà B2. Â ýòîì ñëó÷àå ÷èñëèòåëü è çíàìåíàòåëü

äðîáè èç ïðàâîé ÷àñòè ðàâåíñòâà (9) ñîâïàäàþò, è ñëåäîâàòåëüíî ηr,s = −1.

Ëåììà äîêàçàíà.

Çíàêè ó êîíñòàíò Nr,s äëÿ ýêñòðàñïåöèàëüíûõ ïàð (r, s) ìîæíî âû-

áèðàòü ïðîèçâîëüíûì îáðàçîì, è îíè îïðåäåëÿþò çíàêè îñòàëüíûõ ñòðóê-

òóðíûõ êîíñòàíò [13, ïðåäëîæ. 4.2.2℄. Ïî ëåììå 4 ÷èñëà ηr,s îäíîçíà÷íî

îïðåäåëÿþòñÿ êîíñòàíòàìè Nr,s äëÿ ýêñòðàñïåöèàëüíûõ ïàð (r, s). Äëÿ ñè-

ñòåìû êîðíåé òèïà B2 òàêîå ÿâíîå ïðåäñòàâëåíèå ÷èñåë ηr,s äëÿ ëèíåéíî

íåçàâèñèìûõ êîðíåé r, s äà¼ò

ËÅÌÌÀ 6. Ïóñòü Φ � ñèñòåìà êîðíåé òèïà B2 ñ áàçîé {a, b},

ãäå êîðåíü a êîðîòêèé. Òîãäà ìíîæåñòâî ýêñòðåìàëüíûõ ïàð ñîñòîèò

èç äâóõ ïàð (a, b), (a, a + b) è ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

(1) ηr,s = −1, åñëè r, s � êîðîòêèå ëèíåéíî íåçàâèñèìûå êîðíè;

(2) ηr,s = 1, åñëè r, s � äëèííûå ëèíåéíî íåçàâèñèìûå êîðíè;

(3) ηb,a = −ηb,a+b = −Na,b;

(4) η2a+b,a = −η2a+b,a+b = −Na,a+b/|Na,a+b|;

(5) ηa,b = ηa,2a+b = Na,bNa,a+b/|Na,a+b|;

(6) ηa+b,b = ηa+b,2a+b = −Na,bNa,a+b/|Na,a+b|.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Äëÿ ëþáîé ñèñòåìû êîðíåé ÷èñëî å¼ ýêñòðàñ-
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ïåöèàëüíûõ ïàð ñîâïàäàåò ñ ÷èñëîì ïîëîæèòåëüíûõ íå�óíäàìåíòàëüíûõ

êîðíåé. Äëÿ ñèñòåìû êîðíåé òèïà B2 ñóùåñòâóþò äâå ýêñòðàñïåöèàëüíûå

ïàðû (a, b) è (a, a+ b).

(1) Òðåáóåìîå ñëåäóþò èç ðàâåíñòâà (13).

(2) Ïóñòü r, s � äëèííûå ëèíåéíî íåçàâèñèìûå êîðíè. Òîãäà p =

= q = 0 è â ñèëó ðàâåíñòâà (10) ïîëó÷àåì ηr,s = 1. Äàííîå óòâåðæäåíèå

ñëåäóåò òàêæå èç òîãî, ÷òî â ýòî ñëó÷àå êîðíåâûå ïîäãðóïïû Xr è X−r

öåíòðàëèçóþò êîðíåâóþ ïîäãðóïïó Xs.

(3) Âî-ïåðâûõ,

ηb,aηb,a+b = ηb,aηb,wb(a) = (−1)
2(b,a)
(b,b) = (−1)−1 = −1

â ñèëó ðàâåíñòâà (8). Äàëåå, ïî ëåììå 4 è ðàâåíñòâó (3) èìååì

ηb,a = (−1)0
1

Nb,a
= −Na,b.

Îòñþäà ñëåäóåò òðåáóåìîå.

(4) Ïî ëåììå 4 èìååì

η2a+b,a = (−1)1
N2a+b,−a−b

1
= −N2a+b,−a−b,

η2a+b,a+b = (−1)1
N2a+b,−a

1
= −N2a+b,−a.

Âûðàçèì N2a+b,−a−b è N2a+b,−a ÷åðåç Na,b è Na,a+b. (Â äåéñòâèòåëüíîñòè,

òîëüêî ÷åðåç Na,a+b.) Ïðèìåíÿÿ ëåììó 2 ïðè r1 = 2a + b, r2 = −a − b,

r3 = −a, ïîëó÷àåì

N2a+b,−a−b

(−a,−a)
=

N−a−b,−a

(2a+ b, 2a+ b)
=

N−a,2a+b

(−a− b,−a− b)
.

Îòñþäà 2N2a+b,−a−b = N−a−b,−a = 2N−a,2a+b. Ïî ëåììå 1 ñïðàâåäëè-

âû ðàâåíñòâà N−a−b,−a = −Na+b,a = Na,a+b è N−a,2a+b = −N2a+b,−a.

Ñóììèðóÿ ýòè ðàâåíñòâà, ïîëó÷àåì ï. (4). Áîëåå òîãî, N2a+b,−a−b =

= −N−2a−b,a+b = Na+b,−2a−b ïî ëåììå 1. Àíàëîãè÷íî N−a−b,−a =

= −Na+b,a = Na,a+b. Îäíîâðåìåííî ìû äîêàçàëè, ÷òî çíàêè ó ñòðóêòóðíûõ

êîíñòàíò Na+b,−2a−b è Na,a+b ñîâïàäàþò.

(5) Â ñèëó ðàâåíñòâà (8) èìååì

ηa,bηa,2a+b = ηa,bηa,wa(b) = (−1)
2(a,b)
(a,a) = (−1)−2 = 1.
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Ïîýòîìó ηa,b = ηa,2a+b. �àâåíñòâî ηa,b = Na,bNa,a+b/|Na,a+b| óñòàíàâëèâàåò

ëåììà 5.

(6) Âî-ïåðâûõ,

ηa+b,−bηa+b,2a+b = ηa+b,−bηa+b,wa+b(−b) = (−1)
2(a+b,−b)
(a+b,a+b) = (−1)−2 = 1

â ñèëó ðàâåíñòâà (8). Âî-âòîðûõ, ηa+b,b = ηa+b,−b â ñèëó ðàâåíñòâà (7).

Ïîýòîìó ηa+b,b = ηa+b,2a+b. Ïî ëåììå 4

ηa+b,b = (−1)2
Na+b,−2a−bNa+b,−a

1
= Na+b,−2a−bNa+b,−a.

Âûðàçèì Na+b,−2a−b è Na+b,−a ÷åðåç Na,b è Na,a+b. Ïðèìåíÿÿ ëåììó 2 ïðè

r1 = a+ b, r2 = −a, r3 = −b, ïîëó÷àåì

Na+b,−a

(−b,−b)
=

N−a,−b

(a+ b, a+ b)
=

N−b,a+b

(−a,−a)
.

Îòñþäà Na+b,−a = 2N−a,−b = −2Na,b. Ïðè äîêàçàòåëüñòâå ï. (4) áûëî óñòà-

íîâëåíî, ÷òî çíàêè ó ñòðóêòóðíûõ êîíñòàíò Na+b,−2a−b è Na,a+b ñîâïàäàþò.

Òàêèì îáðàçîì, ηa+b,b = ηa+b,2a+b = −Na,bNa,a+b/|Na,a+b|. Ëåììà äîêàçàíà.

Èç ëåììû 6 è ðàâåíñòâà (8) âûòåêàåò

ËÅÌÌÀ 7. Ïóñòü êîðíè a, b òàêèå æå, êàê â ëåììå 6. Òîãäà

ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

(1) ηa,aηa+b,wa(a) = ηa,aηa+b,−a = 1,

(2) ηa,a+bηa+b,wa(a+b) = ηa,a+bηa+b,a+a = 1,

(3) ηa,bηa+b,wa(b) = ηa,bηa+b,2a+b = −1,

(4) ηa,2a+bηa+b,wa(2a+b) = ηa,2a+bηa+b,b = −1,

(5) ηb,bη2a+b,wb(b) = ηb,bη2a+b,−b = −1,

(6) ηb,2a+bη2a+b,wb(2a+b) = ηb,2a+bη2a+b,2a+b = −1,

(7) ηb,aη2a+b,wb(a) = ηb,aη2a+b,a+b = −Na,bNa,a+b/|Na,a+b|,

(8) ηb,a+bη2a+b,wb(a+b) = ηb,a+bη2a+b,a = −Na,bNa,a+b/|Na,a+b|.

� 3. Ñâîéñòâà ìîíîìèàëüíûõ è äèàãîíàëüíûõ ýëåìåíòîâ

ãðóïïû Øåâàëëå òèïà B2

Ïóñòü χ � K-õàðàêòåð ðåø¼òêè êîðíåé ZΦ, nw � ïðîîáðàç â N ýëå-

ìåíòà w ∈ W ïðè åñòåñòâåííîì ãîìîìîð�èçìå ìîíîìèàëüíîé ïîäãðóïïû
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N íà ãðóïïó Âåéëÿ W . Ïî [13, òåîð. 7.2.2℄ âåðíî

nwh(χ)n
−1
w = h(χ′), (14)

ãäå χ′(r) = χ(w−1(r)) äëÿ âñåõ r ∈ Φ. Â ÷àñòíîñòè,

nrhs(t)n
−1
r = hwr(s)(t), r, s ∈ Φ. (15)

Äèàãîíàëüíûå ýëåìåíòû äåéñòâóþò íà êîðíåâûõ ýëåìåíòàõ ñëåäóþùèì

îáðàçîì:

h(χ)xs(u)h
−1(χ) = xs(uχ(s)), s ∈ Φ, (16)

â ÷àñòíîñòè, åñëè h(χ) = hr(t), òî

hr(t)xs(u)h
−1
r (t) = xs

(

ut
2(r,s)
(r,r)

)

, r, s ∈ Φ. (17)

ËÅÌÌÀ 8. Ïóñòü Φ � ñèñòåìà êîðíåé òèïà B2 ñ áàçîé {a, b}, ãäå

êîðåíü a êîðîòêèé. Òîãäà äëÿ ìîíîìèàëüíûõ ýëåìåíòîâ

nr = xr(1)x−r(−1)xr(1), r ∈ Φ,

èç ïðèñîåäèí¼ííîé ãðóïïû Øåâàëëå B2(K) íàä ïîëåì K õàðàêòåðèñòèêè

p ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà:

(1) n2
r = 1; â ÷àñòíîñòè, hr(−1) = 1, åñëè êîðåíü r êîðîòêèé;

(2) åñëè êîðåíü r äëèííûé, òî |nr| = 2 äëÿ p = 2 è |nr| = 4 äëÿ p 6= 2;

(3) åñëè îáà êîðíè r, s äëèííûå, òî hr(−1) = hs(−1);

(4) ïðîèçâåäåíèÿ nana+b è nbn2a+b ÿâëÿþòñÿ èíâîëþöèÿìè;

(5) nana+b = nbn2a+b, åñëè çíàêè ó ñòðóêòóðíûõ êîíñòàíò Na,b è

Na,a+b âûáðàíû òàê, ÷òî Na,b = −Na,a+b/|Na,a+b|.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Â îáùåì ñëó÷àå, äëÿ óíèâåðñàëüíîé èëè ïðè-

ñîåäèí¼ííîé ãðóïïû Øåâàëëå, n2
r = hr(−1) è ñïðàâåäëèâà �îðìóëà

hr(−1)xs(t)hr(−1) = xs

(

t(−1)
2(r,s)
(r,r)

)

, r, s ∈ Φ.

Äëÿ ñèñòåìû êîðíåé Φ òèïà B2

2(r, s)

(r, r)
=











0, ±2, åñëè êîðåíü r êîðîòêèé èëè îáà êîðíÿ r, s äëèííûå,

±1, åñëè êîðåíü r äëèííûé, à êîðåíü s êîðîòêèé.
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Ñëåäîâàòåëüíî, äèàãîíàëüíûå ýëåìåíòû hr(−1) äëÿ êîðîòêèõ êîðíåé r ëå-

æàò â öåíòðå óíèâåðñàëüíîé ãðóïïû Øåâàëëå òèïà B2 è ðàâíû åäèíè-

öå äëÿ ïðèñîåäèí¼ííîé ãðóïïû Øåâàëëå ýòîãî æå òèïà. Òàêèì îáðàçîì,

ñâîéñòâà (1) è (2) ñïðàâåäëèâû. Ïî ýòèì æå ñîîáðàæåíèÿì âûïîëíÿþòñÿ

ñâîéñòâà (3) è (4).

(5) Ïóñòü Na,b = −Na,a+b/|Na,a+b|. Ïðèìåíÿÿ �îðìóëó (5) è ëåììó 6,

ïîëó÷àåì ðàâåíñòâà

nana+bxr(t)(nana+b)
−1 = nbn2a+bxr(t)(nbn2a+b)

−1, r ∈ Φ+, t ∈ K. (18)

Äåéñòâèòåëüíî, ïóñòü r = a. Òîãäà

nana+bxa(t)(nana+b)
−1 = nana+bxa(t)na+bna

= naxa(ηa+b,at)na = x−a(ηa,aηa+b,at) = x−a(t).

Ïîñëåäíåå ðàâåíñòâî âûïîëíÿåòñÿ â ñèëó ëåììû 3 è ëåììû 6(1), ïî êîòî-

ðûì ηa,a = ηa+b,a = −1. Ñ äðóãîé ñòîðîíû,

nbn2a+bxa(t)(nbn2a+b)
−1 = nbn2a+bxa(t)n

−1
2a+bn

−1
b

= nbx−a−b(η2a+b,at)n
−1
b = x−a(ηb,−a−bη2a+b,at).

Â ñèëó ëåììû 6(3),(5) èìååì ηb,−a−b = Na,b è ñîîòâåòñòâåííî η2a+b,a = −

−Na,a+b/|Na,a+b|. Ïîýòîìó ïðè Na,b = −Na,a+b/|Na,a+b| ðàâåíñòâî (18) äëÿ

r = a âûïîëíÿåòñÿ. Ïîäîáíûì ñïîñîáîì ðàâåíñòâî (18) óñòàíàâëèâàåòñÿ è

äëÿ r = b, a+ b, 2a+ b.

Èñïîëüçóÿ ñâîéñòâî ηr,s = ηr,−s, ïîëó÷àåì ðàâåíñòâî (18) è äëÿ

âñåõ îòðèöàòåëüíûõ êîðíåé r. Òàêèì îáðàçîì, ýëåìåíòû nana+b è nbn2a+b

äåéñòâóþò ñîïðÿæåíèÿìè îäèíàêîâî íà ïîðîæäàþùèõ ýëåìåíòàõ ãðóïïû

B2(K). Öåíòð ãðóïïû B2(K) åäèíè÷åí, ïîýòîìó nana+b = nbn2a+b. Ëåììà

äîêàçàíà.

Ñëåäóþùàÿ ëåììà ñïðàâåäëèâà äëÿ ëþáîé ñèñòåìû êîðíåé Φ, ãäå

Φ+
� ìíîæåñòâî å¼ ïîëîæèòåëüíûõ êîðíåé.

ËÅÌÌÀ 9. Ïóñòü χ � K-õàðàêòåð, r1, . . . , rk ∈ Φ+
, ri + rj /∈ Φ

äëÿ ëþáûõ i, j, è χ(ri) 6= 1 äëÿ êàæäîãî i. Òîãäà ýëåìåíòû h(χ) è

h(χ)xr1(t1) · · · xrk(tk) ñîïðÿæåíû.
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ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ïîëîæèì g = h(χ)xr1(t1) · · · xrk(tk). Â ñè-

ëó (16) ïîëó÷àåì

xr1(t)gxr1(−t) = h(χ)xr1(t1 − t(1− χ(r1)
−1))xr2(t2) · · · xrk(tk).

Ïîëàãàÿ t = t1/(1− χ(r1)
−1), ïîëó÷àåì, ÷òî g ñîïðÿæ¼í ñ

h(χ)xr2(t2) · · · xrk(tk).

Èíäóêöèÿ ïî k çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

� 4. Òåîðåìà Äèêñîíà è å¼ âàðèàöèè

Äàëåå SL2(p
n) � ñïåöèàëüíàÿ ëèíåéíàÿ ãðóïïà ñòåïåíè 2 íàä ïîëåì

GF (pn), ãäå p � ïðîñòîå ÷èñëî. Ïóñòü

t21(u) =





1 0

u 1



 , t12(u) =





1 u

0 1



 .

Óòâåðæäåíèå ñëåäóþùåé ëåììû îáû÷íî íàçûâàþò òåîðåìîé Äèêñîíà [14;

15, òåîð. 2.8.4℄.

ËÅÌÌÀ 10. Åñëè u � ñîáñòâåííûé ýëåìåíò ïîëÿ GF (pn) ïðè p >

> 2 è pn 6= 9, òî

〈t21(u), t12(1)〉 = SL2(p
n).

Â ðàçëè÷íûõ ñèòóàöèÿõ (ñì., íàïð., [16℄) âîçíèêàëà íåîáõîäèìîñòü â

ñëåäóþùåé âàðèàöèè òåîðåìû Äèêñîíà.

ËÅÌÌÀ 11. Åñëè u, u2 � ñîáñòâåííûå ýëåìåíòû ïîëÿ GF (pn),

p > 2 è pn 6= 9, òî

〈t21(u), t12(u)〉 = SL2(p
n).

Ëåììà 11 âûòåêàåò èç ëåììû 10. Äåéñòâèòåëüíî, ñîïðÿãàÿ òðàíñâåê-

öèè èç ëåììû 11 äèàãîíàëüíîé ìàòðèöåé diag(1, u), ïîëó÷àåì äâå òðàíñ-

âåêöèè t21(u
2), t12(1), êîòîðûå â ñèëó ëåììû 10 ïîðîæäàþò âñþ ãðóïïó

SL2(p
n).

×àñòíûì ñëó÷àåì ïðè p = 2 äëÿ [17, òåîð. 1℄ ÿâëÿåòñÿ ñëåäóþùàÿ
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ËÅÌÌÀ 12. Ïóñòü V ⊆ GF (2n), |V | > 2 è íåêîòîðûé ñîáñòâåí-

íûé ýëåìåíò t ïîëÿ GF (2n) ëåæèò â V . Òîãäà

〈t21(V ), t12(1)〉 = SL2(2
n).

ËÅÌÌÀ 13. Åñëè u, v � íåíóëåâûå ýëåìåíòû ïîëÿ GF (pn) ïðè p >

> 2, òî ïîäãðóïïà 〈t21(u), t12(v)〉 ñîäåðæèò äèàãîíàëüíóþ ìàòðèöó

diag(−1,−1).

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Â ñèëó [17, òåîð. 1℄ äëÿ íåêîòîðîãî íåíó-

ëåâîãî t ïîäãðóïïà 〈t21(u), t12(v)〉 ñîäåðæèò ìîíîìèàëüíóþ ìàòðèöó





0 t

−t−1 0



 , êâàäðàò êîòîðîé ðàâåí diag(−1,−1). Ëåììà äîêàçàíà.

ËÅÌÌÀ 14. Ïóñòü K � êîíå÷íîå ïîëå íå÷¼òíîãî ïîðÿäêà q2 6=

6= 9. Òîãäà äëÿ ëþáîãî ýëåìåíòà t ∈ K, ÷åé ìóëüòèïëèêàòèâíûé ïîðÿäîê

ðàâåí q + 1, åãî êâàäðàò t2 ÿâëÿåòñÿ ñîáñòâåííûì ýëåìåíòîì ïîëÿ K.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ïóñòü q = pn, ãäå p � ïðîñòîå íå÷¼òíîå ÷èñëî.

Ïðåäïîëîæèì ïðîòèâíîå, ò. å. t2 íå ÿâëÿåòñÿ ñîáñòâåííûì ýëåìåíòîì ïîëÿ

K. Òîãäà (pn + 1)/2 äåëèò p2n/r − 1 äëÿ íåêîòîðîãî ïðîñòîãî äåëèòåëÿ r

÷èñëà 2n. Åñëè r = 2, òî ýòî âîçìîæíî òîëüêî ïðè q = 9. Ïóñòü r > 2. Òîãäà

(pn + 1)/2 ≤ p2n/3 − 1 è, ñëåäîâàòåëüíî, pn ≤ 2p2n/3 − 3 < 2p2n/3. Îòñþäà

1 ≤ 2/(p
n
3 ). Ïðè n ≥ 3 èëè p ≥ 11 ïîñëåäíåå íåðàâåíñòâî íåâîçìîæíî è

ìû ïðèõîäèì ê ïðîòèâîðå÷èþ. Â îñòàâøèõñÿ øåñòè ñëó÷àÿõ ïðè n = 1, 2

è p = 3, 5, 7 íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî t2 òîãäà è òîëüêî òîãäà íå

ÿâëÿåòñÿ ñîáñòâåííûì ýëåìåíòîì ïîëÿ K, êîãäà n = 1 è p = 3. Ëåììà

äîêàçàíà.

� 5. Ïîðîæäàþùèå òðîéêè èíâîëþöèé ãðóïïû

B2(q) äëÿ íå÷¼òíîãî q

Ïðèñîåäèí¼ííàÿ ãðóïïàØåâàëëå B2(q) èçîìîð�íà ïðîåêòèâíîé ñèì-

ïëåêòè÷åñêîé ãðóïïå S4(q) ðàçìåðíîñòè 4.

ÒÅÎ�ÅÌÀ 2. Ïóñòü K � êîíå÷íîå ïîëå íå÷¼òíîãî ïîðÿäêà q ïðè

q − 1 6= 0 (mod 4) è q 6= 3. Ïðåäïîëîæèì, ÷òî t è t2 � ñîáñòâåííûå ýëå-
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ìåíòû ïîëÿ K, à ìóëüòèïëèêàòèâíûé ïîðÿäîê ýëåìåíòà u ∈ K ðàâåí

(q − 1)/2. Òîãäà ãðóïïà B2(q) ïîðîæäàåòñÿ òðåìÿ èíâîëþöèÿìè α, β, γ,

ïåðâûå äâå èç êîòîðûõ ïåðåñòàíîâî÷íû, ãäå

α = na, β = na+b, γ = (naha(u))
xa+b(t)xb(1).

Áîëåå òîãî, âñå ÷åòûðå èíâîëþöèè α, β, γ è αβ ñîïðÿæåíû.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Â ñèëó ëåììû 8(1),(4) ìîíîìèàëüíûå ýëåìåí-

òû na, na+b ÿâëÿþòñÿ ïåðå
òàíîâî÷íûìè èíâîëþöèÿìè è èíâåðòèðóþò

äèàãîíàëüíûå ýëåìåíòû ha(u) è ha+b(u) ñîîòâåòñòâåííî. Ïîýòîìó α, β, γ �

èíâîëþöèè è αβ = βα. Èíâîëþöèè α, β, γ ñîïðÿæåíû. Äåéñòâèòåëüíî, α =

= nbβn
−1
b , α = γha(s)xa+b(−t)xb(−1)

, ãäå s2 = u. Òàêîé ýëåìåíò s ñóùåñòâóåò,

ò. ê. ïîðÿäîê ýëåìåíòà u íå÷¼òåí. Èñïîëüçóÿ ðàâåíñòâî ηa,a+b = −1 èç ëåì-

ìû 6(1), ïîëó÷àåì

(nana+b)
xa+b(1) = nax−a−b(−1),

(nax−a−b(−1))x−a−b(−1/2) = na = α.

Òàêèì îáðàçîì, èíâîëþöèè αβ = nana+b è α òàêæå ñîïðÿæåíû.

Ïîëîæèì

M = 〈α, β, γ〉.

Ïî ëåììå 6, ηa,b = ηa,2a+b = Na,bNa,a+b/|Na,a+b|. Ïàðû (a, b) è (a, a + b)

ýêñòðàñïåöèàëüíûå, ïîýòîìó çíàêè ó ñòðóêòóðíûõ êîíñòàíò Na,b è Na,a+b

ìîãóò áûòü âûáðàíû ïðîèçâîëüíûì îáðàçîì. Ïóñòü Na,bNa,a+b/|Na,a+b| =

= −1. Òîãäà ηa,b = −1. Îòñþäà, ó÷èòûâàÿ òàêæå, ÷òî ηa,a+b = −1 â ñèëó

ëåììû 6(1), ïîëó÷àåì

γ = (naha(u))
xa+b(t)xb(1) = xa+b(t)xb(1)naha(u)xb(−1)xa+b(−t)

= naxa+b(ηa,a+bt)x2a+b(ηa,b)ha(u)xb(−1)xa+b(−t)

= naha(u)xa+b(−2t)x2a+b(−u−2)xb(−1),

αγ = ha(u)xa+b(−2t)x2a+b(−u−2)xb(−1).

Ýëåìåíò xa+b(−2t) ïåðåñòàíîâî÷åí ñ òðåìÿ äðóãèìè ñîìíîæèòåëÿìè

ýëåìåíòà αγ, à äâà åãî ïîñëåäíèõ ñîìíîæèòåëÿ ïåðåñòàíîâî÷íû ìåæäó
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ñîáîé, íî íå êîììóòèðóþò ñ ha(u). Â ñèëó ëåììû 8 ñïðàâåäëèâî

(αγ)(q−1)/2 = xa+b(t).

Îòñþäà

(αγ)(q+1)/2 = ha(u)x2a+b(−u−2)xb(−1).

Äàëåå,

β(αγ)(q−1)/2β = x−a−b(−t).

Òàêèì îáðàçîì, â M ëåæèò ïîäãðóïïà

L = 〈xa+b(t), x−a−b(t)〉,

êîòîðàÿ ïî ëåììå 11 ñîâïàäàåò ñ ïîäãðóïïîé 〈Xa+b,X−a−b〉. Â ÷àñòíîñòè, â

M ëåæàò âñå äèàãîíàëüíûå ýëåìåíòû ha+b(v), v ∈ K∗
. Ñåé÷àñ ïðè v ∈ K∗

ïîñëåäîâàòåëüíî ïîëó÷àåì, ÷òî â M ëåæàò ýëåìåíòû

ha+b(v)(αγ)
(q+1)/2h−1

a+b(v) = ha(u)x2a+b(−u−2v2)xb(−v2),

(αγ)−(q+1)/2ha+b(v)(αγ)
(q+1)/2h−1

a+b(v) = x2a+b((1− v2)u−2)xb(1− v2).

Â ñèëó ïðåäïîëîæåíèÿ Na,bNa,a+b/|Na,a+b| = −1 è ëåììû 6(5) ïîëó-

÷àåì

αx2a+b((1 − v2)u−2)xb(1− v2)α = x2a+b(v
2 − 1)xb((v

2 − 1)u−2).

Ïðîèçâåäåíèå äâóõ ïîñëåäíèõ ýëåìåíòîâ ðàâíî x2a+b(−k2)xb(k
2) ïðè v =

= u−1
, k = u−2 − 1. Çäåñü è äàëåå èñïîëüçóåòñÿ òîò �àêò, ÷òî â ñèëó

ïðåäïîëîæåíèÿ òåîðåìû ìóëüòèïëèêàòèâíûé ïîðÿäîê ýëåìåíòà u2 ðàâåí

íå÷¼òíîìó ÷èñëó (q − 1)/2. Â ÷àñòíîñòè, u±2, u±4 6= ±1. Òàêèì îáðàçîì, â

M ëåæàò ýëåìåíòû

h−1
a+b(k)x2a+b(−k2)xb(k

2)ha+b(k) = x2a+b(−1)xb(1),

(αγ)(q+1)/2x2a+b(−1)xb(1) = ha(u)x2a+b(−u−2 − 1),

[(ha(u)x2a+b(−u−2 − 1))−1, h−1
a+b(u)] = x2a+b(1− u−4),

αβx2a+b(1− u−4)βα = x−2a−b(−1 + u−4).
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Â ñèëó ïðåäïîëîæåíèÿ òåîðåìû (1− u−4), (1− u−4)2 � ñîáñòâåííûå

ýëåìåíòû íåêîòîðîãî ïîäïîëÿ F ïîëÿ K, ïðè÷¼ì |F | 6= 9. Ïî ëåììå 11

〈x2a+b(1− u−4), x−2a−b(1− u−4)〉 = 〈X2a+b(F ),X−2a−b(F )〉.

Â ÷àñòíîñòè, ïîäãðóïïà M ñîäåðæèò ìîíîìèàëüíûé ýëåìåíò nb. Èòàê,

ïîäãðóïïàM ñîäåðæèò ìîíîìèàëüíûå ýëåìåíòû na, nb è êîðíåâîé ýëåìåíò

xa+b(t). Â ñèëó [16, ïðåäëîæ. 3℄, M = B2(q). Òåîðåìà äîêàçàíà.

� 6. Ïîðîæäàþùèå òðîéêè èíâîëþöèé ãðóïïû

2A3(q) äëÿ íå÷¼òíîãî q

Ïóñòü {e0, e1, e2, e3} � îðòîíîðìèðîâàííûé áàçèñ ÷åòûð¼õìåðíîãî åâ-

êëèäîâà ïðîñòðàíñòâà. Òîãäà âåêòîðû r1 = e0− e1, r2 = e1− e2, r3 = e2− e3

ñîñòàâëÿþò �óíäàìåíòàëüíóþ ñèñòåìó ñèñòåìû êîðíåé Φ òèïà A3, ïðè÷¼ì

r1 + r2, r2 + r3 ∈ Φ. Ïîëîæèì tq = t. �ðóïïà 2A3(q
2) ≃ U4(q) ïîðîæäàåòñÿ

ñâîèìè êîðíåâûìè ýëåìåíòàìè

xa(t) = xr1(t)xr3(t), t ∈ GF (q2),

xb(u) = xr2(u), u ∈ GF (q),

xa+b(t) = xr1+r2(t)xr2+r3(t), t ∈ GF (q2),

x2a+b(u) = xr1+r2+r3(u), u ∈ GF (q),

x−a(t) = x−r1(t)x−r3(t), t ∈ GF (q2),

x−b(u) = x−r2(u), u ∈ GF (q),

x−a−b(t) = x−r1−r2(t)x−r2−r3(t), t ∈ GF (q2),

x−2a−b(u) = x−r1−r2−r3(u), u ∈ GF (q)

(ñì. [13, ëåììû 13.6.2, 13.6.3 è ïðåäëîæ. 13.6.5℄). Â ãðóïïå

2A3(q
2) ëåæàò

ñëåäóþùèå äèàãîíàëüíûå ýëåìåíòû:

ha(t) = hr1(t)hr3(t), t ∈ GF (q2)∗,

hb(u) = hr2(u), u ∈ GF (q)∗,

ha+b(t) = hr1+r2(t)hr2+r3(t), t ∈ GF (q2)∗,
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h2a+b(u) = hr1+r2+r3(u), u ∈ GF (q)∗.

Èñïîëüçóÿ äåéñòâèå ñîïðÿæåíèåì äèàãîíàëüíûõ ýëåìåíòîâ â ãðóïïàõ Øå-

âàëëå òèïà A3 ïî �îðìóëå

hr(t)xs(u)h
−1
r (t) = xs(ut

2(r,s)
(r,r) ), r, s ∈ Φ, (19)

ïîëó÷àåì äåéñòâèå ñîïðÿæåíèåì äèàãîíàëüíûõ ýëåìåíòîâ â ñêðó÷åííîé

ãðóïïå Øåâàëëå

2A3(q
2)

ha(t)xa+b(v)h
−1
a (t) = hr1(t)hr3(t)xr1+r2(v)xr2+r3(v)h

−1
r1 (t)h

−1
r3 (t)

= xr1+r2(vtt
−1

)xr2+r3(vt
−1t) = xa+b(vtt

−1
)

= xa+b(vt
1−q),

ha+b(t)xa(v)h
−1
a+b(t) = xa(vtt

−1
) = xa(vt

1−q),

ha(t)x2a+b(u)h
−1
a (t) = hr1(t)hr3(t)xr1+r2+r3(u)h

−1
r1 (t)h−1

r3 (t)

= xr1+r2+r3(utt) = xr1+r2+r3(ut
1+q) = x2a+b(ut

1+q),

ha(t)xb(u)h
−1
a (t) = xb(ut

−1−q).

ÇÀÌÅ×ÀÍÈÅ. Ïóñòü i � ýëåìåíò ïîðÿäêà 4 ïîëÿ íå÷¼òíîãî ïîðÿä-

êà q2. Ïîñëåäíåå ðàâåíñòâî ïîêàçûâàåò, ÷òî ýëåìåíò γ = nbha(i) ÿâëÿåòñÿ

èíâîëþöèåé òîãäà è òîëüêî òîãäà, êîãäà q − 1 = 0 (mod 4). Ïîýòîìó ýëå-

ìåíò γ = nbha(i) èç [4, ïðåäëîæ. 10℄ íå ÿâëÿåòñÿ èíâîëþöèåé ïðè q − 1 6=

6= 0 (mod 4). Â ýòîì ñëó÷àå ïðè q 6= 3 òåîðåìà 3 äà¼ò íîâûå ïîðîæäàþùèå

òðîéêè èíâîëþöèé.

Ïðèìåíÿÿ êîììóòàòîðíóþ �îðìóëó Øåâàëëå, ïîëó÷àåì êîììóòà-

òîðíûå �îðìóëû äëÿ êîðíåâûõ ýëåìåíòîâ ãðóïïû

2A3(q
2), ò. å. ñïðàâåä-

ëèâà

ËÅÌÌÀ 15. Â ãðóïïå

2A3(q
2) ñïðàâåäëèâû ñëåäóþùèå êîììóòà-

òîðíûå �îðìóëû

[xa(t), xb(u)] = xa+b(±tu)x2a+b(±ttu), (20)

[xa(t), xa+b(v)] = x2a+b(±(tv + tv)). (21)
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Â äîêàçàòåëüñòâå òåîðåìû 3 ëåììà 15 èñïîëüçóåòñÿ áåç óïîìèíàíèé.

ßñíî, ÷òî îíà ïðèìåíÿåòñÿ òàì, ãäå ìåíÿþòñÿ ìåñòàìè ñîñåäíèå êîðíåâûå

ýëåìåíòû.

ÒÅÎ�ÅÌÀ 3. Ïóñòü K � êîíå÷íîå ïîëå íå÷¼òíîãî ïîðÿäêà q2 ïðè

q−1 6= 0 (mod 4) è q 6= 3. Ïóñòü ìóëüòèïëèêàòèâíûå ïîðÿäêè ýëåìåíòîâ

t è u èç K ðàâíû q + 1 è ñîîòâåòñòâåííî (q − 1)/2. Òîãäà ãðóïïà 2A3(q
2)

ïîðîæäàåòñÿ òðåìÿ èíâîëþöèÿìè α, β, γ, ïåðâûå äâå èç êîòîðûõ ïåðå-

ñòàíîâî÷íû, ãäå

α = naha(t), β = nana+b, γ = (naha(ut))
xa+b(t)xb(1).

Áîëåå òîãî, âñå ÷åòûðå èíâîëþöèè α, β, γ è αβ ñîïðÿæåíû.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Â ñèëó ëåììû 8(1),(4) ìîíîìèàëüíûå ýëåìåí-

òû na, na+b ÿâëÿþòñÿ ïåðå
òàíîâî÷íûìè èíâîëþöèÿìè è èíâåðòèðóþò

äèàãîíàëüíûå ýëåìåíòû ha(s) è ha+b(s) ñîîòâåòñòâåííî. Ïîýòîìó α, β, γ �

èíâîëþöèè. �àâåíñòâî αβ = βα ñëåäóåò èç ñîîòíîøåíèÿ

na+bha(t)na+b = ha(t)

è òîãî, ÷òî tt = 1.

Ïîêàæåì, ÷òî èíâîëþöèè α, β, γ è αβ ëåæàò â îäíîì êëàññå ñî-

ïðÿæ¼ííûõ ýëåìåíòîâ, ò. å. êàæäàÿ èç íèõ ñîïðÿæåíà ñ ìîíîìèàëüíûì

ýëåìåíòîì na. Äåéñòâèòåëüíî, èñïîëüçóÿ ðàâåíñòâî ηa,a+b = −1, ïîëó÷àåì

βx
−a−b(−1/2)xa+b(1) = (nax−a−b(−1))x−a−b(−1/2) = na.

Óðàâíåíèå sq−1 = t ðàçðåøèìî â ïîëå K, ò. ê. |t| = q + 1. Ïîýòîìó ïðè

sq−1 = t

h−1
a+b(s)αha+b(s) = h−1

a+b(s)xa(t
−1)x−a(−t)xa(t

−1)ha+b(s)

= xa(s
q−1t−1)x−a(−s1−qt)xa(s

q−1t−1) = na.

Î÷åâèäíî, èíâîëþöèÿ γ ñîïðÿæåíà ñ naha(ut). Äàëåå,

ha(k)naha(ut)h
−1
a (k) = naha(k

2ut).
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Ïî óñëîâèþ òåîðåìû ìóëüòèïëèêàòèâíûé ïîðÿäîê ýëåìåíòà u íå÷¼òåí. Ïî-

ýòîìó â ïîëå K óðàâíåíèå k2 = u−1
ðàçðåøèìî. Îòñþäà èíâîëþöèÿ γ ñî-

ïðÿæåíà ñ α. Ñíîâà èç ðàçðåøèìîñòè óðàâíåíèÿ sq−1 = t â ïîëå K ïðè

sq−1 = t ïîëó÷àåì

h−1
a (s)αβha(s) = ha(s

q−1)h−1
a (t)na+b = na+b.

�àâåíñòâî nbna+bn
−1
b = na çàâåðøàåò äîêàçàòåëüñòâî ñîïðÿæ¼ííîñòè ÷åò-

â¼ðêè èíâîëþöèé α, β, γ è αβ.

Ïîêàæåì, ÷òî èíâîëþöèè α, β, γ ïîðîæäàþò ãðóïïó

2A3(q
2). Ïóñòü

M = 〈α, β, γ〉.

Ïîäãðóïïà ãðóïïû

2A3(q
2), ïîðîæä¼ííàÿ êîðíåâûìè ýëåìåíòàìè, êîý�-

�èöèåíòû êîòîðûõ ëåæàò â ïîäïîëå GF (q), èçîìîð�íà ãðóïïå B2(q). Ïî-

ýòîìó çäåñü ìû ìîæåì òàêæå èñïîëüçîâàòü ëåììû 6�8. Ïî ëåììå 6, ηa,b =

= ηa,2a+b = Na,bNa,a+b/|Na,a+b|. Ïàðû (a, b) è (a, a+ b) ýêñòðàñïåöèàëüíûå,

ïîýòîìó çíàêè ó ñòðóêòóðíûõ êîíñòàíò Na,b è Na,a+b ìîãóò áûòü âûáðàíû

ïðîèçâîëüíûì îáðàçîì. Ïóñòü Na,bNa,a+b/|Na,a+b| = −1. Òîãäà ηa,b = −1.

Îòñþäà, ó÷èòûâàÿ òàêæå, ÷òî ηa,a+b = −1 â ñèëó ëåììû 6(1), ïîëó÷àåì

γ = (naha(ut))
xa+b(t)xb(1) = xa+b(t)xb(1)naha(ut)xb(−1)xa+b(−t)

= naxa+b(ηa,a+bt)x2a+b(ηa,b)ha(ut)xb(−1)xa+b(−t)

= naha(ut)xa+b(−t(ut)−1ut− t)x2a+b(−(utut)−1)xb(−1).

Òàê êàê u = u, tt = 1, òî

γ = naha(ut)xa+b(−2t)x2a+b(−u−2)xb(−1),

αγ = ha(u)xa+b(−2t)x2a+b(−u−2)xb(−1).

Ýëåìåíò xa+b(−2t) ïåðåñòàíîâî÷åí ñ òðåìÿ äðóãèìè ñîìíîæèòåëÿìè ýëå-

ìåíòà αγ. Â ñèëó ëåììû 9

(αγ)(q−1)/2 = xa+b(2t).

Îòñþäà

(αγ)(q+1)/2 = ha(u)x2a+b(−u−2)xb(−1).
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Äàëåå,

α(αγ)(q−1)/2α = xa+b(−2t), β(αγ)(q−1)/2β = x−a−b(2t).

Òàêèì îáðàçîì, â M ëåæèò ïîäãðóïïà

L = 〈xa+b(t), x−a−b(t)〉,

êîòîðàÿ â ñèëó ëåììû 11 ñîâïàäàåò ñ ïîäãðóïïîé 〈Xa+b,X−a−b〉. Â ÷àñò-

íîñòè, â M ëåæàò âñå äèàãîíàëüíûå ýëåìåíòû ha+b(v), v ∈ K∗
. Ñåé÷àñ

ïðè ëþáîì íåíóëåâîì v èç ïîäïîëÿ íåïîäâèæíûõ ýëåìåíòîâ GF (q) îòíî-

ñèòåëüíî àâòîìîð�èçìà −, òàê æå êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 2

äëÿ òèïà B2(q), ïîñëåäîâàòåëüíî ïîëó÷àåì, ÷òî â M ëåæàò ýëåìåíòû

ha+b(v)(αγ)
(q+1)/2h−1

a+b(v) = ha(u)x2a+b(−u−2v2)xb(−v2),

(αγ)−(q+1)/2ha+b(v)(αγ)
(q+1)/2h−1

a+b(v) = x2a+b((1− v2)u−2)xb(1− v2),

αx2a+b((1− v2)u−2)xb(1− v2)α = x2a+b(v
2 − 1)xb((v

2 − 1)u−2).

Äàëåå äîñëîâíî ïîâòîðÿåì äîêàçàòåëüñòâî òåîðåìû 2. Òåîðåìà äîêàçàíà.

� 7. Ïîðîæäàþùèå òðîéêè èíâîëþöèé ãðóïïû

2A4(2
2n)

Ïóñòü r1, r2, r3, r4 � �óíäàìåíòàëüíàÿ ñèñòåìà ñèñòåìû êîðíåé Φ òè-

ïà A4, ïðè÷¼ì r1+ r2, r2+ r3, r3+ r4 ∈ Φ. Ïîëîæèì q2 = 22n, tq = t. �ðóïïà

2A4(q
2) ≃ U5(q) ïîðîæäàåòñÿ ñâîèìè êîðíåâûìè ýëåìåíòàìè

xa(t, u) = xr2(t)xr3(t)xr2+r3(u), tt = u+ u,

xb(t) = xr1(t)xr4(t),

xa+b(t, u) = xr1+r2(t)xr3+r4(t)xr1+r2+r3+r4(u), tt = u+ u,

x2a+b(t) = xr1+r2+r3(t)xr2+r3+r4(t),

x−a(t, u) = x−r2(t)x−r3(t)x−r2−r3(u), tt = u+ u,

x−b(t) = x−r1(t)x−r4(t),

x−a−b(t, u) = x−r1−r2(t)x−r3−r4(t)x−r1−r2−r3−r4(u), tt = u+ u,

x−2a−b(t) = x−r1−r2−r3(t)x−r2−r3−r4(t).



102 ß.Í.Íóæèí

Çäåñü ñ ãðóïïîé

2A4(q
2) ìû ñâÿçûâàåì ñèñòåìó êîðíåé òèïà B2. Ìîíîìè-

àëüíûé ýëåìåíò

n0 = nbn2a+b = nr1nr4nr1+r2+r3nr2+r3+r4

ÿâëÿåòñÿ èíâîëþöèåé è, â ÷àñòíîñòè,

n0xa(t, u)n0 = x−a(t, u),

n0xb(t)n0 = x−b(t).

ËÅÌÌÀ 16. Â ãðóïïå

2A3(2
2n) ñïðàâåäëèâû ñëåäóþùèå êîììóòà-

òîðíûå �îðìóëû:

[xa(t, u), xb(v)] = xa+b(tv, vvu)x2a+b(vu), (22)

[xa(t, u), xa+b(v,w)] = x2a+b(tv), (23)

[xb(t), x2a+b(v)] = xa+b(0, tv + tv). (24)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ïðÿìûå âû÷èñëåíèÿ â ãðóïïå A4(2
2n) äàþò

óêàçàííûå íèæå ðàâåíñòâà, â êîòîðûõ ñîêðàùàþùèåñÿ ïåðåíîñèìûå ñïðà-

âà íàëåâî äðóã êî äðóãó ýëåìåíòû áåðóòñÿ â �èãóðíûå ñêîáêè. Ïðè ýòîì

ìîãóò ïîÿâëÿòüñÿ íîâûå êîðíåâûå ýëåìåíòû. Íà çàêëþ÷èòåëüíûõ ýòàïàõ

èç êîðíåâûõ ýëåìåíòîâ ãðóïïû Øåâàëëå íîðìàëüíîãî òèïà A4 ñîáèðàþòñÿ

êîðíåâûå ýëåìåíòû ñêðó÷åííîé ãðóïïû

2A4(2
2n).

Óñòàíîâèì ïåðâîå ñîîòíîøåíèå. Ïîñëåäîâàòåëüíî ïîëó÷àåì ðàâåí-

ñòâà

[xa(t, u), xb(v)] =

= xr2(t)xr3(t){xr2+r3(u)}xr1(v)xr4(v){xr2+r3(u)}xr3(t)xr2(t)xr4 (v)xr1(v)

= xr2(t){xr3(t)}xr1(v)xr1+r2+r3(uv)xr4 (v)xr2+r3+r4(uv){xr3(t)}xr2(t)xr4 (v)xr1(v)

= xr2(t)xr1(v)xr1+r2+r3(uv){xr4(v)}xr3+r4(tv)xr2+r3+r4(uv)xr2(t){xr4(v)}xr1(v)

= {xr2(t)}xr1(v)xr1+r2+r3(uv)xr3+r4(tv)xr2+r3+r4(uv){xr2(t)}xr1(v)

= xr1(v)xr1+r2(tv)xr1+r2+r3(uv)xr3+r4(tv)xr2+r3+r4(ttv)xr2+r3+r4(uv)xr1(v)

= {xr1(v)}xr1+r2(tv)xr1+r2+r3(uv)xr3+r4(tv)xr2+r3+r4(uv){xr1(v)}

= xr1+r2(tv)xr1+r2+r3(uv)xr3+r4(tv)xr2+r3+r4(uv)xr1+r2+r3+r4(vvu)

= xr1+r2(tv)xr3+r4(tv)xr1+r2+r3+r4(vvu)xr1+r2+r3(uv)xr2+r3+r4(uv)
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= xa+b(tv, vvu)x2a+b(vu).

Äîêàæåì âòîðîå ñîîòíîøåíèå. Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

[xa(t, u), xa+b(v, w)] =

= xr2(t)xr3(t)xr2+r3(u)xr1+r2(v)xr3+r4(v){xr1+r2+r3+r4(w)}×

× xr2+r3(u)xr3(t)xr2(t){xr1+r2+r3+r4(w)}xr3+r4(v)xr1+r2(v)

= xr2(t)xr3(t){xr2+r3(u)}xr1+r2(v)xr3+r4(v){xr2+r3(u)}xr3(t)xr2(t)×

× xr3+r4(v)xr1+r2(v)

= xr2(t){xr3(t)}xr1+r2(v)xr3+r4(v){xr3(t)}xr2(t)xr3+r4(v)xr1+r2(v)

= {xr2(t)}xr1+r2(v)xr1+r2+r3(tv)xr3+r4(v){xr2(t)}xr3+r4(v)xr1+r2(v)

= {xr1+r2(v)}xr1+r2+r3(tv){xr3+r4(v)}xr2+r3+r4(tv){xr3+r4(v)}{xr1+r2(v)}

= xr1+r2+r3(tv)xr2+r3+r4(tv) = x2a+b(tv).

Íàêîíåö, óñòàíîâèì òðåòüå ñîîòíîøåíèå. Èìååì

[xb(t), x2a+b(v)] =

= xr1(t){xr4(t)}xr1+r2+r3(v)xr2+r3+r4(v){xr4(t)}xr1(t)xr2+r3+r4(v)xr1+r2+r3(v)

= {xr1(t)}xr1+r2+r3(v)xr1+r2+r3+r4(tv)xr2+r3+r4(v){xr1(t)}xr2+r3+r4(v)×

× xr1+r2+r3(v)

= xr1+r2+r3(v)xr1+r2+r3+r4(tv)xr2+r3+r4(v)xr1+r2+r3+r4(tv)xr2+r3+r4(v)×

× xr1+r2+r3(v)

= xr1+r2+r3+r4(tv)xr1+r2+r3+r4(tv) = xa+b(0, tv + tv).

Ëåììà äîêàçàíà.

×àñòíûì ñëó÷àåì äëÿ [18, òåîð. 3℄, êîãäà îñíîâíîå ïîëå êîíå÷íî, ÿâ-

ëÿåòñÿ

ËÅÌÌÀ 17. Ïóñòü ïîäãðóïïà M ãðóïïû

2A2l(q
2), l ≥ 2, èìååò

íååäèíè÷íûå ïåðåñå÷åíèÿ ñî âñåìè å¼ êîðíåâûìè ïîäãðóïïàìè, ïðè÷¼ì

xr(k,m) ∈ M äëÿ íåêîòîðîãî êîðíÿ r ∈ 2A2l è íåêîòîðûõ íåíóëåâûõ k

è m. Òîãäà ñóùåñòâóþò äèàãîíàëüíûé ýëåìåíò h ∈ 2Â2l(q
2) è ÷èñëî q′,

äåëÿùåå q, òàêèå ÷òî hMh−1 = 2A2l(q
′2).

ÒÅÎ�ÅÌÀ 4. Ïóñòü u � ñîáñòâåííûé ýëåìåíò ïîëÿ GF (q2), q2 =

= 22n, n ≥ 2, à v � ñîáñòâåííûé ýëåìåíò ïîäïîëÿ GF (q). Òîãäà ãðóïïà
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2A4(q
2) ïîðîæäàåòñÿ òðåìÿ ñîïðÿæ¼ííûìè èíâîëþöèÿìè α, β, γ, ïåðâûå

äâå èç êîòîðûõ ïåðåñòàíîâî÷íû, ãäå

α = x2a+b(v), β = xb(1)
xa(1,u), γ = nbn2a+b.

Áîëåå òîãî, âñå ÷åòûðå èíâîëþöèè α, β, γ è αβ ñîïðÿæåíû.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Î÷åâèäíî, α, β � èíâîëþöèè. Êîðíåâûå ýëå-

ìåíòû xa(1, u) è xb(1) öåíòðàëèçóþò êîðíåâîé ýëåìåíò x2a+b(v), ò. ê. v ∈

∈ GF (q), ïîýòîìó αβ = βα. Ìîíîìèàëüíûå ýëåìåíòû nb è n2a+b ÿâëÿþòñÿ

ïåðåñòàíîâî÷íûìè èíâîëþöèÿìè, ñëåäîâàòåëüíî γ � èíâîëþöèÿ.

Ïîêàæåì, ÷òî èíâîëþöèè α, β, γ è αβ ëåæàò â îäíîì êëàññå ñîïðÿ-

æ¼ííûõ ýëåìåíòîâ, ò. å. êàæäàÿ èç íèõ ñîïðÿæåíà ñ êîðíåâûì ýëåìåíòîì

xb(1). Î÷åâèäíî,

βx−1
a (1,u) = xb(1).

Óðàâíåíèå us2 = 1 ðàçðåøèìî â ïîëå GF (q2) îòíîñèòåëüíî s. Ñëåäîâà-

òåëüíî, ïðè us2 = 1 ïîëó÷àåì

αhb(s)na = xb(us
2) = xb(1).

Óðàâíåíèå s + s = 1 ðàçðåøèìî â ïîëå GF (q2) îòíîñèòåëüíî s. Ïîýòîìó

ïðè s+ s = 1 ñ èñïîëüçîâàíèåì �îðìóë (22) è (24) ïîëó÷àåì ñîîòíîøåíèÿ

γx−b(1)x−2a−b(1) = xb(1)x2a+b(1),

(xb(1)x2a+b(1))
xa(0,1) = xb(1)xa+b(0, 1),

xb(1)xa+b(0, 1)
x2a+b(s) = xb(1)xa+b(0, s + s+ 1) = xb(1).

Çàìåòèì, ÷òî ìû îäíîâðåìåííî óñòàíîâèëè ñîïðÿæ¼ííîñòü èíâîëþöèé α

è αβ, ò. ê. αβ = (xb(1)x2a+b(1))
xa(1,u)

.

Ïîëîæèì M = 〈α, β, γ〉 è ïîêàæåì, ÷òî M = 2A4(q
2). Èìåþò ìåñòî

β = xb(1)xa+b(1, u)x2a+b(u),

γαγ = x−2a−b(v).

Ïîäãðóïïà 〈x2a+b(v), x−2a−b(v)〉 ñîäåðæèò ìîíîìèàëüíûé ýëåìåíò n2a+b.

Îòñþäà

γn2a+b = nb ∈ M.
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Äàëåå,

βnbβnb = xb(1)xa+b(1, u)x2a+b(u)x−b(1)xa(1, u)x2a+b(u)

= xb(1)xa+b(1, u)x−b(1)x2a+b(u)xa(0, u+ u)xa(1, u)x2a+b(u)

= xb(1)x−b(1)xa+b(1, u)(1)xa(1, u)x2a+b(u)x2a+b(u)xa(0, u+ u)×

× xa(1, u)x2a+b(u)

= xb(1)x−b(1)xa+b(1, u)(1)x2a+b(u)xa(0, 1),

nbβnbβnb = xb(1)xa+b(1, u)(1)x2a+b(u)xa(0, 1),

βnbβnbβnb = xa(0, 1),

xa(0, 1)γxa(0, 1)γxa(0, 1) = na,

naαna = xb(v),

[xb(v), β] = xa+b(0, v).

nbxa+b(0, v)nb = xa(0, v).

Ïî óñëîâèþ òåîðåìû v � ñîáñòâåííûé ýëåìåíò ïîëÿ GF (q). Â ñè-

ëó ëåììû 12 ïîäãðóïïà 〈xa(0, v), xa(0, 1), na〉 èçîìîð�íà ãðóïïå SL2(q) è

ñîâïàäàåò ñ ïîäãðóïïîé 〈xa(0, t), x−a(0, t) | t ∈ GF (q)〉. Â ýòîé ïîäãðóïïå

ñóùåñòâóåò òàêîé ýëåìåíò h, ÷òî hxb(v)h
−1 = xb(1). Î÷åâèäíî,

xb(1)β = xa+b(1, u)x2a+b(u).

Ïîäãðóïïà 〈xb(1), xb(v), nb〉 òàêæå èçîìîð�íà ãðóïïå SL2(q) è îáëàäàåò

òàêèì äèàãîíàëüíûì ýëåìåíòîì h, ÷òî

[h, xa+b(1, u)x2a+b(u)] = xa+b(k,m)

äëÿ íåêîòîðûõ íåíóëåâûõ ýëåìåíòîâ k,m.

Èòàê, ïîäãðóïïà M = 〈α, β, γ〉 ãðóïïû 2A4(q
2) èìååò íååäèíè÷íûå

ïåðåñå÷åíèÿ ñî âñåìè å¼ êîðíåâûìè ïîäãðóïïàìè, ñîäåðæèò ïîäãðóïïó

〈xa(0, t), x−a(0, t) | t ∈ GF (q)〉 è ýëåìåíò xa+b(k,m) ∈ M äëÿ íåêîòîðûõ

íåíóëåâûõ ýëåìåíòîâ k,m. Ïî ëåììå 17

M = 2A4(q
2).

Òåîðåìà äîêàçàíà.
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� 8. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ

Îáúåäèíÿÿ òåîðåìû 2�4, ïîëó÷àåì òåîðåìó 1, ñ�îðìóëèðîâàííóþ âî

ââåäåíèè. Ïóñòü G � îäíà èç ãðóïï â �îðìóëèðîâêå òåîðåìû 1. Ïî ýòîé

òåîðåìå îíà ïîðîæäàåòñÿ òðåìÿ ñîïðÿæ¼ííûìè èíâîëþöèÿìè α, β, γ, ïåð-

âûå äâå èç êîòîðûõ ïåðåñòàíîâî÷íû, ïðè÷¼ì èíâîëþöèè α è αβ òàêæå

ñîïðÿæåíû. Ïîýòîìó G ïîðîæäàåòñÿ ïÿò¼ðêîé ñîïðÿæ¼ííûõ èíâîëþöèé

α, β, αβ, γ, γ, ïðîèçâåäåíèå êîòîðûõ ðàâíî 1. Èç ïðîñòîòû ãðóïïû G ëåã-

êî ïîëó÷èòü, ÷òî i(G) > 4. Îòñþäà i(G) = 5. Òàêèì îáðàçîì, ñëåäñòâèå èç

òåîðåìû 1 äîêàçàíî.
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