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The identification of an unknown coefficient in the lower term of pseudoparabolic differential
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1. Introduction
In this paper we discuss inverse problems for the pseudoparabolic diffusion equation
(u+nMu); + Mu+ ku = f (1.1)

and the stationary equation associated with (1.1). Here M is an elliptic linear
differential operator of the second order in the space variables. We establish the
existence, uniqueness and stability of the strong solution of the inverse problems for
(1.1) and the associated stationary equation with an unknown coefficient & under
the Dirichlet boundary condition and the additional integral boundary data akin
to the conditions of overdetermination considered in [1-4]. An exact statement of
the problems will be given below. Following the idea of [1-4] based on the method
of [5] we prove the existence of the solution by reducing the inverse problem to
an operator equation of the second type for the unknown coefficient. We show
that the operator of this equation is a contraction on a set constructed with the
use of the comparison theorems for elliptic and pseudoparabolic equations. The
contractibility of the operator provides the uniqueness and stability (continuous
dependence on the input data) of the solution.

Applications of such problems deal with the recovery of unknown parameters
indicating physical properties of a medium. In particular, the lowest coefficient k
specifies, for instance, the catabolism of contaminants due to chemical reactions [6]
or the absorption (also known as potential) in the diffusion and acoustics problems
[7].
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The study of inverse problems for pseudoparabolic equations goes back to 1980s.
The first result [8] refers to the inverse problems of determining a source function
f of equation

(u + Llu)t + Lou = f (1.2)

in case L1 = Ly where L and Lo are the linear differential operators of the second
order in spacial variables. We should mention also the results in [9, 10] concerning
with coefficient inverse problems for the linear equation (1.1). In [10], the unique-
ness theorem is obtained and an algorithm of determining the coefficients of Lo
is constructed. In [9], the solvability is established for two inverse problems of re-
covering the unknown coefficients in terms u (the lowest term of Lou) and wu; of
(1.2). In [11], an inverse problem of recovering time-depending right-hand side and
coefficients of (1.2) is considered. The values of the solution at separate points are
employed as overdetermination conditions. The existence and uniqueness theorems
are proven for this problem and the stability estimates of the solution are exposed.

Theoretical and numerical aspects of inverse problems for the stationary equation

are discussed in [6, 12-16] (see also the references given there). In [12-14], the
method of the Carleman estimates was designed for proofs of uniqueness theorems
for coefficient inverse problems with unknown coefficients depending on all spatial
variables for (1.3) and other PDEs with single measurement data. The work [6] is
devoted to the problem on the determination of the lowest coefficient of the linear
equation (1.3) by additional mesurements in a subset of the domain. The work
[16] discusses two types of additional information (overdetermination): the trace of
the solution on a manifold of lower dimension inside the domain and the normal
derivative of the solution on a portion of the boundary. In [15], the coefficient is
recovered by the integral information on a manifold inside of the domain. The
solvability of the problems and the uniqueness of the solution are examined.

The paper is organized as follows. Section 2 presents the formulation of the
inverse problems and certain preliminary results concerning the direct problems
for elliptic and pseudoparabolic equations. In Section 3 we prove the existence,
uniqueness and the stability of the solution to the stationary inverse problem for
the diffusion equation. Section 4 discusses the same metters regarding the nonsta-
tionary inverse problem for the equation of pseudoparabolic type.

2. The statement of the problems and preliminary results

Let © be a bounded domain in R" with a boundary 9Q € C?, Q be the closure
of Q. T is an arbitrary real number, Qpr = Q x (0,7") with the lateral surface
St = (0,T) x 89, Qr is the closure of Q7 and the pair (¢,z) is a point of Q7.

From now on we keep the notations: (-,-)g is the inner product of R"; || - || and
(-,+) are the norm and the inner product of L?(Q2), respectively; || - ||; is the norm
of WJ(€2), j =1,2; and (-,-), is the duality relation between WQJ(Q) and W, 7 (Q);
[ llp/2 is the norm of W5/2(8Q), p=1,3.

We introduce a linear differential operator M = —div(M(x)V) 4+ m(x)I where
M(z) = (myj(x)) is a matrix of functions m;;(x), 4,5 =1,2,...,n; I — the identity
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operator. We also keep the notation
(Muvy,v9),, = /((M(:U)Vvl, Vua)r + m(z)vive)de
Q

for vy, vy € W4(£2) and assume that the following conditions are fulfilled.

L. my;(z), Omy;/0x; , i,7,0 =1,2,...,n, and m(z) are bounded in Q. Operator
M is elliptic, that is, there exist positive constants mg and m; such that for all
v e WHQ)

mollv|[i < (Mv,v),, <miv|i. (2.1)

II. M is a selfadjoint operator, that is, m;;(z) = myi(z), 4,4 = 1,2,...,n for
x €.

In this paper we are studying the inverse problems of recovering unknown coef-
ficients in the lowest terms of the diffusion equations. The first one is the inverse
problem for the pseudoparabolic equation.

Problem 1. For given functions f(t,z), Up(x), B(t,z), w(t,x), ¢(t) and a con-
stant 1 find the pair of unknown functions {u(t,z), k(t)} satisfying the equation

(u+nMu); + Mu+ k(t)u = f, (2.2)
the initial data
(u+nMu)|i=o = Uo(x), (2.3)
the boundary condition
uloo = B(t, =) (2.4)

and the condition of overdetermination

8Ut ou
| g+ S fotta)ds = ot (25
Here -2 = (M(z)V,n), n is the unit outward normal to the boundary 9.

0
The second inverse problem corresponds to Problem 1 in the case of the steady-

state process.
Problem 2. For given functions f(z), 8(x), w(z) and a constant y find the pair
of function u (¢, ) and constant k satisfying the equation

Mu+ ku = f, (2.6)
the boundary condition
uloq = B(z) (2.7)

and the condition of overdetermination

/89 ggfw(x)ds = /. (2.8)
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If w = 1, then the integral conditions (2.8) and (2.5) means a given flux of a liquid
through the surface 0f2, for instance, the total discharge of a liquid through the
surface of the ground. Similar nonlocal conditions were applied to control problems
in [17] and inverse problems for elliptic and pseudoparabolic equations in [1, 4].

The existence and uniqueness results for Problems 1 and 2 rely upon two lemmas
for the direct problems (2.2)—-(2.4) and (2.6)—(2.7) with the known coefficient k.
The first lemma covers the comparison theorems for the elliptic partial differential
equations.

LEMMA 2.1 Let ui,us € WQQ(Q) be the solutions of the problems Mu;+kju; = f;,
uj o= Bj, j = 1,2. If 0 < k1 < kg, f1 > B2 > 0 and f1 > fo > 0, then
uy > ug > 0 for almost all x € ).

Proof. By the maximum principle for the elliptic equations, u; > 0, i = 1,2, for
almost all z € Q. The difference of the solutions u; — ug satisfies equation

M(uy — ug) + k1(ug — ug) = (ko — k1)ug + f1 — fo (2.9)

and the boundary condition (u; —u2) |go= P1 — B2. In the hypotheses of the lemma
the right side of (2.9) is nonnegative and 81 — B2 > 0. Hence, by the maximum
principle for the elliptic equations, u; — ug > 0 for almost all z € Q. |

LEMMA 2.2 Let v; € C1([0,T); W3(Q) be the solutions of the problems
{th+77Mth+Mvj+kj(t)vj = fj, (2.10)
(vj +nMvj)li=o = Uj(@),  vjloa = Bj(t,x), j=1,2.

If ko(t) < k1(t) < % on [0,T], 0 < f1 < fa almost everywhere in Qp, 0 < Uy(z) <
Us(x) for almost all x € Q and 0 < By(t,z) < Ba(t,x) for almost all (t,x) € S,

then 0 < vy < vy for almost all (t,x) € Q.

Proof. By (2.10), the function ¥ = v — v; is the solution of the problem

{vt+nMvt+Mv+k2(t)U:(kl_kQ)U1+f2_fl’ (2.11)

(Ui + M) |t=0 = Ua — U1, Do = P2 — 1.

By Theorem 2.2 [4], v; > 0,7 = 1,2, almost everywhere in Q. Hence, the right
term of (2.11) is nonnegative. Therefore by Theorem 2.2 [4], v > 0. |

3. The stationary inverse problem

We begin with the existence and uniqueness theorem for Problem 2. By a solution
of this problem is meant the pair involving a function u € W3(Q) and a positive
real number k which satisfy (2.6)—(2.8). To formulate the theorem we introduce
functions a, a® and b as the solutions of the problems

Ma = f(z),  also= B(x); (3.1)
Ma® +0a® = f(z), a° |ga= B(x); (3.2)
Mb=0, b |oo= w(x) (3.3)

where o > 0 is a real number.
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THEOREM 3.1 Let 02 € C? and the assumptions I, II are fulfilled. Suppose also
that

() f@) € (Q), B(a), wlx) € W5'*(09);
(ii) f(z) > 0 almost everywhere in ; f(x) > 0, w(z) > 0 for almost all x € I

and there is a smooth piece T of the boundary 02 and a constant § > 0 such
that B> 6 and w > § almost everywhere on I';

mo(a,b)?
0<pu—0< M (3.4)
where ¥ = <Ma,b>M — (f,b).
Then Problem 2 has a solution {u,k}. If

0<p—w < M@0 (3.5)

Aflalll|o]

then the solution is unique. Moreover, the estimates
a’ <u<a,  0<k<o,  ull2 <Cllal+ a2 (3.6)

hold with some o > 0 and a constant C' dependent on mes$2, o, mg and my.

Proof. Following the idea of [1-4] and the method of [5], we reduce Problem 2 to
an equivalent inverse problem with a nonlinear operator equation for k(¢). From
(2.6)—(2.8) it follows that the function w = a — u and the constant k obeys the
relations

Mw + kw = ka, (3.7)
w |ga= 0, (3.8)
ow da
/ag 3Nw i a oQ an i a (3.9)

In view of (3.8) and (3.9) multiplying (3.7) by b in terms of the inner product of
Ly(92) and integration by parts twice yields

k(u,b) = p— 0. (3.10)

Let the operator A : Ry — R (R is the set of all nonnegative real numbers)
maps every y € R, into the real number Ay by the rule

Ay = (1 — ) (uy, b)), (3.11)

where u, is the solution of the direct problem (2.6)—(2.7) with £ = y. It can be
shown that Problem 2 is solvable if and only if the operator A has a fixed point, i.
e. the operator equation k£ = Ak has a solution.

The operator A maps a set [0, 0] into itself and continuous on the set for some
o > 0. Indeed, Lemma 2.1 implies that b7 > 0 and forall 0 <y < ¢

<a. (3.12)
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Therefore Ay > (11— ¥)(a,b)~! > 0. On the other hand, multiplying the difference
of (3.1) and (3.2) by a — a° in terms of the inner product of L?()), integrating by
parts and estimating the left-hand side of the result with the help of (2.1) gives
la —a”|l < lla — a”l|y < omg* |lall.

This estimate and (3.12) allows to obtain the lower bound of (uy,b) in (3.11).

(uy, b) > (a”,b) = (a,) — (a — a?,b) > (a,b) — omg [|al|[|b]| > 0 (3.13)
when

o < mo(a,b)(|lallllo])~". (3.14)

In view of (3.11), (3.13)

mo(p — )

Ay < .
mo(a,b) — of|al/[|o]

Hence, the inequality Ay < ¢ holds for all & > 0 such that

—Jlalllllmg o? + (a, b — (1 — ¥) > 0. (3.15)
The last relation is possible because in the hypotheses of the theorem

D = (a,0)* = 4(p — W)mg*all[[b] = 0. (3.16)
(3.15) is valid for o obeying the inequality

mo((a,b) — VD)

mO((a7 b) + \/5)
2] alfflo] '

2[allllol

<o <

Thus, the operator A maps the segment [0, o] into itself.

We are now in a position to obtain the estimate of u, in W3 (Q) provided that y €
[0,0]. Let wy = a — u,. This function satisfies (3.7)-(3.9) with k£ = y. Multiplying
(3.7) for k = y by w, in terms of the inner product of L*(Q) and integration by
parts in the first summand yields

(Muwy, wy) + yllwy|* = (Mwy, wy)ar +yllwy|* = y(a, wy). (3.17)

In view of (3.12) and the definition of w, we have y|(a,wy)| < o|/a||*. This inequality
and (3.17) implies by the ellipticity of M that

o \1/2
< |(— 1
gl < ()l (3.18)
whence
o \1/2
< |(— . .
Juglly < () lall + lalh (3.19)
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Furthermore, by [18, Chapter 3], the direct problem (2.6), (2.7) has a unique
solution w, € W () for all y > 0. Consequently, (3.7) is fulfilled almost everywhere
in Q and Mw, € Ly(Q2). Multiplying (3.7) with £ = y by Mw, in terms of the
inner product of L?(2) and integrating by parts in the second summand one can
obtain the equality

| Mwy||? + y(wy, Mwy)ar = y(a, Mw,). (3.20)

By (2.1), the second term of (3.20) is nonnegative and
Loy 2, 1 2
y | (a, Mwy) |< oflall [Mwyll < 5o7lla]l” + | Muwyl|". (3.21)

From (3.20)—(3.21) it follows that
[Mwy|| < ollall (3.22)
In view of the definition of w,, the inequalities (3.18), (3.22) and [18, Chapter 2]
[o]l2 < Car([[Mo]] + [|v]]), (3.23)

for v € WH(Q) N WZ(Q) with the constant Cj; depending on M and mes§2 imply
the estimate

luyllz < Crr(o + (amg )2 al| + [lall2- (3.24)

Now we can show that the operator A is continuous on [0,c]. Let y1, y2 € [0, 0]
and uy,, uy, be the solutions of the problem (3.7), (3.8) with k = y; and k = y»,
respectively. By the definition of the operator A, (3.12), (3.13),

luye — g, || 1B]] (1 = @) 1molluy, — ug, || (1]} (0 — ¥)

Ayr — Ays| < <
[Ay1 = Aual (a7, )2 (mo(a5) — o [af] [5])2

(3.25)

On the other hand, multiplying the difference of equations (2.6) for k = y; and
k = y2 by uy, —uy, in terms of the inner product of L?(2) and integration by parts
in the first summand of the resulting equality gives

(M(Uyl — Uy, ), Uy, — Uy,) 01 + Y1 |luy, — uy2H2 = (y2 — Y1) (Uyy s Uy, — Uy, ). (3.26)

The right term of (3.26) is estimated with the use of (3.12) as
1 mo
(2 = y1) (g uy, = uy)| < 5—y2 = wnf? lall® + = lluy, —ullf. (3:27)
2m0 2

By (2.1) and the nonnegativity of y1, from (3.26)—(3.27) we obtain the relation

-1
[uy, =y, [[1 < mg - lall ly2 = 31 - (3.28)

Joining (3.25) with

_ mo((a, b) - \/E) -0
PN TR (3.29)
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and (3.28) we are led to the inequality

Alall foll(p — @)
mo((a,b) + /D)2

|Ayr — Ays| < ly1 — vl (3.30)

which implies the continuity of A. Thus, by Brower’s theorem, the operator A has
a fixed point k* € (0,k1) and the pair {u*,k*} where the function u* satisfies
(2.6)—(2.7) with k = k* gives a solution of the problem (2.6)—(2.8).

It remains to prove that the solution of the problem (2.6)—(2.8) is unique under
the assumption (3.5). In this case the operator A is a contraction on [0, 0| because
A satisfies (3.30) with

4 bl[(n — ¥ b)?2
g= Ll Ple-0) @b

mo((a,0) +VD)* ~ ((a,b) + VD)

Let (v/,k") and (u”, k") be two solutions of the problem (2.6)—(2.8). Then &', k”
are the fixed poins of the operator A. By (3.30),

’k/ _ k//| — |Akl —Ak”‘ S q’k/ _ k//|

whence k' — k” = 0. This in turn implies v’ — «” = 0 in view of (3.28). [ |

Under the assumption (3.5) the solution {u, k} depends continuously on the input
data of Problem 2.

THEOREM 3.2 Let the hypotheses of Theorem 3.1 be fulfilled and {u;,k;} be the
unique solution of Problem 2 where f = f;, B = Bj, w=wj and p = pj, j = 1,2.
Then the estimate

Jur —usglla+1k1—ka| < K (|1 —pal+11f1 = foll+ 1181 = Balls /2 + w1 —wall12) (3.31)
holds with a positive constant K.

Proof. Let aj, bj be the solutions of the problems (3.1) and (3.3) where f = fj,
B = Bj, w = wj, j = 1,2. Repeating the arguments led to (3.10), one can show
that k; is the solution of the operator equation y = Aj;y where A;y is defined
by (3.11) for every y € [0,0;] and o; is given by (3.16) and (3.29) with p = p;,
f = fj, a=a;, b=">j, j =1,2. Estimating the right-hand side of the difference
k1 — ko = A1ky — Agks in the absolute value with the use of (3.10) and (3.13) we
come to the inequality

kamol|b1 ||[|ur — ua|

ki—ko| < K — v, —v b1—b .
N P e P

(3.32)

Here the positive constant K depends on mg, mes2, i, |¥5l, [|ajl|1, |bj]]1, 7 = 1,2.

On the other hand, the difference u = u; — ug satisfies (2.6)—(2.7) where k = ky,
f = (ka —ki)ug + f1 — f2 and B = 1 — (2. By the use of (3.6), (3.19), (3.24) for
uj and k; with a = a; and 0 = 0;, j = 1,2, one can obtain the estimates

Jur — uzlly < mg ' (o1]lar — az|| + |k — kallla]]) + [laz — a2}, (3.33)

Juy — uzl2 < Car(mo + 1)mg (o1]|lay — az|| + [k1 — kal[Jaa]]) + |la1 — az|l2, (3.34)
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much as (3.19) and (3.24) are proved. Without loss of generality we can suppose
that k1 > ko. Then (3.32) and (3.33) with o1 = o (see (3.29)) yield

|k1 — ko| < Ko |1 — po| + [¥1 — Wa| 4 [[b1 — ball1 (3.35)

where Ky depends on K, mg, o1, ||a1]|. Taking into account the definition of ¥},
j = 1,2, and joining (3.34)—(3.35) and the inequalities [19, Chapter 2]

lar —az2ll; < Co(llf1 — fall + 181 = Ballj—1/2), 7=1,2,
b1 = ball1 < Chllwr — walli/2, (3.36)

where the constants C; > 0, i = 1,2, depend on mg, m; and mes{2, we are led to
the estimate (3.31). |

Remark 3.1 The set of the input data fitting the conditions (3.4) and (3.5) is not
empty. For instance, if M = —A (A is the Laplacian), 8 = const > 0, w = const >
0 and f = 0, then by the strong maximum principle for the Laplace equation a = S,
b=win Q and ¥ = 0. In this case mq(a, b)Q(HCLHHbH)fl = Bwmes(). Therefore the
inequality (3.5) is valid for any 0 < p < % BuwmesS).

4. The inverse problem for pseudoparabolic equation

In this section we prove the existence and uniqueness theorem for Problem 1. For
the sake of convenience we keep the same notations f, § and w in Problems 1, 2
and suppose that from now on these functions depend on ¢ and z. We define the
functions a”(t,x), a"(t,x) and b"(t,z) as the solutions of the following problems.

aj +nMal +Ma” —~a” = f, (a7 + nMa")|=0 = Up, a”loq =5; (4.1)
aj +nMa] + Ma" +n"'a" = f, (a" + nMa")|—o = Uy, a"|on = B; (4.2)
b+ nMb" =0, Vo0 = w, (4.3)

where v > 0 is a real number. We also introduce the notation
Uop(t) = (af,07) + n(Ma, b")ar + (Ma", b")pr — (f,07). (4.4)

By a solution of Problem 1 is meant the pair of functions {u(¢,x),k(t)} such
that u(t,x) € C*([0,T); W3(2)),k(t) € C([0,T]); the pair {u(t,z),k(t)} satisfies
equation (2.2) almost everywhere in @7, the initial and boundary data (2.3), (2.4)
for almost all (¢,z) € S7JQ (Q = {(0,2), x € Q}) and the condition of overde-
termination (2.5) in (0,T).

The existence and uniqueness of the solution to Problem 1 is established by the
following theorem.

THEOREM 4.1 Let the assumptions I-II are fulfilled, n > 0, 0Q € C? and

(iii) f € C([0,T]); LA(), Uy € L2(Q), B,w € Wi'*(09), o(t) € C([0,T));
(iv) f > 0 almost everywhere in Qr, Uy > 0 for almost allxz € Q, § >0, w >0
for almost all (t,z) € Sp; there exist ag, Pg € R, ag > 0 such that for all
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t€[0,T]

(a”,0") > ao, (4.5)

Do < (1) = plt) — Wap(t) <0~ (a",b7). (4.6)
Then there erists a unique solution {u,k} of Problem 1. Moreover, the estimates
0<a’<u<a’, —y<k@®)<n',  Julla+lul2<Cs (47

hold with constants v > 0 and Cs > 0 for almost all (t,z) € Q7.

Proof. We reduce Problem 1 to an equivalent inverse problem with a nonlinear
operator equation for k(¢) in much the same way as in the proof of Theorem 3.1. To
do this we multiply (2.2) by b7 in terms of the inner product of L?(Q) and integrate
by parts in the second and third terms of the resulting equality. By (2.3)-(2.5),
this yields

ob"
(ug, ) — o(t) + /69 (Uﬂt + 5)6—Nds + (k(t)u, b") + (nug + u, Mb") = (f,b"),

whence in view of (4.3), (4.4), (4.6) and the fact that

/8 . (nBe + B) g?\tds =W, p(t) + 0 (a",b7) + (f,b) (4.8)
the relation

k(1) (u, 07) = (1) = Wap(t) — 0~ (a",07) + 17" (u,0") (4.9)
comes for all ¢ € [0, T).

Let the operator B maps every element z(t) € C,([0,T]) = {z € C([0,T7),
—v <z <n~ !} into a function Bz € C([0,T]) by the rule

@(t) B \Ija,b(t) B ﬁ_l(a"a b’7) + n_l(UZ7 b77)
(uz, b") 7

Bz = (4.10)

where u, is the solution of the direct problem (2.2)—(2.4) with k(t) = z(¢). The
element Bz is meaningful for every z € C,([0,7]). Indeed, the direct problem
(2.2)—(2.4) with k = 2 has a unique solution u, € C*([0,T]); W(Q2)) for every
z € Cy([0,T]) by Theorem 2.1 [4]. Moreover, from Lemma 2.2 it follows that for
z(t) € C4([0,TY), the solution u, fulfils the inequality

0<a"<u, <a (4.11)

almost everywhere in @, which implies (u,,b) > 0 on [0,T].
Problem 1 is solvable if and only if the operator equation

z =Bz (4.12)

has a solution in C([0,T7]). Really, the deduction of equation (4.10) shows that
if {u,,z} is a solution of Problem 1, then z is a fixed point of the operator B

10
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by (4.10). On the other hand, let z* is a solution of equation (4.12) and u* is a
solution of (2.2)—(2.4) with k(t) = z*(¢). In view of (4.8), (4.10), (4.12) multiplying
(2.2) by b" in terms of the inner product of L?(2) and integration by parts twice
in the second and third summands implies that the pair {u*(¢, z), 2*(t)} obeys the
cobdition of overdetermination and is the solution of Problem 1.

Let us find such v > 0 that the operator B maps C,([0,7T]) into itself. In view
of (4.6) Bz < n~! for every z(t) € C([0,T]) and z(t) < n~!. By (4.6), (4.10) and
(4.11),

Bz >

min{0, @} — n~(a”,b") _ _(1 min{0, <I>0}>

(a7, 07) no (an,b7)

Thus, the operator B maps C,([0,7]) with

1 min{0, ®o}
=—— 4.1
T e (419
into itself and the inequality
—y < Bz<ny! (4.14)

is valid. Moreover, the operator B is a contraction on C,([0,T7]). Really, let 21, 22 €
C,([0,T1]) and u1,us are the solutions to the problem (2.2)—(2.4) with k(t) = z1(¢)
and k(t) = z(t), respectively. Multiplying the difference of equations (2.2) with
k =z and k = 2z by @& = u; — uz in terms of the inner product of L?(12),
integrating by parts in the first and second summands and estimating the right
side of the resulting relation, one can show that

d —12 _ —112 — - =12 2
- < n
& [P +nrm | < (294 1) (al? + n(dam.an ) + 122 max. o)

in view of (4.11) where z = k1 —ks. Acording to the Gronwall lemma, this inequality
implies the estimate

t t
1lJ2 -+ (M, @)1 < 2+ max Ha”||/ 2 2dr = 04/ 12 2dr. (4.15)
t€[0,T] 0 0

On the other hand, by the definition of B, (4.11), (4.13) and (4.14)

Joining (4.15) and the last inequality we obtain

t 1/2
|Bzy — Bzo| < 05(/ |z|2dr) (4.16)
0

where the constant C5 depends on Cy, 7, maxe(o r) [|67|| and min,ejo 7y(a”, b"). Let
us define the norm

L= vt 4.17
|2| tgg§]{e ||} (4.17)

11
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in C([0,T]) with a constant v > 0. By (4.16),

Cs

t 1/2
—vt R, 2v —2vT | 5|2
|Bz1 — Bza|, < Cs tgg};]{e Bzg(/0 e e Z| dT) I < )12

)

12w,

from which we conclude that the operator B is a contraction on C,([0,77) in terms
of the norm |- |, with v > %052 Then according to the principle of contraction
mappings, the operator B has a unique fixed point k*(t) € C,([0,T]). The pair of
the functions k*(t) and u* satisfying (2.2)—(2.4) with k = k*(t) gives the solution
of Problem 1. The uniqueness of this solution follows from the contractibility of B
and the estimate (4.15).

It remains to obtain the estimates of u and u; in W2(£2). We multiply the differ-
ence of equations (2.2) and (4.2)

(u—am)+nM(u—a")+ M(u—a") = —k(t)u + ;a” (4.18)

by Mw" where w" = u — a” in terms of the inner product of L?(f2) and integrate
by parts in the first summand. This yields

1d d
§a<w”,Mw”>M + g£||Mw”H2 + H]Ww””2 = (n_la” — k(t)u,Mw”). (4.19)
By (4.7),
—-1_7 n 1 ¥ —1y o2 L L 72
|(n"a™ = k(t)u, Mw")| < 5(7”@ I+ 0~ la"]) + 5 [ Mw?|". (4.20)

Integrating (4.19) with respect to ¢ from 0 to 7, 0 < 7 < T, and taking into account
(4.20) we are led to the inequality

<w”7Mw”>M+77HMw"||2§/O (vlla[l + 0~ la"]]) dt, (4.21)

which implies by (3.23) that for every t € (0,T")

C(M /t ~1 2 1/2
ulle < —— ylla¥|| + 0~ ||a"||)"dT + ||la”||| + [|a”]|2- 4.22
Julle < 5 | (f Gl 07 al)’ar) ™+ a7 + a7l (4.22)

Turning back to equation (4.18) we can get the estimate for u;. In view of (4.7),
(4.21) we have

(T +nd)w]|| < (' T2 + 1) H|a"]| +~la”]]) = Cs. (4.23)
Furthermore, multiplying (4.18) by wj in terms of the inner product of L?(2) and
integrating by parts in the second summand of the left-hand side of the resulting
equality give

[wf |+ n(Mw], wi) = (= Mw" = k(t)u+n"'a", w]),
from which and (2.1), (4.7), (4.21) it follows that

lwf || + 2mmo|lwf | < CF. (4.24)

12
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Since the operator I + nM is elliptic, the inequality [18, Chapter 2]
[vll2 < Car(I(T +nM)v|| + [[ol]) (4.25)

is valid for all v € WQI(Q) N W3(Q). Here the constant Cy; depends on M, i and
0. This inequality, (4.23) and (4.24) imply that

[uell2 < 2CnCs + [[af||a- (4.26)
Joining (4.23) and (4.26) we obtain the last estimate (4.7). [ |

Under the hypotheses of Theorem 4.1 the constructed solution {u(t,x),k(t)}
depends continuously on the input data of Problem 1.

THEOREM 4.2 Let the hypotheses of Theorem 4.1 be fulfilled and {u;(t, ), k;(t)}
be the unique solution of Problem 1 where f = f;(t,z), Uy = Uj(x), B = B;(t, x),
w=wj(t,x) and ¢ = p;(t), j =1,2. Then the estimates

[k1 — kalleqom < Ks{ nasx [ler — a2l + [If1 = foll + 1181 — Ball1 2

Hlwr —wally2] + 11U — UG}, (4.27)

Jur — waller o, rwz () < Kaf nax [le1 = ol + ILf1 = foll] + 1Us — UGl

18 = Belles qo,rywsr=(oay) + 11 = wallos qo,rawy 2 oa ) (4.28)

hold with certain positive constants K3 and Ky.

Proof.  Let aj, aj and b] be the solutions of the problems (4.1)~(4.3) where f = f;,

Uy = Ug B = Bj, w=wj, j = 1,2. Repeating the arguments led to (4.12) one can
show that k;(t) is the solution of the operator equation z = Bj;z where B;z is
defined by (4.10) for every z € C,,([0,7]) and ~; is given by (4.13) with a” = aj,

b = b?, j=1,2. In view of (4.5), (4.7) and (4.9) the difference k = k; — ky satisfies
the inequality where \I’i,b(t) is defined by (4.4) with a" = a, 0" = b] and f = f;,
j =1,2. From the last inequality, (4.5) and (4.7) it follows that

[k < Crllor — ool + W2, — gl + llall + [1BlI] + g (v2 + 0~ Hlallbfll.  (4.29)

Here W, (t) is defined by (4.4) with a” = al, " = bl and f = f;, j = 1,2,
a=aj—ad, b=>] -0l 4 =u; — ug, the positive constant C7 depends on 7, v,
oo, maxepo,7i{llajll, lla] [, [1671}-

On the other hand, the functions w = @ — a and k satisfy the relations

Wy 4+ My + M+ ki ()0 = — (ki (t) —n~Y)a — kus, (4.30)
(u? + thD)’t:() = 0, UNJ‘BQ =0.

Multiplying (4.30) by @ in terms of the inner product of L?(f2), integrating by
parts in the left part and estimating the right-hand side of the resulting equality

13
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with the help of (4.7) we conclude by the Gronwall lemma that
t 1/2
lall < [/0 (7" + ) all? + (ka3 |?) e dr | 4 jlall. (4.31)

This inequality and (4.29) imply that

[l < Cs{lor — palo + 192, — gl + max [(laf + IBl)e™) + (2v) 712 k], }

where | - |, is the norm (4.17) and the positive constant Cs depends on C7, 1, ayg,
T, v;, maxyepo.rillajll, llaf |l 10711}, 5 = 1,2. Choosing v = vy = 202 we are led to
the estimate

Ikl oy < 2086”1Tt1£3§] {lor — ool + 92, = Vgl + llall + [I6] — b3l } (4.32)

and in view of (4.31) we have

ma [ < Co maxe {ln — ool + U2, — Wiyl + all + 6] B3I} (1.33)

)

where Cy depends on Cs, 1, ao, T', v1, 75, maxepo r llaf [, j = 1,2

The inequalities (4.32) and (4.33) allows to get the appropriate estimates for
uy — ug in C*([0, T); WZ(€2)). By the use of (4.7), (4.22) for u; and k; with a = a;
and 7 = v;, j = 1,2, one can obtain the estimates

Iallz < Cu [y (lall 2@r) + Nall 2 @) + IRl 1631 L2(@n)] + lall2, (4.34)

e < (7T +n)? [lall + 1*] a3 llogory:z2n] + ladll, (4.35)

much as (4.22) and (4.24) are proved. From (4.30) (4.34) and the assumption I it
follows that

(7 +nM)@el| < il + [kllla3 || + ma(lallz + [|a]2) (4.36)

L=@) Ll =

where the positive constant mz depends on n, ||mg/| () and ||(m4)z,
1,2,...,n. By (4.25) and (4.36),

lell2 < Car[allall + [kllla3 | + ma(llallz + lal2) + Naell + llal] + llall.

Joining the last relation, (3.36), (4.32)—(4.35), the definition of \Iffl » J = 1,2, and
the inequalities

lallg < Cro(llfr = fall + 1Bllg-1/2 + U5 = UG 1),
laelly < Cralllfe = Foll + 1Bllg—1/2 + 1Bellg—1/2 + 1UG = UG, a=1,2,

for all t € [0,T] where B = 81 — B, the constants C1g, C11 depend on mg, mq and
mes(), we come to the estimates (4.27), (4.28). [ |
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Remark 4.1 The set of the input data fitting the conditions of Theorem 4.1 is
not empty. Let Q = (0,7), n > 0, M = —%, B(t,x) = const > 0, w(t,x) =
const >0, f =0 and Uy = B + (1 + n)sinz > 0. In this case a” = e~*/"(f + sinz),

b = w(sinh% + sinh%)/sinh%. Then (a”,b") > 2nwe™t/71(1 4+n)~! > 0, that is

(4.5) is fulfilled. Since W, 4(t) = —n~!(a",b"), the condition (4.6) is valid for any
nonpositive ¢(t) € C([0,T7).
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