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ȼȼȿȾȿɇɂȿ 
 

ɋɨɜɪɟɦɟɧɧɵɟ ɦɨɞɟɥɢ ɜ ɩɪɢɤɥɚɞɧɵɯ ɧɚɭɤɚɯ ɨɩɢɫɵɜɚɸɬɫɹ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɦɢ ɭɪɚɜɧɟɧɢɹɦɢ. Ɉɞɧɢɦ ɢɡ ɧɚɩɪɚɜɥɟɧɢɣ ɞɥɹ ɢɫɫɥɟɞɨɜɚɧɢɹ 

ɫɢɫɬɟɦɵ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɹɜɥɹɟɬɫɹ ɫɨɜɪɟɦɟɧɧɵɣ ɝɪɭɩɩɨɜɨɣ 

ɚɧɚɥɢɡ, ɢɫɬɨɤɢ ɝɪɭɩɩɨɜɨɝɨ ɚɧɚɥɢɡɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɧɚɯɨɞɹɬɫɹ 

ɜ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ ɪɚɛɨɬɚɯ ɋɨɮɭɫɚ Ʌɢ. 
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1 Ɉɫɧɨɜɧɵɟ ɩɨɧяɬɢя ɢ ɨɩɪɟɞɟɥɟɧɢя 

1.1 Ɉɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɢɟ ɝɪɭɩɩɵ Ʌɢ ɢ ɨɩɟɪɚɬɨɪɵ 

Ɋɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ܶ ∶ ܴ௡  →  ܴ௡, ɨɩɪɟɞɟɥɹɟɦɵɟ ɮɨɪɦɭɥɨɣ ̅ݔ = ݂ሺݔሻ: ݔ, ݔ̅ ∈ ܴ௡. ɉɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ܶ ɨɛɪɚɬɢɦɵ, ɬɨ 

ɟɫɬɶ ɫɭɳɟɫɬɜɭɟɬ ܶ−ଵ ɬɚɤɨɟ, ɱɬɨ ݔ = ܶ−ଵ̅ݔ. ɉɪɨɢɡɜɟɞɟɧɢɟɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ଵܶɢ ଶܶ ɹɜɥɹɟɬɫɹ ɢɯ ɤɨɦɩɨɡɢɰɢɹ, ɬɨ ɟɫɬɶ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɟ ɩɪɢɦɟɧɟɧɢɟ ሺ ଵܶ ଶܶሻݔ =  ଵܶሺ ଶܶݔሻ. ɍɦɧɨɠɟɧɢɟ, ɡɚɞɚɧɧɨɟ ɬɚɤɢɦ ɩɪɚɜɢɥɨɦ, ɨɛɥɚɞɚɟɬ 

ɫɜɨɣɫɬɜɨɦ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ: ଵܶሺ ଶܶ ଷܶሻ  =  ሺ ଵܶ ଶܶሻ ଷܶ.  

Ɋɚɫɫɦɨɬɪɢɦ ɫɟɦɟɣɫɬɜɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ { ௔ܶ},ɨɩɪɟɞɟɥɹɟɦɨɟ ɮɨɪɦɭɥɚɦɢ ̅ݔ = ݂ሺݔ, ܽሻ: ݔ, ݔ̅ ∈ ܴ௡ ɢ ɡɚɜɢɫɹɳɟɟ ɨɬ ɜɟɳɟɫɬɜɟɧɧɨɝɨ ɩɚɪɚɦɟɬɪɚ ܽ ∈ ∆⊂ R. 

Ɉɩɪɟɞɟɥɟɧɢɟ 1. ɋɟɦɟɣɫɬɜɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ { ௔ܶ} ɧɚɡɵɜɚɟɬɫɹ ɥɨɤɚɥɶɧɨɣ 

ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɨɣ ɧɟɩɪɟɪɵɜɧɨɣ ɝɪɭɩɩɨɣ Ʌɢ, ɟɫɥɢ ɫɭɳɟɫɬɜɭɟɬ ɢɧɬɟɪɜɚɥ ∆,⊂ ∆ ɬɚɤɨɣ, ɱɬɨ ɜɵɩɨɥɧɟɧɵ ɫɥɟɞɭɸɳɢɟ ɚɤɫɢɨɦɵ: 

1. {ܶ} ɡɚɦɤɧɭɬɨ ɜ ∆, ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ ɭɦɧɨɠɟɧɢɹ, ɬɨ ɟɫɬɶ ɞɥɹ ɜɫɟɯ ∀ ܽ, ܾ ∈ ∆, ɜɵɩɨɥɧɟɧɨ ௔ܶ ௕ܶ = ௖ܶ ∈ {ܶ}, ɝɞɟ с = 𝜑ሺܽ, ܾሻ ∈ ∆, - ɡɚɤɨɧ 

ɭɦɧɨɠɟɧɢɹ ɜ ɝɪɭɩɩɟ; 

2. Ɂɚɤɨɧ ɭɦɧɨɠɟɧɢɹ ɹɜɥɹɟɬɫɹ ɝɥɚɞɤɢɦ, ɬɨ ɟɫɬɶ 𝜑ሺܽ, ܾሻ ∈ ,∆ଶሺܥ × ∆,ሻ; 

3. ɋɟɦɟɣɫɬɜɨ {ܶ} ɥɨɤɚɥɶɧɨ ɭɩɨɪɹɞɨɱɟɧɨ ɜ ∆,, ɬɨ ɟɫɬɶ ∀ ܽ, ܾ ∈  ∆,ɢɡ ௔ܶ =௕ܶɫɥɟɞɭɟɬ ܽ = ܾ. 

4. ɋɟɦɟɣɫɬɜɨ{ܶ}ɫɨɞɟɪɠɢɬ ɟɞɢɧɢɰɭ ɜ ∆,, ɬɨ ɟɫɬɶ ∃ܽ଴ ∈ ∆, ɬɚɤɨɟ, ɱɬɨ ௔ܶబ =  ܫ

– ɬɨɠɞɟɫɬɜɟɧɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ. 

5. ɋɭɳɟɫɬɜɨɜɚɧɢɟ ɨɛɪɚɬɧɨɝɨ ɷɥɟɦɟɧɬɚ, ɬɨ ɟɫɬɶ ∀ܽ ∈ ∆,  ∃ܽ−ଵ ∈ ∆, ɬɚɤɨɣ, 

ɱɬɨ 𝜑ሺܽ−ଵ, ܽሻ = 𝜑ሺܽ, ܽ−ଵሻ = ܽ଴ (ɢɧɚɱɟ ɡɚɩɢɫɵɜɚɟɬɫɹ ɬɚɤ:  ௔ܶ−ଵ = ܶ௔−భ). 

ɂɧɬɟɪɜɚɥ ∆, ɦɨɠɟɬ ɛɵɬɶ ɜɵɛɪɚɧ ɞɨɫɬɚɬɨɱɧɨ ɦɚɥɵɦ ɬɚɤ, ɱɬɨɛɵ ɜ ɧёɦ 

ɜɵɩɨɥɧɹɥɢɫɶ ɚɤɫɢɨɦɵ, ɩɨɷɬɨɦɭ ɜ ɨɩɪɟɞɟɥɟɧɢɟ ɝɪɭɩɩɵ ɩɪɢɦɟɧɹɟɬɫɹ ɬɟɪɦɢɧ 

«ɥɨɤɚɥɶɧɚɹ». ȼ ɩɨɫɥɟɞɭɸɳɟɦ ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɚɹ ɧɟɩɪɟɪɵɜɧɚɹ ɝɪɭɩɩɚ Ʌɢ 

ɥɨɤɚɥɶɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɨɛɨɡɧɚɱɚɟɬɫɹ ɫɢɦɜɨɥɨɦ ܩଵ. 
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Ɉɩɪɟɞɟɥɟɧɢɟ 2. ɉɚɪɚɦɟɬɪ  ܽ ɧɚɡɵɜɚɟɬɫɹ ɤɚɧɨɧɢɱɟɫɤɢɦ, ɜ ɫɥɭɱɚɟ ɟɫɥɢ 

ɡɚɤɨɧ ɭɦɧɨɠɟɧɢɹ ɜ ɝɪɭɩɩɟ ܩଵ ɨɩɪɟɞɟɥɹɟɬɫɹ ɮɨɪɦɭɥɨɣ 𝜑ሺܽ, ܾሻ = ܽ + ܾ. 

ɂɧɮɢɧɢɬɟɡɢɦɚɥɶɧɵɣ ɨɩɟɪɚɬɨɪ 

Ɋɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɥɨɤɚɥɶɧɚɹ ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɚɹ ɝɪɭɩɩɚ Ʌɢ ܩଵ ɫ 

ɤɚɧɨɧɢɱɟɫɤɢɦ ɩɚɪɚɦɟɬɪɨɦ ܽ ∈ ∆⊂ ܴ, ɤɨɬɨɪɚɹ ɡɚɞɚɧɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹɦɢ ௔ܶ ݔ̅∶ = ݂ሺݔ, ܽሻ, ݔ ∈ ܴ௡. Ɏɭɧɤɰɢɸ  ݂ሺݔ, ܽሻ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɩɪɨɢɡɜɨɞɹɳɟɣ 

ɮɭɧɤɰɢɟɣ ɝɪɭɩɩɵ ܩଵ. Ɏɢɤɫɢɪɭɹ ɬɨɱɤɭ ݔ ɢ ɢɡɦɟɧɹɹ ɩɚɪɚɦɟɬɪܽ, ɩɨɥɭɱɢɦ 

ɤɪɢɜɭɸ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ܴ௡, ɩɪɟɞɫɬɚɜɥɹɸɳɭɸ ɫɨɛɨɣ ɨɪɛɢɬɭ ɬɨɱɤɢ ݔ. 

Ʉɚɫɚɬɟɥɶɧɵɣ ɤ ɞɚɧɧɨɣ ɤɪɢɜɨɣ ɜɟɤɬɨɪ ξ ɜ ɬɨɱɤɟ ݔ ɫɨɫɬɨɢɬ ɢɡ ɤɨɦɩɨɧɟɧɬ 

ξ௜ሺݔሻ = ߲݂௜ሺݔ, ܽሻ߲ܽ |௔=଴. 
Ɉɩɪɟɞɟɥɟɧɢɟ 3. ɂɧɮɢɧɢɬɟɡɢɦɚɥɶɧɵɦ ɨɩɟɪɚɬɨɪɨɦ ɝɪɭɩɩɵ ܩଵ 

ɧɚɡɵɜɚɟɬɫɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɣ ɨɩɟɪɚɬɨɪ 

ܺ = ∑ ξ௜ሺݖሻ 𝜕𝜕௭೔௡௜=ଵ . 

1.2  ɂɧɜɚɪɢɚɧɬɵ ɢ ɢɧɜɚɪɢɚɧɬɧɵɟ ɦɧɨɝɨɨɛɪɚɡɢя ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɨɣ 
ɝɪɭɩɩɵ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ 

 Ɉɩɪɟɞɟɥɟɧɢɟ 4.Ɏɭɧɤɰɢɹ ܨሺݖሻ ɧɚɡɵɜɚɟɬɫɹ ɢɧɜɚɪɢɚɧɬɨɦ ɝɪɭɩɩɵ 

ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ݖ , = ݂ሺݖ, ܽሻ ≡ ݖ + ξሺzሻa + oሺaሻ, ɟɫɥɢ ∀(ɞɨɩɭɫɬɢɦɵɯ) ݖ, ,ݖሺ݂ሺܨ :ܽ ܽሻሻ =  .ሻݖሺܨ

Ɉɩɪɟɞɟɥɟɧɢɟ Ͷ,. Ɏɭɧɤɰɢɹ ܨሺݔሻ ɧɚɡɵɜɚɟɬɫɹ ɢɧɜɚɪɢɚɧɬɨɦ ɝɪɭɩɩɵ 

ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ܩଵ, ɟɫɥɢ ∀ܶ ∈ ሻݔሺܶܨ ଵ ɢɦɟɟɬ ɦɟɫɬɨ ɬɨɠɞɟɫɬɜɨܩ =  .ሻݔሺܨ

Ɍɟɨɪɟɦɚ. Ɏɭɧɤɰɢɹ ܨሺݔሻ ɧɚɡɵɜɚɟɬɫɹ ɢɧɜɚɪɢɚɧɬɨɦ ɝɪɭɩɩɵ 

ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ܩଵ ɤɨɝɞɚ ɜɵɩɨɥɧɟɧɨ ɪɚɜɟɧɫɬɜɨ: 
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ܨܺ ≡ ξ௜ሺݔሻ ௜ݔ߲ܨ߲ = Ͳ.                                                                               ሺͳሻ 

Ɉɩɪɟɞɟɥɟɧɢɟ 5. ɉɨɥɧɵɣ ɧɚɛɨɪ ɮɭɧɤɰɢɨɧɚɥɶɧɨ ɧɟɡɚɜɢɫɹɳɢɯ 

ɢɧɜɚɪɢɚɧɬɨɜ ɝɪɭɩɩɵ ɧɚɡɵɜɚɟɬɫɹ ɛɚɡɢɫɨɦ ɢɧɜɚɪɢɚɧɬɨɜ ɷɬɨɣ ɝɪɭɩɩɵ. 

Ɂɚɦɟɱɚɧɢɟ. Ʉɪɢɬɟɪɢɣ ɢɧɜɚɪɢɚɧɬɧɨɫɬɢ ξ௜ሺݖሻ = 𝜕ிሺ௭ሻ𝜕௭೔ = Ͳ ɩɪɟɞɫɬɚɜɥɹɟɬ  

ɫɨɛɨɣ ɥɢɧɟɣɧɨɟ ɨɞɧɨɪɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ ɜ ɱɚɫɬɧɵɯ ɩɪɨɢɡɜɨɞɧɵɯ 1-ɝɨ ɩɨɪɹɞɤɚ. 

ȼɫɥɟɞɫɬɜɢɟ ɷɬɨɝɨ ɜɫɹɤɚɹ ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɚɹ ɝɪɭɩɩɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɜ ܴ𝑁ɢɦɟɟɬN-1 ɮɭɧɤɰɢɨɧɚɥɶɧɨ ɧɟɡɚɜɢɫɹɳɢɯ ɢɧɜɚɪɢɚɧɬɨɜ, ɩɪɢ ɷɬɨɦ ɜɫɹɤɢɣ 

ɞɪɭɝɨɣ ɢɧɜɚɪɢɚɧɬ ɩɪɟɞɨɫɬɚɜɥɟɧɧɨɣ ɝɪɭɩɩɵ ɹɜɥɹɟɬɫɹ ɮɭɧɤɰɢɟɣ ɞɚɧɧɵɯN-1 

«ɛɚɡɢɫɧɵɯ» ɢɧɜɚɪɢɚɧɬɨɜ. ȼ ɤɚɱɟɫɬɜɟ ɬɚɤɨɝɨ ɛɚɡɢɫɚ ɦɨɠɧɨ ɜɵɛɪɚɬɶ ɥɟɜɵɟ 

ɱɚɫɬɢ ɩɟɪɜɵɯ ɢɧɬɟɝɪɚɥɨɜ ܬଵሺݖሻ = ,ଵܥ … , ሻݖ𝑁−ଵሺܬ =  𝑁−ଵܥ

ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ 

ௗ௭భξభሺ௭ሻ = ௗ௭మξమሺ௭ሻ = ⋯ = ௗ௭𝑁ξ𝑁ሺ௭ሻ. 
Ɉɩɪɟɞɟɥɟɧɢɟ 6. Ɇɧɨɝɨɨɛɪɚɡɢɟ — ɯɚɭɫɞɨɪɮɨɜɨ ɬɨɩɨɥɨɝɢɱɟɫɤɨɟ 

ɩɪɨɫɬɪɚɧɫɬɜɨ ɫɨ ɫɱёɬɧɨɣ ɛɚɡɨɣ, ɥɸɛɚɹ ɬɨɱɤɚ ɤɨɬɨɪɨɝɨ ɨɛɥɚɞɚɟɬ 

ɨɤɪɟɫɬɧɨɫɬɶɸ, ɝɨɦɟɨɦɨɪɮɧɨɣ ɟɜɤɥɢɞɨɜɭ ɩɪɨɫɬɪɚɧɫɬɜɭ. ȿɜɤɥɢɞɨɜɨ 

ɩɪɨɫɬɪɚɧɫɬɜɨ ɹɜɥɹɟɬɫɹ ɫɚɦɵɦ ɩɪɨɫɬɵɦ ɩɪɢɦɟɪɨɦ ɦɧɨɝɨɨɛɪɚɡɢɹ. Ȼɨɥɟɟ 

ɫɥɨɠɧɵɦ ɩɪɢɦɟɪɨɦ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɩɨɜɟɪɯɧɨɫɬɶ Ɂɟɦɥɢ. 

Ƚɨɦɟɨɦɨɪɮɢɡɦ - ɜɡɚɢɦɧɨ ɨɞɧɨɡɧɚɱɧɨɟ ɢ ɜɡɚɢɦɧɨ ɧɟɩɪɟɪɵɜɧɨɟ 

ɨɬɨɛɪɚɠɟɧɢɟ ɬɨɩɨɥɨɝɢɱɟɫɤɢɯ ɩɪɨɫɬɪɚɧɫɬɜ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 7. Ɇɧɨɝɨɨɛɪɚɡɢɟ ܯ ɢɧɜɚɪɢɚɧɬɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɝɪɭɩɩɵ ܩଵ ɤɨɝɞɚ ɞɥɹ ɜɫɹɤɨɣ ɬɨɱɤɢ ݔ ∈ ܶ ɢ ɞɥɹ ɥɸɛɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ܯ ݔܶ ଵɜɵɩɨɥɧɟɧɨܩ∋ ∈  .ܯ

ɉɭɫɬɶ ɦɧɨɝɨɨɛɪɚɡɢɟ ܯ ⊂ ܴ௡ ɡɚɞɚɧɨ ɫɢɫɬɟɦɨɣ ɭɪɚɜɧɟɧɢɣ: 

https://ru.wikipedia.org/wiki/%D0%A5%D0%B0%D1%83%D1%81%D0%B4%D0%BE%D1%80%D1%84%D0%BE%D0%B2%D0%BE_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
https://ru.wikipedia.org/wiki/%D0%A5%D0%B0%D1%83%D1%81%D0%B4%D0%BE%D1%80%D1%84%D0%BE%D0%B2%D0%BE_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
https://ru.wikipedia.org/wiki/%D0%92%D1%82%D0%BE%D1%80%D0%B0%D1%8F_%D0%B0%D0%BA%D1%81%D0%B8%D0%BE%D0%BC%D0%B0_%D1%81%D1%87%D1%91%D1%82%D0%BD%D0%BE%D1%81%D1%82%D0%B8
https://ru.wikipedia.org/wiki/%D0%93%D0%BE%D0%BC%D0%B5%D0%BE%D0%BC%D0%BE%D1%80%D1%84%D0%B8%D0%B7%D0%BC
https://ru.wikipedia.org/wiki/%D0%97%D0%B5%D0%BC%D0%BB%D1%8F_(%D0%BF%D0%BB%D0%B0%D0%BD%D0%B5%D1%82%D0%B0)
https://ru.wikipedia.org/wiki/%D0%9D%D0%B5%D0%BF%D1%80%D0%B5%D1%80%D1%8B%D0%B2%D0%BD%D0%BE%D0%B5_%D0%BE%D1%82%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5
https://ru.wikipedia.org/wiki/%D0%9D%D0%B5%D0%BF%D1%80%D0%B5%D1%80%D1%8B%D0%B2%D0%BD%D0%BE%D0%B5_%D0%BE%D1%82%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5
https://ru.wikipedia.org/wiki/%D0%A2%D0%BE%D0%BF%D0%BE%D0%BB%D0%BE%D0%B3%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%BE%D0%B5_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE


7 

 

M:          ψ𝜎ሺݔሻ = Ͳ, 𝜎 = ͳ, … ,  ሺʹሻ                                                               .ݏ

Ɉɩɪɟɞɟɥɟɧɢɟ 8. Ɇɧɨɝɨɨɛɪɚɡɢɟ ܯ ɪɟɝɭɥɹɪɧɨ ɡɚɞɚɧɨ ɭɪɚɜɧɟɧɢɹɦɢ (2) 

ɟɫɥɢ ɦɚɬɪɢɰɚ əɤɨɛɢ ‖𝜕ψ𝜎𝜕௫೔ ‖ ɢɦɟɟɬ ɜ ɬɨɱɤɚɯ ܯ ɪɚɧɝ ɪɚɜɧɵɣ ݏ. ɑɢɫɥɨ ݊  .ܯ ɤɨɪɚɡɦɟɪɧɨɫɬɶɸ ɦɧɨɝɨɨɛɪɚɡɢɹ – ݏ ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɦɟɪɧɨɫɬɶɸ, ɚݏ−

Ʉɪɢɬɟɪɢɣ ɢɧɜɚɪɢɚɧɬɧɨɫɬɢ. 

ɉɭɫɬɶ ܨ = ሺܨଵ , … , ݔ 𝑝ሻ – ɚɧɚɥɢɬɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ ɨɬܨ = ሺݔଵ, … ,  ௡ሻ ɢݔ

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ݑ = ሺݑଵ , … , ܨ ௠ሻ, ɬɨ ɟɫɬɶݑ = ሺݔ, ,ݑ ,ଵݑ … ,  ,𝑠ሻݑ

ɝɞɟ ݏ ≥ ͳ – ɧɟɤɨɬɨɪɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ. ɋɢɦɜɨɥɨɦ ݒܨ  ɨɛɨɡɧɚɱɚɟɬɫɹ 

ɫɨɜɨɤɭɩɧɨɫɬɶ ɮɭɧɤɰɢɣ ܦ௜భ … ܨ ݏ ሻ. ɍɪɚɜɧɟɧɢɟ ɩɨɪɹɞɤɚܨ௜𝑣ሺܦ = ሺݔ, ,ݑ ,ଵݑ … , 𝑠ሻݑ = Ͳ,                                                                        ሺͶሻ 

ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɫɨɜɦɟɫɬɧɨ ɫɨ ɜɫɟɦɢ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɦɢ ɫɥɟɞɫɬɜɢɹɦɢ ɢ ɬɟɦ 

ɫɚɦɵɦ ɩɨɪɨɠɞɚɟɬ (ɛɟɫɤɨɧɟɱɧɨɦɟɪɧɨɟ) ɦɧɨɝɨɨɛɪɚɡɢɟ [F] ⊂ Z, ɡɚɞɚɧɧɨɟ 

ɛɟɫɤɨɧɟɱɧɨɣ ɫɢɫɬɟɦɨɣ ɭɪɚɜɧɟɧɢɣ [F]: ܨ = Ͳ, ௩ܨ = Ͳ, ݒ = ͳ,ʹ, …                                               ሺͷሻ 

 Ȼɭɞɟɦ ɝɨɜɨɪɢɬɶ, ɱɬɨ ɭɪɚɜɧɟɧɢɟ (4) ɡɚɞɚёɬ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ 

ɦɧɨɝɨɨɛɪɚɡɢɟ [F]. ɍɪɚɜɧɟɧɢɟ (5) ɧɚɡɵɜɚɟɬɫɹ ɢɧɜɚɪɢɚɧɬɧɵɦ ɨɬɧɨɫɢɬɟɥɶɧɨ 

ɝɪɭɩɩɵ Ʌɢ, ɜ ɫɥɭɱɚɟ ɟɫɥɢ ɢɧɜɚɪɢɚɧɬɧɨ ɦɧɨɝɨɨɛɪɚɡɢɟ [F]. 
Ɍɟɨɪɟɦɚ. ɉɭɫɬɶ ܩଵ – ɝɪɭɩɩɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ Ʌɢ, ɚ ܺ- ɟё ɤɚɫɚɬɟɥɶɧɨɟ 

ɜɟɤɬɨɪɧɨɟ ɩɨɥɟ. Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɦɧɨɝɨɨɛɪɚɡɢɟ [F] ɢɧɜɚɪɢɚɧɬɧɨ 

ɨɬɧɨɫɢɬɟɥɶɧɨ ܩଵ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ  ሺܺܨሻ[ி] = Ͳ. 
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1.3  Ɍɟɨɪɢя ɩɪɨɞɨɥɠɟɧɢя 

Ⱦɚɧɨ ɩɪɨɫɬɪɚɧɫɬɜɨܼ = ܴ௡ሺݔሻ × ܴ௠ሺݑሻ = X × U. ɉɟɪɟɦɟɧɧɵɟ ɞɟɥɹɬɫɹ 

ɧɚ ɞɜɚ ɬɢɩɚ: ݔ = ሺݔଵ, … , ݑ ,௡ሻ – ɧɟɡɚɜɢɫɢɦɵɟ ɩɟɪɟɦɟɧɧɵɟݔ = ሺݑଵ, … ,  – ௠ሻݑ

ɮɭɧɤɰɢɢ ɨɬݔ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 9.݇-ɵɦ ɩɪɨɞɨɥɠɟɧɢɟɦ ɩɪɨɫɬɪɚɧɫɬɜɚ ܼ ɧɚɡɵɜɚɟɬɫɹ 

ɩɪɨɫɬɪɚɧɫɬɜɨ ܼ௞ = ܺ × U × ଵܷ × … × ௞ܷ . 

Ɂɞɟɫɶ 𝑠ܷ = { 𝜕𝑠௨𝛼𝜕௫ೕభ…௫ೕ𝑠} – ɩɪɨɫɬɪɚɧɫɬɜɨ ɜɫɟɯ ɩɪɨɢɡɜɨɞɧɵɯ k-ɝɨ ɩɨɪɹɞɤɚ. 

 Ʉɨɨɪɞɢɧɚɬɚɦɢ (ɧɟɡɚɜɢɫɢɦɵɦɢ ɩɟɪɟɦɟɧɧɵɦɢ) ɜ ɩɪɨɞɨɥɠɟɧɧɨɦ 

ɩɪɨɫɬɪɚɧɫɬɜɟ ܼ௞  ɫɱɢɬɚɸɬɫɹ ɩɟɪɟɦɟɧɧɵɟ x, ɮɭɧɤɰɢɢ u, ɢ ɜɫɟ ɩɪɨɢɡɜɨɞɧɵɟ ݑ௝భ…௝𝑠𝛼  ɞɨ  ݇ -ɝɨ ɩɨɪɹɞɤɚ ɜɤɥɸɱɢɬɟɥɶɧɨ. Ɋɚɡɦɟɪɧɨɫɬɶ ɩɪɨɞɨɥɠɟɧɧɨɝɨ 

ɩɪɨɫɬɪɚɧɫɬɜɚ ɜɵɱɢɫɥɹɟɬɫɹ ɩɨ ɮɨɪɦɭɥɟ ݒ௞ = ܼ݀݅݉௞ = ݊ + ௡+௞௡ܥ݉ . 

Ɉɩɪɟɞɟɥɟɧɢɟ 10. Ʌɨɤɚɥɶɧɚɹ ɝɪɭɩɩɚ Ʌɢ ܩ௞, ɩɨɥɭɱɟɧɧɚɹ 

ɪɚɫɩɪɨɫɬɪɚɧɟɧɢɟɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɝɪɭɩɩɵ ܩଵ ɧɚ ɩɪɨɢɡɜɨɞɧɵɟ ɩɨ ɩɪɨɫɬɵɦ 

ɩɪɚɜɢɥɚɦ ɡɚɦɟɧɵ ɩɟɪɟɦɟɧɧɵɯ, ɞɟɣɫɬɜɭɸɳɚɹ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ܼ௞ , ɧɚɡɵɜɚɟɬɫɹ 

k-ɵɦ ɩɪɨɞɨɥɠɟɧɢɟɦ ɥɨɤɚɥɶɧɨɣ ɝɪɭɩɩɵ Ʌɢ ܩଵ. 

 ɉɪɨɞɨɥɠɟɧɧɨɣ ɝɪɭɩɩɟ ܩ௞ ɨɬɜɟɱɚɟɬ ɨɩɟɪɚɬɨɪ: ܺ௞ = ξ௜߲௫೔ + Ʉ𝛼߲௨𝛼 + Ƀ௜𝛼߲௨೔𝛼 + ⋯ + Ƀ௜భ…௜ೖ𝛼 ߲௨೔భ…೔ೖ𝛼 . 

Ⱦɚɥɟɟ ɢɧɞɟɤɫɵ ɩɪɢɧɢɦɚɸɬ ɫɥɟɞɭɸɳɢɟ ɡɧɚɱɟɧɢɹ: 𝛼 = ͳ, … , ݉;   ݅, ݅ଵ, … , ݅௞ =ͳ, … , ݊, ɩɨ ɩɨɜɬɨɪɹɸɳɢɦɫɹ ɢɧɞɟɤɫɚɦ ɜɵɩɨɥɧɹɟɬɫɹ ɫɭɦɦɢɪɨɜɚɧɢɟ. 

Ʉɨɨɪɞɢɧɚɬɵ ɩɪɨɞɨɥɠɟɧɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ܺ௞  ɜɵɱɢɫɥɹɸɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: Ƀ௜భ…௜ೖ𝛼 = ௝భܦ … ௝𝑛(Ʉ𝛼ܦ − (௜𝛼ξ௜ݑ + ξ௜ݑ௜௝భ…௝ೖ𝛼  :௜ – ɨɩɟɪɚɬɨɪ ɩɨɥɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɩɨ i-ɨɣ ɩɟɪɟɦɟɧɧɨɣܦ ,
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௜ܦ = ߲௫೔ + ௜𝛼߲௨𝛼ݑ + ⋯ + ௜௝భ…௝ೖ𝛼ݑ ߲௨ೕభ…ೕೖ𝛼 + ⋯ 

ȼɚɠɧɨ, ɱɬɨ ɜɨ ɜɫɟɯ ɞɚɧɧɵɯ ɮɨɪɦɭɥɚɯ ɤɨɨɪɞɢɧɚɬɵ x,u, ɚ ɬɚɤɠɟ ɜɫɟ 

ɩɪɨɢɡɜɨɞɧɵɟ ݑ௝భ…௝ೖ𝛼  ɞɨɥɠɧɵ ɪɚɫɫɦɚɬɪɢɜɚɬɶɫɹ ɤɚɤ ɧɟɡɚɜɢɫɢɦɵɟ ɩɟɪɟɦɟɧɧɵɟ. 

 Ɉɩɟɪɚɰɢɹ ɩɪɨɞɨɥɠɟɧɢɹ ɨɛɥɚɞɚɟɬ ɫɥɟɞɭɸɳɢɦɢ ɫɜɨɣɫɬɜɚɦɢ: 

 Ʌɢɧɟɣɧɨɫɬɶ. 

 ɂɧɜɚɪɢɚɧɬɧɨɫɬɶ ɨɬɧɨɫɢɬɟɥɶɧɨ ɡɚɦɟɧɵ ɤɨɨɪɞɢɧɚɬ: ɨɩɟɪɚɰɢɢ ɡɚɦɟɧɵ 

ɩɟɪɟɦɟɧɧɵɯሺݔ, ሻݑ ↔ ሺݑ,  .ሻɢ ɩɪɨɞɨɥɠɟɧɢɹ ɩɟɪɟɫɬɚɧɨɜɨɱɧɵݒ

 ɋɨɯɪɚɧɟɧɢɟ ɤɨɦɦɭɬɚɬɨɪɚ: ∀ ଵܺ , ܺଶ – ɨɩɟɪɚɬɨɪɨɜ ɜɟɪɧɨ[ ଵܺ, ܺଶ]݇ =[ ଵ݇ܺ , ܺଶ݇] . 
1.4  Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɢɧɜɚɪɢɚɧɬɵ ɝɪɭɩɩɵ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ 

Ɉɩɪɟɞɟɥɟɧɢɟ 11. Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɢɧɜɚɪɢɚɧɬɵ ɝɪɭɩɩɵ ܩଵ 

ɧɚɡɵɜɚɟɬɫɹ ɢɧɜɚɪɢɚɧɬ ɩɪɨɞɨɥɠɟɧɧɨɝɨ ɞɟɣɫɬɜɢɹ ɝɪɭɩɩɵ ܩଵ, ɬɨ ɟɫɬɶ ɬɚɤɚɹ 

ɮɭɧɤɰɢɹ ܨ = ሺݔ, ,ݑ ,ଵݑ … , ܶ ௞ሻ, ɱɬɨ ɞɥɹ ɜɫɹɤɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹݑ ∈  ଵܩ

ɜɵɩɨɥɧɟɧɨ ܨሺܶݔ, ,ݑܶ ଵܶݑଵ, … , ௞ܶݑ௞ሻ = ,ݔሺܨ ,ݑ ,ଵݑ … ,  .௞ሻݑ
ɉɨɪɹɞɨɤ ݇ ɫɚɦɨɣ ɫɬɚɪɲɟɣ ɩɪɨɢɡɜɨɞɧɨɣ, ɜɯɨɞɹɳɟɣ ɜ ܨ, ɧɚɡɵɜɚɟɬɫɹ ɩɨɪɹɞɤɨɦ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɢɧɜɚɪɢɚɧɬɚ. Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɵɦɢ ɢɧɜɚɪɢɚɧɬɚɦɢ 

ɧɭɥɟɜɨɝɨ ɩɨɪɹɞɤɚ ɫɱɢɬɚɸɬɫɹ ɤɨɧɟɱɧɵɟ ɢɧɜɚɪɢɚɧɬɵ ɝɪɭɩɩɵ ܩଵ.  

Ɉɩɪɟɞɟɥɟɧɢɟ 12. Ƚɨɜɨɪɹɬ, ɱɬɨ ɫɢɫɬɟɦɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ܧ 

ɞɨɩɭɫɤɚɟɬ ɥɨɤɚɥɶɧɭɸ ɝɪɭɩɩɭ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ܩଵ, ɜ ɫɥɭɱɚɟ ɟɫɥɢ ɦɧɨɝɨɨɛɪɚɡɢɟ ܧ ⊂ ܼ௞ ɹɜɥɹɟɬɫɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɦ ɢɧɜɚɪɢɚɧɬɧɵɦ ɦɧɨɝɨɨɛɪɚɡɢɟɦ ɝɪɭɩɩɵ ܩଵ, ɬɨ ɟɫɬɶ  ܺ௞ܧሺݔ, ,ݑ ,ଵݑ … , ௞ሻ|ாݑ = Ͳ. 
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1.5  Ɋɚɡɪɟɲɢɦɚя ɚɥɝɟɛɪɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ 13. Ⱥɥɝɟɛɪɚ Ʌɢ ܮ  ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɪɟɲɢɦɨɣ, ɟɫɥɢ ɰɟɩɨɱɤɚ ɟё 

ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ ɩɪɨɢɡɜɨɞɧɵɯ ɨɛɪɵɜɚɟɬɫɹ ɜɩɨɫɥɟɞɫɬɜɢɢ ɤɨɧɟɱɧɨɝɨ 

ɤɨɥɢɱɟɫɬɜɚ ɲɚɝɨɜ, ɬɨ ɟɫɬɶ ܮሺ𝑝ሻ = Ͳ ɩɪɢ ɧɟɤɨɬɨɪɨɦ ݌. 

Ɉɩɪɟɞɟɥɟɧɢɟ 14. Ⱥɥɝɟɛɪɚ Ʌɢ ܮ  ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɪɟɲɢɦɨɣ, ɟɫɥɢ ɜ ɧɟɣ 

ɫɭɳɟɫɬɜɭɟɬ ɰɟɩɨɱɤɚ ɜɥɨɠɟɧɧɵɯ ɩɨɞɚɥɝɟɛɪ ሺͲሻ = 𝐴଴ ⊂ 𝐴ଵ ⊂ ⋯ ⊂ 𝐴௠−ଵ ⊂ 𝐴௠ =  ,ܮ
ɬɚɤɢɯ, ɱɬɨ 𝐴௞−ଵ ɫɱɢɬɚɟɬɫɹ ɢɞɟɚɥɨɦ 𝐴௞ ɢ ɮɚɤɬɨɪ-ɚɥɝɟɛɪɚ 𝐴௞ 𝐴௞−ଵ⁄ ɤɨɦɦɭɬɚɬɢɜɧɚ. 

1.6  Ɍɟɧɡɨɪ 

Ɉɩɪɟɞɟɥɟɧɢɟ 15. Ɍɟɧɡɨɪ — ɨɛɴɟɤɬ ɥɢɧɟɣɧɨɣ ɚɥɝɟɛɪɵ, ɥɢɧɟɣɧɨ 

ɩɪɟɨɛɪɚɡɭɸɳɢɣ ɷɥɟɦɟɧɬɵ 1-ɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɜ ɷɥɟɦɟɧɬɵ ɞɪɭɝɨɝɨ. 

ɑɚɫɬɧɵɦɢ ɫɥɭɱɚɹɦɢ ɬɟɧɡɨɪɨɜ ɫɱɢɬɚɸɬɫɹ ɫɤɚɥɹɪɵ, ɜɟɤɬɨɪɵ ɢ ɬ. ɩ.  

Ɉɩɪɟɞɟɥɟɧɢɟ 16. Ɍɟɧɡɨɪ ɧɚɩɪɹɠɟɧɢɣ — ɬɟɧɡɨɪ 2-ɝɨ ɪɚɧɝɚ, ɫɨɫɬɨɹɳɢɣ ɢɡ 

9-ɬɢ ɜɟɥɢɱɢɧ, ɩɪɟɞɫɬɚɜɥɹɸɳɢɯ ɦɟɯɚɧɢɱɟɫɤɢɟ ɧɚɩɪɹɠɟɧɢɹ ɜ ɥɸɛɨɣ ɬɨɱɤɟ 

ɧɚɝɪɭɠɟɧɧɨɝɨ ɬɟɥɚ. ȼ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ ɷɬɢ 9-ɬɶ ɜɟɥɢɱɢɧ 

ɡɚɩɢɫɵɜɚɸɬɫɹ ɜ ɜɢɞɟ ɬɚɛɥɢɰɵ, ɜ ɤɨɬɨɪɨɣ ɩɨ ɝɥɚɜɧɨɣ ɞɢɚɝɨɧɚɥɢ 

ɫɬɨɹɬ ɧɨɪɦɚɥɶɧɵɟ ɫɨɫɬɚɜɥɹɸɳɢɟ ɜɟɤɬɨɪɨɜ ɧɚɩɪɹɠɟɧɢɣ ɧɚ ɬɪёɯ ɜɡɚɢɦɧɨ 

ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɵɯ ɩɥɨɳɚɞɤɚɯ, ɩɪɨɯɨɞɹɳɢɯ ɱɟɪɟɡ ɪɚɫɫɦɚɬɪɢɜɚɟɦɭɸ ɬɨɱɤɭ 

ɫɪɟɞɵ, ɚ ɜ ɨɫɬɚɥɶɧɵɯ ɩɨɡɢɰɢɹɯ — ɤɚɫɚɬɟɥɶɧɵɟ ɤɨɦɩɨɧɟɧɬɵ ɜɟɤɬɨɪɨɜ 

ɧɚɩɪɹɠɟɧɢɣ ɧɚ ɞɚɧɧɵɯ ɩɥɨɳɚɞɤɚɯ. 

ɋɨɫɬɚɜɥɹɸɳɢɟ ɬɟɧɡɨɪɚ ɧɚɩɪɹɠɟɧɢɣ 𝜎௜௝  ɜ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ 

ɤɨɨɪɞɢɧɚɬ ܱݔ௜ (ɬɨ ɟɫɬɶ ܱݖݕݔ) ɜɜɨɞɹɬ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. Ɉɰɟɧɢɜɚɸɬ 

ɛɟɫɤɨɧɟɱɧɨ ɦɚɥɵɣ ɨɛɴёɦ ɬɟɥɚ (ɫɩɥɨɲɧɨɣ ɫɪɟɞɵ) ɜ ɜɢɞɟ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ 

ɩɚɪɚɥɥɟɥɟɩɢɩɟɞɚ, ɝɪɚɧɢ ɤɨɬɨɪɨɝɨ ɨɪɬɨɝɨɧɚɥɶɧɵ ɤɨɨɪɞɢɧɚɬɧɵɦ ɨɫɹɦ ɢ ɢɦɟɸɬ 

ɩɥɨɳɚɞɢ ݀ ௜ܵ. ɇɚ ɤɚɠɞɨɣ ɝɪɚɧɢ ݀ ௜ܵ ɩɚɪɚɥɥɟɥɟɩɢɩɟɞɚ ɞɟɣɫɬɜɭɸɬ 

https://ru.wikipedia.org/wiki/%D0%9B%D0%B8%D0%BD%D0%B5%D0%B9%D0%BD%D0%B0%D1%8F_%D0%B0%D0%BB%D0%B3%D0%B5%D0%B1%D1%80%D0%B0
https://ru.wikipedia.org/wiki/%D0%9B%D0%B8%D0%BD%D0%B5%D0%B9%D0%BD%D0%BE%D0%B5_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
https://ru.wikipedia.org/wiki/%D0%A1%D0%BA%D0%B0%D0%BB%D1%8F%D1%80
https://ru.wikipedia.org/wiki/%D0%92%D0%B5%D0%BA%D1%82%D0%BE%D1%80_(%D0%BC%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA%D0%B0)
https://ru.wikipedia.org/wiki/%D0%A2%D0%B5%D0%BD%D0%B7%D0%BE%D1%80
https://ru.wikipedia.org/wiki/%D0%9C%D0%B5%D1%85%D0%B0%D0%BD%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%BE%D0%B5_%D0%BD%D0%B0%D0%BF%D1%80%D1%8F%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5
https://ru.wikipedia.org/wiki/%D0%9F%D1%80%D1%8F%D0%BC%D0%BE%D1%83%D0%B3%D0%BE%D0%BB%D1%8C%D0%BD%D0%B0%D1%8F_%D1%81%D0%B8%D1%81%D1%82%D0%B5%D0%BC%D0%B0_%D0%BA%D0%BE%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
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ɩɨɜɟɪɯɧɨɫɬɧɵɟ ɫɢɥɵ ݀ܨ௜. ȼ ɫɥɭɱɚɟ, ɟɫɥɢ ɨɛɨɡɧɚɱɢɬɶ ɩɪɨɟɤɰɢɢ ɷɬɢɯ ɫɢɥ ɧɚ 

ɨɫɢ ܱݔ௝ ɤɚɤ ݀ܨ௜௝, ɬɨ ɤɨɦɩɨɧɟɧɬɚɦɢ ɬɟɧɡɨɪɚ ɧɚɩɪɹɠɟɧɢɣ ɧɚɡɵɜɚɸɬ ɨɬɧɨɲɟɧɢɟ 

ɩɪɨɟɤɰɢɣ ɫɢɥɵ ɤ ɜɟɥɢɱɢɧɟ ɩɥɨɳɚɞɢ ɝɪɚɧɢ, ɧɚ ɤɨɬɨɪɨɣ ɞɟɣɫɬɜɭɟɬ ɷɬɚ ɫɢɥɚ: 𝜎௜௟ = ௗி೔ೕௗ𝑆೔ . 

ɉɨ ɢɧɞɟɤɫɭ ݅ ɡɞɟɫɶ ɫɭɦɦɢɪɨɜɚɧɢɹ ɧɟɬ. ɋɨɫɬɚɜɥɹɸɳɢɟ 𝜎ଵଵ , 𝜎ଶଶ , 𝜎ଷଷ, 

ɨɛɨɡɧɚɱɚɟɦɵɟ ɬɚɤɠɟ ɤɚɤ 𝜎௫௫, 𝜎௬௬,𝜎௭௭ — ɷɬɨ ɧɨɪɦɚɥɶɧɵɟ ɧɚɩɪɹɠɟɧɢɹ, ɨɧɢ 

ɩɪɟɞɩɨɥɚɝɚɸɬ ɫɨɛɨɣ ɨɬɧɨɲɟɧɢɟ ɩɪɨɟɤɰɢɢ ɫɢɥɵ ݀ܨ௜ ɧɚ ɧɨɪɦɚɥɶ ɤ ɩɥɨɳɚɞɢ 

ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɝɪɚɧɢ ݀ ௜ܵ: 𝜎ଵଵ = ௗிభభௗ𝑆భ  ɢ ɬ. ɞ. 

ɋɨɫɬɚɜɥɹɸɳɢɟ 𝜎ଵଶ , 𝜎ଶଷ , 𝜎ଷଵ,ɨɛɨɡɧɚɱɚɟɦɵɟ ɬɚɤɠɟ ɤɚɤ 𝜏௫௬, 𝜏௬௭,𝜏௭௫ — 

ɷɬɨ ɤɚɫɚɬɟɥɶɧɵɟ ɧɚɩɪɹɠɟɧɢɹ, ɨɧɢ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɨɬɧɨɲɟɧɢɟ ɩɪɨɟɤɰɢɢ 

ɫɢɥɵ ݀ܨ௜ ɧɚ ɤɚɫɚɬɟɥɶɧɵɟ ɧɚɩɪɚɜɥɟɧɢɹ ɤ ɩɥɨɳɚɞɢ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɝɪɚɧɢ ݀ ௜ܵ: 𝜎ଵଶ = ௗிభమௗ𝑆భ ɢ ɬ. ɞ. 

1.7  ɂɞɟɚɥ 

Ɉɩɪɟɞɟɥɟɧɢɟ 18.  ɂɞɟɚɥɨɦ ɤɨɥɶɰɚ 𝐴 ɧɚɡɵɜɚɟɬɫɹ ɬɚɤɨɟ 

ɩɨɞɦɧɨɠɟɫɬɜɨ ܫ ɤɨɥɶɰɚ 𝐴, ɱɬɨ 

1. ∀݅, ݆ ∈ ݅ ɢɯ ɫɭɦɦɚ ܫ + ݆ ɬɚɤɠɟ ɥɟɠɢɬ ɜ ܫ; 

2. ∀݅ ∈  ;ܫ ɟɝɨ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɣ ɷɥɟɦɟɧɬ −݅ ɬɚɤɠɟ ɥɟɠɢɬ ɜ ܫ

3. (ɭɫɥɨɜɢɟ ɧɚ ɩɪɚɜɵɟ ɢɞɟɚɥɵ) ∀݅ ∈ ܽ∀ ɢ  ܫ ∈ 𝐴   ɩɪɨɢɡɜɟɞɟɧɢɟ ݅ܽ ɬɚɤɠɟ 

ɥɟɠɢɬ ɜ ܫ; 

4. (ɭɫɥɨɜɢɟ ɧɚ ɥɟɜɵɟ ɢɞɟɚɥɵ) ∀݅ ∈ ܽ∀ ɢ  ܫ ∈ 𝐴   ɩɪɨɢɡɜɟɞɟɧɢɟ  ܽ݅ ɬɚɤɠɟ 

ɥɟɠɢɬ ɜ  ܫ. 

1.8  Ɂɚɜɢɫɢɦɵɟ / ɇɟɡɚɜɢɫɢɦɵɟ ɩɟɪɟɦɟɧɧɵɟ 

Ɉɩɪɟɞɟɥɟɧɢɟ 19. ȿɫɥɢ ɥɢɧɟɣɧɚɹ ɤɨɦɛɢɧɚɰɢɹ ܥଵ𝛼ሺଵሻ + ଶ𝛼ሺଶሻܥ + ⋯ +  ,𝑝𝛼ሺ𝑝ሻܥ
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ɦɨɠɟɬ ɩɪɟɞɫɬɚɜɥɹɬɶ ɫɨɛɨɣ ɧɭɥɟɜɨɣ ɜɟɤɬɨɪ ɬɨɝɞɚ, ɤɨɝɞɚ ɫɪɟɞɢ ɱɢɫɟɥ ܥଵ,ܥଶ, … , ,𝑝 ɢɦɟɟɬɫɹ ɯɨɬɹ ɛɵ ɨɞɧɨ, ɧɟ ɪɚɜɧɨɟ ɧɭɥɸ, ɬɨ ɫɢɫɬɟɦɚ ɜɟɤɬɨɪɨɜ 𝛼ሺଵሻ,𝛼ሺଶሻܥ … , 𝛼ሺ𝑝ሻ ɧɚɡɵɜɚɟɬɫɹ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɨɣ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 20. ȿɫɥɢ ɥɢɧɟɣɧɚɹ ɤɨɦɛɢɧɚɰɢɹ ܥଵ𝛼ሺଵሻ + ଶ𝛼ሺଶሻܥ + ⋯ +  ,𝑝𝛼ሺ𝑝ሻܥ
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɧɭɥɟɜɨɣ ɜɟɤɬɨɪ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɜɫɟ ɱɢɫɥɚ ܥଵ,ܥଶ, … ,  𝑝ܥ

ɪɚɜɧɵ ɧɭɥɸ, ɬɨ ɫɢɫɬɟɦɚ ɜɟɤɬɨɪɨɜ 𝛼ሺଵሻ,𝛼ሺଶሻ, … , 𝛼ሺ𝑝ሻ ɧɚɡɵɜɚɟɬɫɹ ɥɢɧɟɣɧɨ 

ɧɟɡɚɜɢɫɢɦɨɣ. 

1.9  Ʉɨɦɦɭɬɚɬɨɪɵ ɢ ɤɨɦɦɭɬɚɧɬ 

Ɉɩɪɟɞɟɥɟɧɢɟ 21. ȿɫɥɢ ɜ ɩɪɨɢɡɜɨɥɶɧɨɣ ɝɪɭɩɩɟ ܩ ɞɚɧɵ ɷɥɟɦɟɧɬɵ ܽ ɢ ܾ, ɬɨ 

ɷɥɟɦɟɧɬ ɷɬɨɣ ɝɪɭɩɩɵ  [ܽ, ܾ] = ܽ−ଵܾ−ଵܾܽ 

ɧɚɡɵɜɚɟɬɫɹ ɤɨɦɦɭɬɚɬɨɪɨɦ ɡɚɞɚɧɧɵɯ ɷɥɟɦɟɧɬɨɜ. Ʉɨɦɦɭɬɚɬɨɪ ɪɚɜɟɧ ɟɞɢɧɢɰɟ 

ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ܽɢܾ ɩɟɪɟɫɬɚɧɨɜɨɱɧɵ, ɜ ɨɛɳɟɦ ɠɟ ɫɥɭɱɚɟ ɨɧ ɜ 

ɧɟɤɨɬɨɪɨɦ ɫɦɵɫɥɟ ɯɚɪɚɤɬɟɪɢɡɭɟɬ ɧɟ ɩɟɪɟɫɬɚɧɨɜɨɱɧɨɫɬɶ ɷɬɢɯ ɷɥɟɦɟɧɬɨɜ, ɬɚɤ 

ɤɚɤ ܾܽ = ܾܽ ⋅ [ܽ, ܾ]. 
ɋɜɨɣɫɬɜɚ ɤɨɦɦɭɬɚɬɨɪɨɜ: 

1. [ܽ, ܾ][ܾ, ܽ] = ͳ ɨɬɤɭɞɚ [ܽ, ܾ]−ଵ = [ܾ, ܽ]; 
2. [ܽ, ܾ−ଵ] = ܾ[ܾ, ܽ]ܾ−ଵ,  [ܽ−ଵ, ܾ] = ܽ[ܾ, ܽ]ܽ−ଵ; 
3. [ܾܽ, ܿ] = ܾ−ଵ[ܽ, ܿ]ܾ[ܾ, ܿ]; 
4. [ܽ, ܾܿ] = [ܽ, ܿ]ܿ−ଵ[ܽ, ܾ]ܿ. 
Ʉɨɦɦɭɬɢɪɨɜɚɧɢɟ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɧɨɜɭɸ ɨɩɟɪɚɰɢɸ, 

ɨɩɪɟɞɟɥɟɧɧɭɸ ɜ ɦɧɨɠɟɫɬɜɟ ɷɥɟɦɟɧɬɨɜ ɝɪɭɩɩɵ. ȼ ɨɛɳɟɦ ɫɥɭɱɚɟ ɞɚɧɧɚɹ 

ɨɩɟɪɚɰɢɹ ɧɟ ɛɭɞɟɦ ɚɫɫɨɰɢɚɬɢɜɧɨɣ, ɬɨ ɟɫɬɶ ɪɚɜɟɧɫɬɜɨ  [[ܽ, ܾ], ܿ] = [ܽ, [ܾ, ܿ]]     (8) 
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ɧɟ ɜɫɟɝɞɚ ɜɟɪɧɨ. Ⱦɥɹ ɬɨɝɨ ɱɬɨɛɵ ɭɡɧɚɬɶ, ɤɨɝɞɚ ɪɚɜɟɧɫɬɜɨ (8) ɜɵɩɨɥɧɹɟɬɫɹ, 

ɨɩɪɟɞɟɥɢɦ ɤɥɚɫɫ ɝɪɭɩɩ, ɛɨɥɟɟ ɲɢɪɨɤɢɣ, ɱɟɦ ɚɛɟɥɟɜɵ ɝɪɭɩɩɵ. 

Ʉɨɦɦɭɬɚɧɬ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 23. ɉɨɞɝɪɭɩɩɚ ܩ ,ɝɪɭɩɩɵ ܩ, ɩɨɪɨɠɞɟɧɧɚɹ ɦɧɨɠɟɫɬɜɨɦ 

ɤɨɦɦɭɬɚɬɨɪɨɜ ɜɫɟɯ ɩɚɪ ɷɥɟɦɟɧɬɨɜ ɞɚɧɧɨɣ ɝɪɭɩɩɵ, ɧɚɡɵɜɚɟɬɫɹ ɤɨɦɦɭɬɚɧɬɨɦ 

ɝɪɭɩɩɵ ܩ. 

ɋɨ ɫɥɟɞɭɸɳɟɣ ɬɟɨɪɟɦɨɣ ɫɜɹɡɚɧɧɨ ɡɧɚɱɟɧɢɟ ɤɨɦɦɭɬɚɧɬɚ. 

Ɍɟɨɪɟɦɚ. Ɏɚɤɬɨɪ-ɝɪɭɩɩɚ ɩɨ ɤɨɦɦɭɬɚɧɬɭ ɚɛɟɥɟɜɚ; ɨɛɪɚɬɧɨ, ɤɨɦɦɭɬɚɧɬ 

ɫɨɞɟɪɠɢɬɫɹ ɜɨ ɜɫɹɤɨɦ ɧɨɪɦɚɥɶɧɨɦ ɞɟɥɢɬɟɥɟ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ȿɫɥɢ ܽ ɢ ܾ – ɷɥɟɦɟɧɬɵ ɝɪɭɩɩɵ ܩ, ɬɨ ܽܩ ܩܾ, , = ܩܾܽ , = ܾܽ[ܽ, ܩ[ܾ , = ܩܾܽ , = ܩܾ ܩܽ, ,, 
ɬɚɤ ɤɚɤ ɷɥɟɦɟɧɬ [ܽ, ܾ]ɥɟɠɢɬ ɜ ɤɨɦɦɭɬɚɧɬɟ ܩ ,. ȿɫɥɢ, ɫ ɢɧɨɣ ɫɬɨɪɨɧɵ, ɮɚɤɬɨɪ-

ɝɪɭɩɩɚ ܩ ܰ⁄  ɚɛɟɥɟɜɚ, ɬɨ ɤɨɦɦɭɬɚɬɨɪ ɜɫɹɤɨɣ ɩɚɪɵ ɷɥɟɦɟɧɬɨɜ ɢɡܩ ɥɟɠɢɬ ɜ ܰ, ɬɨ 

ɟɫɬɶ ܩ ,⊆ ܰ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 24. ɉɭɫɬɶ ܩ – ɚɥɝɟɛɪɚ Ʌɢ. ȼɜɟɞɟɦ ɨɛɨɡɧɚɱɟɧɢɟ ܩ , ɞɥɹ 

ɦɧɨɠɟɫɬɜɚ[ܩ, ,ܽ] ɫɨɫɬɚɜɥɟɧɧɨɝɨ ɢɡ ɤɨɦɦɭɬɚɬɨɪɨɜ ,[ܩ ܾ], ܽ, ܾ ∈  ɢ ɢɯ ,ܩ

ɪɚɡɥɢɱɧɵɯ ɥɢɧɟɣɧɵɯ ɤɨɦɛɢɧɚɰɢɣ. Ⱥɥɝɟɛɪɚ ܩ , ɧɚɡɵɜɚɟɬɫɹ ɩɪɨɢɡɜɨɞɧɨɣ 

ɩɨɞɚɥɝɟɛɪɨɣ ɚɥɝɟɛɪɵ ܩ. ɉɨ ɢɧɞɭɤɰɢɢ ɜɜɨɞɹɬɫɹ ɬɚɤɠɟ ɨɩɪɟɞɟɥɟɧɢɹ: ܩ ,, = ሺܩ ,ሻ,, ܩ ,,, = ሺܩ ,,ሻ,, … , ሺ௞ሻܩ =  .,(ሺ௞−ଵሻܩ)
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2 ɂɋɋɅȿȾɈȼȺɇɂȿ ɋȼɈɃɋɌȼ ȺɅȽȿȻɊɕ Ʌɂ, ɋɈɈɌȼȿɌɋɌȼɍɘЩȿɃ 

ɋɂɋɌȿɆȿ ȾɂɎɎȿɊȿɇɐɂȺɅɖɇɕɏ ɍɊȺȼɇȿɇɂɃ 

Ȼɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ ɩɥɨɫɤɨɝɨ ɧɚɩɪɹɠёɧɧɨɝɨ 

ɫɨɫɬɨɹɧɢɹ ɩɪɢ ɭɫɥɨɜɢɢ ɩɨɫɬɨɹɧɫɬɜɚ ɢɧɬɟɧɫɢɜɧɨɫɬɢ ɤɚɫɚɬɟɥɶɧɵɯ ɧɚɩɪɹɠɟɧɢɣ. 

Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɭɪɚɜɧɟɧɢɹ ɪɚɜɧɨɜɟɫɢɹ ɢɦɟɸɬ ɜɢɞ (ɫɦ. [1], ɫ.225): 

0, 0,xy xy yx

x y x y

     
   

   
                                 (1.1) 

ɝɞɟ x  ɢ y - ɧɨɪɦɚɥɶɧɵɟ, ɚ xy - ɤɚɫɚɬɟɥɶɧɚɹ ɤɨɦɩɨɧɟɧɬɵ ɬɟɧɡɨɪɚ ɧɚɩɪɹɠɟɧɢɹ.  

ɍɫɥɨɜɢɟ ɩɥɚɫɬɢɱɧɨɫɬɢ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ:  

 2 2 2 21
( ) .

3 x x y y xy k         (1.2) 

ɋɥɟɞɭɹ [1], ɜ ɭɪɚɜɧɟɧɢɹ (1.1) ɩɨɞɫɬɚɜɢɦ ɜɵɪɚɠɟɧɢɹ 

 ( 3 cos sin cos 2 ), sin sin 2 ,
x

xy
y

k k


     

      

 
 (1.3) 

ɬɨɠɞɟɫɬɜɟɧɧɨ ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɭɫɥɨɜɢɸ (1.2). ɉɨɥɭɱɢɦ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ  

 

3 1 3
cos 2 sin 2 0,

2 2 2

3 3 1
sin 2 cos 2 0.

2 2 2

ctg
x y y

ctg
x y x

    

    

    
         


             

 (1.4) 

 Ʉ ɫɢɫɬɟɦɟ (1.4) ɩɪɢɦɟɧɢɦ ɦɟɬɨɞɵ ɝɪɭɩɩɨɜɨɝɨ ɚɧɚɥɢɡɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 

ɭɪɚɜɧɟɧɢɣ, ɫɥɟɞɭɹ ɝɥ.2 ɤɧɢɝɢ [2]. Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɫɬɪɚɧɫɬɜɨ ɩɟɪɟɦɟɧɧɵɯ 

, , , , ( , 1,2).k
ix y p i k    ɍɪɚɜɧɟɧɢɹ (1.4) ɦɨɠɧɨ ɪɚɫɫɦɨɬɪɟɬɶ ɤɚɤ ɭɪɚɜɧɟɧɢɹ, 

ɡɚɞɚɸɳɢɟ ɥɨɤɚɥɶɧɨɟ ɦɧɨɝɨɨɛɪɚɡɢɟ ɜ ɞɚɧɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ ɩɨɫɥɟ ɡɚɦɟɧɵ 

, , ,
x y x y

      
   

 ɧɚ 1 2 1 2
1 1 2 2, , , .p p p p  Ɍɟɩɟɪɶ ɩɟɪɟɦɟɧɧɵɟ , , , , k

ix y p  ɫɱɢɬɚɸɬɫɹ 
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ɧɟɡɚɜɢɫɢɦɵɦɢ, ɚ ɦɧɨɝɨɨɛɪɚɡɢɟ M  ɡɚɞɚёɬɫɹ ɭɪɚɜɧɟɧɢɹɦɢ 
1 2 1 2
1 1 2 2( , , , , , , , ) 0 ( 1,2).F x y p p p p      Ɋɚɫɫɦɨɬɪɢɦ ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɭɸ ɝɪɭɩɩɭ 

ɬɨɱɟɱɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɜ ܴସ: 

 

1 1

0

2 2

0

1 1

0

2 2

0

( , , , , ), ,

( , , , , ), ,

( , , , , ), ,

( , , , , ), .

a

a

a

a

x f x y a f x

y f x y a f y

g x y a g

g x y a g

 

 

   

   









  

  

  

  

 (2.1) 

 Ƚɪɭɩɩɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ (2.1) ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɢɧɮɢɧɢɬɟɡɢɦɚɥɶɧɵɣ 

ɨɩɟɪɚɬɨɪ 

 1 2 1 2 .X
x y

   
 

   
   

   
 (2.2) 

ȼ ɩɪɨɫɬɪɚɧɫɬɜɟ ܴ8ɩɟɪɟɦɟɧɧɵɯ 1 2 1 2
1 1 2 2( , , , , , , , )x y p p p p   ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ (2.1) 

ɢɧɞɭɰɢɪɭɸɬ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɩɟɪɟɦɟɧɧɵɯ p : 

 
0

( , , , , , ), ,k k k k
i i i ia

p h x y p a h p 


    (2.3) 

ɤɨɬɨɪɵɟ ɫɨɝɥɚɫɨɜɚɧɵ ɫ ɪɚɜɟɧɫɬɜɚɦɢ 

 1 2 1 2
1 1 2 2, , , .p p p p

x x y y

      
   
   

 (2.4) 

ɍɫɥɨɜɢɹ (2.4) ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɹɸɬ ɞɥɹ ɤɚɠɞɨɣ ɝɪɭɩɩɵ G  

ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ (2.3). ɂɬɨɝɨɦ ɫɱɢɬɚɟɬɫɹ ɨɞɧɨɩɚɪɚɦɟɬɪɢɱɟɫɤɚɹ ɝɪɭɩɩɚ 
1
G - 

ɩɟɪɜɨɟ ɩɪɨɞɨɥɠɟɧɢɟ ɝɪɭɩɩɵ G  ɬɨɱɟɱɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ (2.1). Ɉɩɟɪɚɬɨɪ 

ɩɪɨɞɨɥɠɟɧɧɨɣ ɝɪɭɩɩɵ 
1
G  ɢɦɟɟɬ ɜɢɞ 

 
1

0

,k
i k

i a

X X
p





 


 (2.5) 



16 

 

ɝɞɟ 
0

,
k

k i
i

a

dh

da




  ɚ X - ɨɩɟɪɚɬɨɪ (2.2). 

ȼ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɤɪɢɬɟɪɢɟɦ ɢɧɜɚɪɢɚɧɬɧɨɫɬɢ ɦɧɨɝɨɨɛɪɚɡɢɹ M (ɫɦ. [2], 

ɫ.47) ɨɬɧɨɫɢɬɟɥɶɧɨ ɝɪɭɩɩɵ 
1
G  ɩɨɥɭɱɚɟɦ: 

 
1 2 1 2

1 21 10 0
( ) 0, ( ) 0.

F F F F
X F X F

   
   (2.6) 

ɍɪɚɜɧɟɧɢɹ (2.6) – ɷɬɨ ɨɩɪɟɞɟɥɹɸɳɢɟ ɭɪɚɜɧɟɧɢɹ ɝɪɭɩɩɵ, ɩɪɟɞɩɨɥɚɝɚɟɦɨɣ 

ɫɢɫɬɟɦɨɣ (1.4). Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɪɟɲɟɧɢɣ ɫɢɫɬɟɦɵ (2.6) ɨɛɪɚɡɭɟɬ ɚɥɝɟɛɪɭ Ʌɢ.  

Ɍɟɨɪɟɦɚ:(Ƚɨɦɨɧɨɜɚ Ɉ.ȼ., Ⱦɭɞɢɧɨɜɚ ɇ.Ⱦ., ɀɞɚɧɨɜ Ɉ.ɇ., ɋɟɧɚɲɨɜ ɋ.ɂ.).   

Ⱥɥɝɟɛɪɚ Ʌɢ L  ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ (1.4) ɩɨɪɨɠɞɚɟɬɫɹ ɨɩɟɪɚɬɨɪɚɦɢ: 

1 2
1 2 3, , ,X x y X y x X t t

x y x y x y
      

       
      

 ɝɞɟ 1 2,t t - ɪɟɲɟɧɢɟ 

ɫɢɫɬɟɦɵ 

 

1 1 2

1 2 2

3 1 3
sin 2 cos 2 0,

2 2 2

1 3 3
cos 2 sin 2 0.

2 2 2

t t t
ctg

t t t
ctg

  
  

  
  

    
           


               

 (2.7) 

ɋɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɞɚɧɧɨɣ ɚɥɝɟɛɪɟ ɝɪɭɩɩɚ Ʌɢ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ 

ɦɚɤɫɢɦɚɥɶɧɭɸ ɝɪɭɩɩɭ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, ɞɨɩɭɫɤɚɟɦɭɸ ɫɢɫɬɟɦɨɣ (1.4).  

ɂɧɜɚɪɢɚɧɬɚɦɢ ɨɩɟɪɚɬɨɪɚ 1X  ɹɜɥɹɸɬɫɹ , , .
y

x
   ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɭ ɫɢɫɬɟɦɵ 

(1.4) ɫɭɳɟɫɬɜɭɸɬ ɢɧɜɚɪɢɚɧɬɧɵɟ ɪɟɲɟɧɢɹ ɜɢɞɚ , .
y y

x x
          

   
 

ɂɧɜɚɪɢɚɧɬɵ ɨɩɟɪɚɬɨɪɚ  2X - ɷɬɨ 2 2, , .
y

x y arctg
x

    Ɂɧɚɱɢɬ, ɫɢɫɬɟɦɚ (1.4) 

ɢɦɟɟɬ ɢɧɜɚɪɢɚɧɬɧɵɟ ɪɟɲɟɧɢɹ ɜɢɞɚ 2 2 2 2( ), ( ),
y

x y arctg f x y
x

        ɝɞɟ f - 

ɧɟɤɨɬɨɪɚɹ ɮɭɧɤɰɢɹ.  
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ɋɥɟɞɫɬɜɢɟ 1. Ⱥɥɝɟɛɪɚ L  ɹɜɥɹɟɬɫɹ ɪɚɡɪɟɲɢɦɨɣ ɚɥɝɟɛɪɨɣ ɫɬɭɩɟɧɢ 

ɪɚɡɪɟɲɢɦɨɫɬɢ 2. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: Ɉɩɟɪɚɬɨɪɵ ɢɦɟɸɬ ɜɢɞ  

1 2
1 2 3, , ,X x y X y x X t t

x y x y x y
      

       
      

ɝɞɟ 1 2,t t - ɪɟɲɟɧɢɟ 

ɫɢɫɬɟɦɵ (2.7). Ɂɚɩɢɲɟɦ, ɤɚɤ ɨɩɟɪɚɬɨɪɵ ɞɟɣɫɬɜɭɸɬ ɧɚ ɮɭɧɤɰɢɸ ݂: 

ଵܺሺ݂ሻ = ݔ ݔ߲݂߲ + ݕ  ,ݕ߲݂߲
ܺଶሺ݂ሻ = ݕ− ݔ߲݂߲ + ݔ ݕ߲݂߲ + ߲݂߲𝜑, 

ܺଷሺ݂ሻ = ଵݐ ݔ߲݂߲ + ଶݐ  .ݕ߲݂߲
Ɏɨɪɦɭɥɵ ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ ɤɨɦɦɭɬɚɬɨɪɚ: [ ଵܺ, ܺଶ] = ଵܺܺଶ − ܺଶ ଵܺ, [ ଵܺ, ܺଷ] = ଵܺܺଷ − ܺଷ ଵܺ, [ܺଶ , ܺଷ] = ܺଶܺଷ − ܺଷܺଶ. 
ɇɚɣɞɟɦ ɩɟɪɜɭɸ ɩɪɨɢɡɜɨɞɧɭɸ ɩɨɞɚɥɝɟɛɪɭܩ , ɚɥɝɟɛɪɵ Ʌɢ: 

I. ȼɵɱɢɫɥɢɦ ɤɨɦɦɭɬɚɬɨɪ[ ଵܺ, ܺଶ]: 
1. Ʉɨɦɩɨɡɢɰɢɹ ɞɟɣɫɬɜɢɣ, ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɜɵɩɨɥɧɟɧɧɵɯ 

ɨɩɟɪɚɬɨɪɚɦɢ  ଵܺ ɢ ܺଶ: 

ଵܺ(ܺଶሺ݂ሻ) = ݔ ቆ−ݕ ߲ଶ݂߲ݔଶ + ݕ߲݂߲ + ݔ ߲ଶ݂߲ݕ߲ݔ + ߲ଶ݂߲߲ݔ𝜑ቇ
+ ݕ ቆ− ݔ߲݂߲ − ݕ ߲ଶ݂߲ݕ߲ݔ + ݔ ߲ଶ݂߲ݕଶ + ߲ଶ݂߲߲ݕ𝜑ቇ. 
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2. Ⱥɧɚɥɨɝɢɱɧɨ, ܺଶ ɢ ଵܺ: 

ܺଶ( ଵܺሺ݂ሻ) = ݕ− ቆ߲݂߲ݔ + ݔ ߲ଶ݂߲ݔଶ + ݕ ߲ଶ݂߲ݕ߲ݔቇ + ݔ ቆݔ ߲ଶ݂߲ݕ߲ݔ + ݕ߲݂߲ + ݕ ߲ଶ݂߲ݕଶቇ + ݔ ߲ଶ݂߲߲ݔ𝜑+ ݕ ߲ଶ݂߲߲ݕ𝜑. 
ɇɟɬɪɭɞɧɵɦɢ ɜɵɱɢɫɥɟɧɢɹɦɢ ɩɨɥɭɱɚɟɦ, ɱɬɨ ɤɨɦɦɭɬɚɬɨɪ [ ଵܺ , ܺଶ] = ଵܺܺଶ − ܺଶ ଵܺ = Ͳ. 
II. ȼɵɱɢɫɥɢɦ ɤɨɦɦɭɬɚɬɨɪ[ ଵܺ, ܺଷ]: 

1. Ʉɨɦɩɨɡɢɰɢɹ ɞɟɣɫɬɜɢɣ, ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɜɵɩɨɥɧɟɧɧɵɯ 

ɨɩɟɪɚɬɨɪɚɦɢ  ଵܺ ɢ ܺଷ: 

ଵܺ(ܺଷሺ݂ሻ) = ݔ ቆݐଵ ߲ଶ݂߲ݔଶ + ଶݐ ߲ଶ݂߲ݕ߲ݔቇ + ݕ ቆݐଵ ߲ଶ݂߲ݕ߲ݔ + ଶݐ ߲ଶ݂߲ݕଶቇ. 
2. Ⱥɧɚɥɨɝɢɱɧɨ, ܺଷ ɢ ଵܺ: 

ܺଷ( ଵܺሺ݂ሻ) = ଵݐ ቆ߲݂߲ݔ + ݔ ߲ଶ݂߲ݔଶ + ݕ ߲ଶ݂߲ݕ߲ݔቇ + ଶݐ ቆݔ ߲ଶ݂߲ݕ߲ݔ + ݕ߲݂߲ + ݕ ߲ଶ݂߲ݕଶቇ. 
Ⱥɧɚɥɨɝɢɱɧɵɦɢ ɜɵɱɢɫɥɟɧɢɹɦɢ ɩɨɥɭɱɚɟɦ, ɱɬɨ ɤɨɦɦɭɬɚɬɨɪ [ ଵܺ , ܺଷ] = ଵܺܺଷ − ܺଷ ଵܺ = ଵݐ− 𝜕𝑓𝜕௫ − ଶݐ 𝜕𝑓𝜕௬. 

III. ȼɵɱɢɫɥɢɦ ɤɨɦɦɭɬɚɬɨɪ[ܺଶ , ܺଷ]: 
1. Ʉɨɦɩɨɡɢɰɢɹ ɞɟɣɫɬɜɢɣ, ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɜɵɩɨɥɧɟɧɧɵɯ 

ɨɩɟɪɚɬɨɪɚɦɢ ܺଶ ɢ ܺଷ: 

ܺଶ(ܺଷሺ݂ሻ) = ݕ− ቆݐଵ ߲ଶ݂߲ݔଶ + ଶݐ ߲ଶ݂߲ݕ߲ݔቇ + ݔ ቆݐଵ ߲ଶ݂߲ݕ߲ݔ + ଶݐ ߲ଶ݂߲ݕଶቇ + ଵݐ ߲ଶ݂߲߲ݔ𝜑+ ଶݐ ߲ଶ݂߲߲ݕ𝜑. 
2. Ⱥɧɚɥɨɝɢɱɧɨ, ܺଷ ɢ ܺଶ: 
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ܺଷ(ܺଶሺ݂ሻ) = ଵݐ ቆ−ݕ ߲ଶ݂߲ݔଶ + ݕ߲݂߲ + ݔ ߲ଶ݂߲ݕ߲ݔ + ߲ଶ݂߲߲ݔ𝜑ቇ
+ ଶݐ ቆ− ݔ߲݂߲ − ݕ ߲ଶ݂߲߲ݔ𝜑 + ݔ ߲ଶ݂߲ݕଶ + ߲ଶ݂߲߲ݕ𝜑ቇ. 

Ɍɚɤ ɠɟ, ɧɟɫɥɨɠɧɵɦɢ ɜɵɱɢɫɥɟɧɢɹɦɢ ɩɨɥɭɱɚɟɦ, ɱɬɨ ɤɨɦɦɭɬɚɬɨɪ [ܺଶ , ܺଷ] = ܺଶܺଷ − ܺଷܺଶ = ଵݐ ݕ߲݂߲ − ଶݐ  .ݔ߲݂߲
ɉɨɥɭɱɢɥɢ ɥɢɧɟɣɧɭɸ ɤɨɦɛɢɧɚɰɢɸܩ , =< Ͳ, ଵݐ− 𝜕𝑓𝜕௫ − ଶݐ 𝜕𝑓𝜕௬ , ଵݐ 𝜕𝑓𝜕௬ − ଶݐ 𝜕𝑓𝜕௫ >. 

ɇɚɣɞёɦ ɜɬɨɪɭɸ ɩɪɨɢɡɜɨɞɧɭɸ ɩɨɞɚɥɝɟɛɪɭ ܩ ,,. Ɉɛɨɡɧɚɱɢɦ:  

ଵܻሺ݂ሻ = Ͳ, 
ଶܻሺ݂ሻ = ଵݐ− ݔ߲݂߲ − ଶݐ  ,ݕ߲݂߲

ଷܻሺ݂ሻ = ଵݐ ݕ߲݂߲ − ଶݐ  .ݔ߲݂߲
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɤɨɦɦɭɬɚɬɨɪɵ[ ଵܻ, ଶܻ]ɢ[ ଵܻ, ଷܻ] ɪɚɜɧɵ ɧɭɥɸ.  

1. Ɂɚɩɢɲɟɦ ɞɟɣɫɬɜɢɹ, ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɜɵɩɨɥɧɟɧɧɵɟ ɨɩɟɪɚɬɨɪɚɦɢ ଶܻ ɢ ଷܻ: 

ଶܻ( ଷܻሺ݂ሻ) = ଵݐ− ቆݐଵ ߲ଶ݂߲ݕ߲ݔ − ଶݐ ߲ଶ݂߲ݔଶቇ − ଶݐ ቆݐଵ ߲ଶ݂߲ݕଶ − ଶݐ ߲ଶ݂߲ݕ߲ݔቇ. 
2. Ɂɚɩɢɲɟɦ ɞɟɣɫɬɜɢɹ, ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɜɵɩɨɥɧɟɧɧɵɟ ɨɩɟɪɚɬɨɪɚɦɢ ଷܻ ɢ ଶܻ: 

ଷܻ( ଶܻሺ݂ሻ) = ଵݐ ቆ−ݐଵ ߲ଶ݂߲ݕ߲ݔ − ଶݐ ߲ଶ݂߲ݕଶቇ − ଶݐ ቆ−ݐଵ ߲ଶ݂߲ݔଶ − ଶݐ ߲ଶ݂߲ݕ߲ݔቇ. 
ɉɨɞɪɨɛɧɨ ɡɚɩɢɲɟɦ ɜɵɱɢɫɥɟɧɢɹ ɤɨɦɦɭɬɚɬɨɪɚ [ ଶܻ, ଷܻ]: 
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[ ଶܻ, ଷܻ] = ଶܻ ଷܻ − ଷܻ ଶܻ == −ሺݐଵሻଶ ߲ଶ݂߲ݕ߲ݔ + ଶݐଵݐ ߲ଶ݂߲ݔଶ − ଶݐଵݐ ߲ଶ݂߲ݕଶ + ሺݐଶሻଶ ߲ଶ݂߲ݕ߲ݔ + ሺݐଵሻଶ ߲ଶ݂߲ݕ߲ݔ+ ଶݐଵݐ ߲ଶ݂߲ݕଶ − ଶݐଵݐ ߲ଶ݂߲ݔଶ − ሺݐଶሻଶ ߲ଶ݂߲ݕ߲ݔ = Ͳ. 
ȼɵɜɨɞ: ɰɟɩɨɱɤɚ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ ɩɪɨɢɡɜɨɞɧɵɯ ɨɛɪɵɜɚɟɬɫɹ ɩɨɫɥɟ ɜɬɨɪɨɝɨ 

ɲɚɝɚ ɜɵɱɢɫɥɟɧɢɣ, ɬɨ ɟɫɬɶ ܩ ,, = Ͳ. ɍɬɜɟɪɠɞɟɧɢɟ ɪɭɤɨɜɨɞɢɬɟɥɹ ɞɨɤɚɡɚɧɨ, 

ɚɥɝɟɛɪɚ Ʌɢ ɹɜɥɹɟɬɫɹ ɪɚɡɪɟɲɢɦɨɣ ɫɬɭɩɟɧɢ ɪɚɡɪɟɲɢɦɨɫɬɢ 2. 

 Ɍɚɤ ɠɟ ɦɧɨɣ ɛɵɥɢ ɧɚɣɞɟɧɵ ɱɚɫɬɧɵɟ ɪɟɲɟɧɢɹ ɜɫɩɨɦɨɝɚɬɟɥɶɧɨɣ ɫɢɫɬɟɦɵ 

(2.7): 

ଵݐ =  ,߱݊݅ݏʹ𝜑ʹ݊݅ݏ
ଶݐ = − ߱݊݅ݏʹ𝜑ʹݏ݋ܿ + √͵ʹ ln ቀ݃ݐ ߱ʹቁ. 
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ɁȺɄɅɘɑȿɇɂȿ 

 Ⱥɧɚɥɨɝɢɱɧɨ ɧɚɯɨɞɹɬɫɹ ɢɧɜɚɪɢɚɧɬɧɵɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (1.4), 

ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɢɧɜɚɪɢɚɧɬɚɦ ɨɩɟɪɚɬɨɪɨɜ 1X  ɢ 3.X  

 Ⱦɟɣɫɬɜɭɹ ɝɪɭɩɩɨɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɧɚ ɩɨɥɭɱɟɧɧɵɟ ɢɧɜɚɪɢɚɧɬɧɵɟ 

ɪɟɲɟɧɢɹ, ɦɨɠɧɨ ɧɚɯɨɞɢɬɶ ɧɨɜɵɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (1.4). 
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