Journal of Siberian Federal University. Mathematics & Physics 2019, 12(4), 434-438

VIK 517.53
On Some Approach for Finding the Resultant of Two Entire
Functions

Alexander M. Kytmanov*
Evgeniya K. Myshkina'

Institute of Mathematics and Computer Science
Siberian Federal University

Svobodny, 79, Krasnoyarsk, 660041

Russia

Received 12.02.2019, received in revised form 27.03.2019, accepted 06.05.2019

One approach for finding the resultant of two entire functions is discussed in the article. It is based on
Newton’s recurrent formulas.

Keywords: resultant, entire function, Newton’s formulas.
DOLI: 10.17516/1997-1397-2019-12-4-434-438.

Let us consider classic resultant R(f, g) for given polynomials f and g . It can be defined in
various ways:

a) using the Sylvester determinant (see, for example, [1-3]);

b) using the formula for the product R(f,g) = [[  g(x) (see, for example, [1-3]);

{a:f(x)=0}

¢) using the Bezout-Cayley method (see, for example, [4]).

See also monograph [5].

In our approach, we take the formula of the product as the main definition.

Let us consider the Sylvester determinant for

f(z) =ao+ a1z + agz® + ... + a,z",
g(2) =bg + b1z + baz2? + ...+ by2™.

Let us define

Qo a1 a9 . 0
0 Qo aq e 0
10 ...oa ... ay
Dn,m - bo bl b2 . 0 ) (2)
0 b b ... 0
0 ... by ... bn

If a,, # 0 then

{z:f(z)=0}
that is, it coincides up to a constant the multiplier with the resultant.
Let us consider the following sums of powers of the values of g at the roots of f

S = Z gk(x), k=1,2,....
{z:f(x)=0}
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It is known that (see [6])

S1 1 0 ... 0

1] 8 S 2 ... 0
L I ®)

Sn Sn—l Sn—2 e Sl

A natural generalization of polynomials are entire functions. A number of results are known
that extend the definition of resultant in the case of entire functions with a finite number of zeros
and with an infinite number of zeros (see [6,7]). One of the results is the following [6]. Let g(z)
be an entire function of the form

g(2) =bo+biz+bez® +.. Fbpz™ ...

then
R(f,g) = mlgnoo a;mDn,m- (4)

Therefore, to find the resultant R(f,g) it is necessary to calculate determinants of order m—+n,
and then to find their limit. It is certainly quite difficult. Here we propose another approach for
finding the resultant.

Let us denote the roots of the polynomial f(z) by 21, 22, . .. 2,. Multiple roots are taken into
account. Then

n

Loz =g(z1) - g(z2) - g(zn) = [ 3obszr | -+ | Dobizn

i=1

This expression is the sum of some symmetric polynomials in variables zi, zs,...2,. These
symmetric polynomials are polynomials of elementary symmetric polynomials of polynomial f(z).
Thus, it is possible to find the resultant of polynomials f(z) and g(z) without finding the roots
themselves.

Let us consider an example of application of this method to the system

f(z) = ap + a1z + a22?,
g(z) =byg+biz+ b222 + ...+ bpz™.
The roots of polynomial f(z) from (5) are z; and z5. Then

2

Hg(zi) = g(21) - g(22) = (6)

i=1
=02+ 022120 + U220 L bR
+boby (21 + 20) + boba (22 + 22) 4 ... + bob, (27 + 25+
+b1baz120(21 + 22) + blbgzlzg(zf + zg) + .o 4 bibpzrza(2]7 + 25)+
+bob3ziza (21 + 20) + boba2?22 (2% + 23) 4 ... 4 bobp 2223 (2] + 25+
by 1bp 2T 2.

Hence we obtain
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2

Hg(zz) =9g(z1) - g(22) = Z b2t zs + Z Z bebs(2125 + 2123) = (7)
k=0

i=1 t=0 s=t+1

= Zbkzle +Z Z bibszt2b (2571 4 2571,

t=0 s=t+1

To simplify the resulting expression we use Vieta’s formulas

{61221+22:—a1, (8)

€2 = 21 - 22 = ao,

where eg, ey are elementary symmetric polynomials of polynomial f(z).
Now one needs to calculate the sums in brackets in formula (6). To do this we introduce the

following notation
2
Si=2 =,
i=1

i.e.,
S1 =21 + 22,

1 2., .2
So =21 +25, ...
] k. _k
Sk =21 + 23.

Expressions Sy are sums of powers of the roots of polynomial f(z).
Let us consider the famous Newton-Girard formula

§k: Z (—1)kk(rl+.”+rk_1)!H(—ei)”.

ril o) .
r14+2re+...+krr==~k,r1,r2,...,7£ >0 i=1

In our case there are only two elementary symmetric polynomials. Therefore

o — ! j+t2d (J+t—1)! 2t j—t
Szj—;( 1)+W(61) (e2)” ™,

if j is even, and

Saj1 = Z(_l)j+t ((sgill))! .. ((i J: i))!! (1)1 - (e2)’ 7,

t=0
if j is odd

For example, _

Sy = e% —2e9 = a% — 2ayg,
§3 = e‘rf — 3e1e9 = —af + 3aga;.

As a result, we obtain

2 n

[To(z) =D bRzt + Z Z bibs2izg(2] " +257") = Z Rag + Z Z bibsahSs. (9)

i=1 k=0 t=0 s=t+1 k=0 t=0 s=t+1

Now, if g(z) is an entire function then formula (9) takes the form
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Hg( i) = Z kaoJFZ Z bibsaf S,
k=0

t=0 s=t+1
Let us consider the system of equations

f(Z) = 22 - a‘27
g(2) = by + b1z 4 boz? 4+ b2

Example 1.

The roots of the first equation of the system are +a. Using formula (7), we have

2 n 0
[ToGo =3 et +30 3 bbectabci ' +57).
i=1 k=0

t=0 s=t+1
Then
€y = 2122 = 70,2,
e1 =21 +22=0,
and
~ 2a°7t s —t even
sz — Zsft _’_Zsft — ) )
e 2 0, s—t odd.
Thus
2 n
TTote) = Y0 + 3 Y (15, =
i=1 k=0 t=0 s=t+1
DYSIEEEE o) SIS
t=0 s=t+2

£l
\ |

(10)

provided that s —t is an even number. Let us introduce the following designation s —t = 2j.

Then
(n—t)/2]

2 n n

[ToGzo) =D (=1)*bia® + 22 Z 1)"byby g o50” .

i=1 k=0

Example 2. Let us consider the system of equations

f(z) =22 —d?,

= (b2)" bz)? bz)™
:Z( ') PR (o e (i
n 2! n!
n=1
Using formula (4), we obtain
[To) =3 M
i=1 k=0 t=0 j=1 t+2]

The first sum is the Bessel function of the first kind Jy(2ab) (see, for example, [8]).
The work was supported by RFBR, grant 18-51-41011 Uzb.t and grant 18-31-00019.
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O HEeKOTOpPOM TOAXO0JIe K HAXO0XKJEHUIO pe3yIbTaHTa
ABYX MeJbIX PYHKIN

Anekcanap M. KeitMmaHoB

EBrennsa K. Mbrnkunaa

MucruryT MareMaTuku u GyHIaMEHTAJIBHON MH(HOPMATUKA
Cubupckuii demepasbHbii YHUBEPCUTET

Csobogubtit, 79, Kpacuosipck, 660041

Poccus

B cmamwe obcyorcdaemes 00ur noorod K HALOHCOEHUIN PEZYALMAHMG 08YT UEADIT PYHKUUT, 0CHOEAHH BT
Ha pekyppermuuir popmyarar Horomona.

Karoueswie caosa: pesysvmupyrousue, ueavie gyrnkyun, dopmyav, Horomona.
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