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Extraordinary properties of three-wave mixing and greatly enhanced optical parametric amplification are
numerically investigated in the proposed hyperbolic metamaterial made of carbon nanotubes. It supports
a set of normal and backward electromagnetic modes with equal co-directed phase velocities and contra-
directed energy fluxes in the THz frequency range.
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Backward electromagnetic waves (BEMWSs) are the extraor
dinary waves with contra-directed phase velocity and energy

flux. They do not exist in the naturally occurring materials.

However, with the advent of nanotechnology, it became pos
sible to deliberately engineer the nanostructures which pro
duce such a significant delay of the electromagnetic response
that it effectively gives rise to BEMWs [1]. Optical BEMWSs
enable numerous breakthroughs in photonics, such as super
resolution and cloaking. Besides applications in the linear op
tics, extraordinary coherent, i.e. phase dependent, nonlinear op
tical (NLO) propagation processes have been predicted which
hold the promise of significant advances in the harvesting of
light. Among them are the processes of generation, amplifica
tion, modulation, [requency-conversion, and the propagation
direction reversal of the light waves [2-4]. A main approach
to produce the optical BEMWs is grounded on the engineering

of the metamaterials (MMs} with negative refractive index [1].

[n this work, we employ an approach to the outlined advance
ments which is basec on the guided EMW with variable posi
tive Lo negative spatial dispersion [3]. In the case of negative spa
tial dispersion dw/dk < 0, the Poynting vector 8 — vl (U is
the energy density), which is directed along the group velocity
vg — (k/k){dw/dk}, and the phase velocity, which is directed
along the wave vector k, appear contra-directed. The negative
spatial dispersion can be realized in hyperbolic MMs [6]. How

ever, the key point of our work is as follows. As shown in [2],

a huge enhancement in the coherent NLO coupling, such as in
three- wave mixing, and in the related optical parametric am

metal plane

Fig. 1. Metamaterial composed of standing CNTs.

plification (OPA) and frequency conversion occurs only if the
energy fluxes of the coupled waves are contra-directed, whereas
their phase velocities are co-directed and equal. This imposes
a sel of strict requirements to the MMs being engineered. In
this paper, we propose a model of such a MM which can op
erate in the THz and near-IR frequency ranges. Extraordinary
NLO processes which give rise to the OPA and to the frequency
and propagation direction changes are investigated and the out
comes are demonstrated through numerical simulations. The
applications may include ultra-miniature amplifiers, frequency
changing reflectors and remotely actuated sensors in the THz.
The reported approach can be extended on other constituent
materials and frequency ranges.

Consider a MM slab made of carbon nanotubes (CNTs) of
height hstanding on the perfectly conducting metal surface and
embedded in the host dielectric with the relative permittivity .
On the top, it is bounded by the dielectric with the relative per
mittivity €5 (Fig. 1). The CNTs form a two-dimensional periodic



structure in the xy-plane with a square lattice constant d. Basi
cally, a shape of the lattice can be modified. Carbon nanotubes
possess strongly anisotropic metallic property along the axis z
which determines the negative relative permittivity €, [7-9]

Ho/ (L) (1)

Here, k w/ec < kp, ky is the effective plasma wavenum
ber, Ly is the effective inductance of the CN'Ts per unit length,
the parameter & — 1/¢1 is responsible for losses, 1 is the elec
tron relaxation time. Radius r of the CNTs and the lattice con
stant d are taken to be r 0.82nm and d 15nm. Then
the indicated parameters are estimated as Ly 3.7 x 1073
H/m, K = 1.51 x 10" m 2, w,/2n
Thus the MM can be thought of as the medium with hyper
bolic dispersion for the frequencies below w), because then
¢z < 0, whereas ¢ Enx Cyy ¢y > 0. As shown
below, the fact that the CNTs have a limited helght plays a
crucial role in achieving the stated goal. The MM depicted in
Fig. 1 can be also thought of as a tampered waveguide formed
by the metal plate and by the upper dielectrie layer. Space
time dependence of the fields propagating along the waveguide
can be approximated as exp [i(kyx — wt)]. Maxwell equalions
for the allowed modes split into two sub-systems: for the TM
modes with Hy = 0, H, = 0, E, = 0, and the TE-modes with
liy — 0. I, — 0, [y — 0. Equations for the tangent components
of the TM and TE macdles respectively are:

€= 1 — /(K + k). I

dlx(2)/dz — iy [k— (Ka/kez)] L. @

dHy(z)/dz — i(k/yp) B = —(ky/ ke g )i Hy.
dEy(z)/dz = —igkHy, Hy = (ky/ ki) Ey, )
dHy(z)/dz — (i/y) [(K%/k) — ke | | Ey.

Here, p = 1.5 = (ug/eq) V2. Since ¢, < 0 and €, > 0, only

TM-maodes exhibit the hyperbolic dispersion and are of interest.

The system (2) can be presented in a matrix form:
dX(z)/dz — i|A|X(2) 4

with the column-vector X — (Fy. Iy ). and elements of the ma-
trix [A] defined by Eq. (2). The solution to the Cauchy problem
for this matrix equation is

X(z) — exp{i[A]z}X(0). ]

Here, [M|(z) = exp{i|A|z} is the transfer matrix or the prop
agator which connects the tangent field components in planes
7z — 0 and z. The propagator can be computed using spectral
representation of the matrix function. In our case, the matrix
exponent is expressed as [10]:

exp{ilA|z} Z exp{i\;z} I_[ Al 'y _é{‘fl[. (6)

where s is the number of different eigenvalues Ay, of the matrix
|A]. and [I] is the unit matrix. In our case, s — 2 and

’Klz.z ki € [kz = (ki/cﬂ)] . (7

Using Eq. (6) one obtains an expression for matrix [M]:

My (2) = cos(k,z), Myy(2) — iZsin(k,z). @®
My (2) = isin(kyz)/ 7, Myy(2) — cos(kzz).

58.7 THz, v=3 ps [8. 9].

where Z L/ Hy J;k,/kc is the transverse wave
impedance for the TM-waves. The tangent field components
can be recalculated from the ground plane z = 0 to the upper
plane z = h using the transfer matrix while taking into account
the perfect electrical conducting conditions at z — Q:

F(h) = MiaHy(0), Hy(h) = My Hy (0). ©

Since the area at z > h is a semi infinite material with the rela
tive permittivity e, the tangent electric and magnetic field com
ponents at z — h are connected via the transverse impedance

Zs — Hye(h)/Hy(h) — 17k./ kes i{:i\fk:f{—kzcs} /kes.  (10)

Here, Eq. (7) is used and the waves are supposed o be exponen
tially decaying from the surface of the MM, Le. k& > keg. With
aid of Eqs. (8) - (10), one obtains a dispersion equation for the
TM-modes propagating along the x-axis [12]:

kytan (k:h) = (ep/es)\/ bk — Kes, (11)
where k, = /e[l — (Ki/¢z)], k& > K. Dispersion Eq. (11)

reminds the one predicted in [13] for a layered MM. It is seen
that the open-end structure imposes a significant difference on
the waves dispersion as compared with an unbounded uniaxial
crystal [11]:
2
K = exn(kf — 1). (12)

It also contrasts with the case of the MM made of CNTs stand
ing between two perfectly conducting planes:

e, [kz - (m/zmz] . (13)

Here, k, mm/2h, his the height of the waveguide, and
m is a positive integer determining the number of field varia
tions along the CNTs. It is seen that all allowed discrete LM
mocdles corresponding to dilferent values of m at €., < 0 and
k < mm/2h appear BEMWs, since dk%/dk* < 0. On the con
trary, Eq. (11) predicts the mode with a sign changing disper
sion which is of a paramount importance for enabling the coex
istence of the ordinary and BEMWs. Note, the dispersion given
by Eq. (11) is strongly dependent on the CNTs height .

A spectrum of the allowed modes and their attenuation can
be found by numerically solving Lq. (11) and calculating the
complex propagalion constant ky Ky + iky.  Figure 2(a)
presents a spectrum of the lowest modes and their dispersion
w(ky,) calculated for h 3.5 ym. For the sake of simplicity,
we assume further that ¢ €s 1. Reduced wavevector
Krk = o/ v represents phase velocity v, It proves the pos
sibility of the phase-matching for the three-wave mixing fre-
quency down conversion process ws — wy awy and OPA al
wy. The simulations also prove the possibility of the phase
matching for different sets of frequencies by adjusting the nan
otube lengths h. For convenience, a sum of the mode frequen
cies w | wy is shown by the dashed line. However, only its
crossing with the third mode satisfies frequency mixing. Phase
matching occurs at ky/k — 1.447 (marked with the vertical line).
Figure 2(b) depicts attenuation of the respective modes. As
seen, the attenuations may differ greatly despite the fact that
electron relaxation rate is the same. The difference is due to the
nanowaveguide propagation regime. Figure 3 depicts group
velocity indices for the respective maodes. Split for the second
mode indicates slow-light regime vg, — 0. It is seen that in



Table 1

Mode | £, THz | k10°m ™" | |k /K. 1073 | ng | & =2k, 107 2pm " | Ly pm | Avac, pm | Apeq. pm
1 10.43 2.186 2.26 1.45 0.988 2331 28.74 19.86
2 34.95 7.325 17.8 —7.71 2.61 88.2 8.508 593
3 45.38 9.511 15.46 —6.29 2.94 78.3 6.61 4.57

Frequency, THz
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Fig. 2. (a) Dispersion of three lowest modes at b = 3.5 ym.

The dashed line represents the sum of two lowest modes. (b)
Normalized attenuation constant k% / k: the blue (solid) line
corresponds to f, the red one (dashed) - to 6, the green one
(dash-dotted) - to f3.

Fig. 3. Group velocity indices ¢/ vg, for the respective modes.

the vicinity of phase matching group velocities at f; and fy are
directed against the phase velocity with the values significantly
less than the speed of light. Alternatively, group velocity for the
first mode is of the opposite sign.

At the pump pulse duration At = 10 ps, the pulse spectrum
bandwidth is Af & 1/Ar = 0.1 THz ie., Af/f 1072 =103,
Hence, the pump can be treated as quasi-monochromatic. Al
ternatively, for At 10 fs, Af/f o 10, the spectrum covers
all modes. The data used for the simulations described below
is summarized in Table 1. The values L, indicate the metaslab
length corresponding to attenuation I;/ 1y — exp(—a;Ly)
0.1, i.e., a;l,; — 2.3 for the respective frequencies. A thickness
I = Lay — 78.3 pm was chosen Lo satisfy «ql, =~ 2.3 [or the
mode with highest attenuation. For the same slab thickness,
ol — 2.04, and &, L — 0.077. Therefore, attenuation at the
lowest frequency appears significantly less than for the two oth
ers which are comparable. Pump pulse length for A1 = 10 ps is
[ = Atvag, = At(c/nagy) = ATT pm, i.e., about 6 times greater
than [z. Hence, in this case, a quasi-stationary process estab
lishes through the major part of the pulse. Transient processes
at the forefront and at the tail of the pulse can be neglected.

Normalized amplitudes of the waves are given by the fol
lowing equations which account for the fact that propagation
direction of the wave at fi must be opposite to others in order
to satisfy the phase matching:

(9a; /9¢) — (v3/ vy )(da, /dv) = —iglasa; |+ (&,/2d)a, (14)
(Fap /) | (v3/vp)(dag /dT) — iglasa] — (d2/2d)ay, (15)
(das/dg) + (dag/0v) — ig"lajay — (k3/2d)as. (16)

Here, § = x/1 I = wsAr, v = t/Av, d = L/L % = al,
v; > 0 and g; are the modules of group velocities and atten-
uation indices at the corresponding frequencies, g aliy,
Ef(x = 0), & 4:'!\/7(_1(_;(2? x:? is effective nonlin
ear susceptibility, a; — +/[e;es|7kiks(E;/ Eag). Quantities |ay|?
are proportional to the time dependent photon fluxes. The in
put pulse shape at f3 was chosen to be close to a rectangular

form
o m—1
— tanh 0‘ .
oT

F(t) =05 (lanh E-QL-
or

Eg =

(17)

where T = t/At, 07 is the duration of the pulse front and tail,
and 1 is the shift of the front relative to t — 0. The values

o1 — 0.01 and 15 — 0.5 were taken for the simulations. The
input signal at f; was supposed (o be a continuous wave with
axg = 10 Dag().
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Fig. 4. Optical parametric amplification and frequency
shifting NLO reflectivity vs. intensity of the pump.

Figure 4 demonstrates the dependence of the output ampli
fied signal at £, and of the idler at i generated in the oppo-
site direction on the intensity of the pump as well as the ef
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Fig. 5. lields distribution along the attenuation-free metaslab
in the vicinity of the resonance pump intensity.
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Fig. 6. Outpul fields vs intensity ol the pump lor the ordinary,
co-propagating coupling scheme. All other parameters are the
same as in Figs. 4 (a) and (b) respectively.

fects of attenuation and the pump pulse duration on the out
puts. Panels (a) and (b} depict the cases of a long pump pulse
(quasi-CW regime). Here, T54(x L) = |aga(L)/az|® are

the transmission factors, and asg is the input pump maximum.

The value T;(L) represents OPA. Nonlinear optical reflectivity
(NLOR} at fi is given by the value Ryq | (x -

shows that a huge enhancement in the OPA and in the NLOR
occurs when the pump intensity reaches a certain threshold
value. This is the effect specific to BW coupling which origi
nates from the appearance of the intensity-resonant distributec
NLO coupling feedback [2]. Here, photon conversion efficiency
reaches 100% at a relatively small increase of the pump above
the threshold value. Attenuation significantly decreases OPA
(panel (b}}. Remarkahly, NLLOR does not experience such a sig
nificant decrease. It is because the reflected wave is precdomi
nantly generated near the MM entrance where the pump anc
the signal are not yet significantly attenuated. Besides that,
the altenuation for the f; mode appears to be significantly less
than the one for the two other modes. Panels (¢) and (d) de
pict the case of a shorter pulse [ L. Here, the transmitted
and reflected photon fluxes per pulse are given by the values
Si(x)/Ss0 — [ di|a(x. 0)|2/ [ dt|age(€)|?. Ttis seen that the dis
persion and the opposite signs of group velocities cause a sig
nificant increase of the pump threshold and a decrease of the

sharpness of the enhancement in the vicinity of the threshold.

The described dependencies are due to the unusual Manley
Rowe relationship. A difference of the pump and of the contra
propagating icller photon numbers is a constant along the slab,
whereas the sum of the pump and of the co-propagating signal
photon numbers is a constant as seen in Fig. 5 calculated for the

U) /330|£.
Panel (a), which corresponds to the attenuation-free regime,

ultimate case of the attenuation free metaslab. A width of the
gap between the pump and the idler curves represents a con
version rate. The gap sharply decreases and the conversion rate
increases in the vicinity of the threshold pump intensity.

Figure 6 is calculated for the co-propagating coupling in an
ordinary material with the same other parameters as in l'igs. 1
(a) and (b). It is seen that higher conversion efficiency at lower
pump intensity is achieved in the first BEMW coupling case.

CONCLUSIONS: The possibility of engineering the mela
materials which enable a great enhancement of coherent non
linear optical coupling of electromagnetic waves is shown. This
allows for the decreasing of the size of a material slab which is
needed for the efficient frequency conversion and optical para
metric amplification of signals. The proposed metamaterials
support a set of the guided electromagnetic modes whose dis
persion w(k) can be adjusted so that their frequencies would
satisfy the wave mixing while their propagation phase veloci
ties become equal. The latter is the prerequisite of a fundamen
tal importance for efficient nonlinear optical frequency mixing.
The even more important point is that the proposed metamate
rials enable the modes with oppositely directed energy (luxes
while their phase velocities are co directed and equal. [ndeed,
the latter is a key factor that ensures a great enhancement in
the wave coupling. Besides the enhanced parametric amplifi
cation of weak signals and compensating their losses, such an
uncommon coupling scheme enables generation of the extraor
dinary frequency shifled idler in the direction opposite (o the
signal. Such possibility is demonstrated through numerical sim
ulations of the corresponding propagation processes with the
aid of a particular model of the metamaterial suitable for the
THz frequency range. The outlined properties of the investi
gated processes hold promise for applications in the photonic
device technologies and in the remote sensing,
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