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We suggest a simple scheme for creating a NOON state of repulsively interacting Bose atoms in the
double-well potential. The protocol consists of two steps. First, by setting atom-atom interactions
to zero, the system is driven to the upper excited state. Second, the interactions is slowly increased
and, simultaneously, the inter-well tunneling is decreased to zero. We analyze fidelity of the final
state to the NOON state depending on the number of atoms, ramp rate, and fluctuations of the
system parameters. It is shown that for a given fidelity the ramp rate scales algebraically with the
number of atoms.

I. INTRODUCTION

Non-classical states of bosonic ensembles play impor-
tant role in quantum computing, measurement, and com-
munication [1–3]. Among many different implementa-
tions [4–10] the two-mode Bose-Hubbard model [11–36]
is the most popular playground thanks to its versatility,
relative simplicity, and experimental accessibility with ul-
tracold atoms in optical potentials [2, 18, 23, 26, 34, 35].
In this paper we propose a recipe for generating NOON
states [37], also known as large cat sates [12], in the two-
site Bose-Hubbard model. It should be mentioned from
the very beginning that, due to decoherence processes
inevitably present in a laboratory experiment (particle
losses, fluctuations of the optical potential, etc.), the
NOON state can be obtained only for relatively small
number of atoms. In other words, in the thermodynamic
limit N → ∞ one always gets a statistical mixture of
two states with all atoms localized in either of two wells
– the phenomenon known as spontaneous localization or
parity-symmetry breaking phase transition. One of the
goals of this work is to estimate the maximal number of
atoms for which one can create the NOON state with the
present day experimental facilities.

Formally, the NOON state is the ground state of the
one-dimensional attractive Bose-Hubbard model [13, 17,
20] in the strong interaction regime. In practice, however,
this state is hard to reach because the NOON state are
fragile to particle losses caused by the collision instability
[38]. To avoid this problem we consider repulsive atom-
atom interactions where the NOON state appears to be
the upper energy state of the system. In what follows we
show that this state can be reached in the course of adi-
abatic passage through an excited state quantum phase
transition (ESQPT) [39–41]. It is generally believed that
such an adiabatic passage would require extremely long
evolution time, which scales exponentially with the num-
ber of particles [21]. Here, by detailed examination of
the system spectrum in a view of the Landau-Zenner
tunnelling, we demonstrate that the evolution time ac-
tually scales algebraically with the number of bosons N .

A pseudo-classical interpretation of the adiabatic passage
with the ESQPT corresponding to a separatrix crossing
in the classical phase-space is provided.

II. SYSTEM OVERVIEW

We consider N ≫ 1 Bose atoms with repulsive interac-
tions in the double-well potential. This system is known
to be well described by the two-site Bose-Hubbard Hamil-
tonian [13, 14]

Ĥ = −J
2

(
â†2â1 + â2â

†
1

)
+
U

2

∑

l=1,2

n̂l(n̂l−1)+δ(n̂2− n̂1) ,

(1)
where J is the hopping matrix element, U the microscopic

interaction constant, âl and â†l the bosonic annihilation
and creation operators, n̂l the number operator, and δ
the difference between the on-site energies. For N bosons
the Hilbert space of the Hamiltonian (1) of dimension
N = N + 1 is spanned by Fock states

|N1, N2〉 = |N/2−n,N/2 +n〉 ≡ |n〉 , |n| ≤ N/2 , (2)

where N1+N2 = N . Above we used a symmetric param-
eterization to label the Fock states by a single quantum
number n (N is assumed to be even). The full spectrum
of the system is shown in Fig.1, where we introduced
the macroscopic interaction constant g = UN/2 and set
the hopping matrix element to J = 1 − g. Thus, the
case g = 0 corresponds to the system of non-interacting
bosons while in the case g = 1 the inter-well tunnel-
ing is completely suppressed. It is easy to prove that
the spectrum is equidistant for g = 0 and quadratic for
g = 1, with all energy levels except the ground state
being twofold degenerate [22]. The spectrum for inter-
mediate g possesses the quantum separatrix and can be
understood by employing the pseudo-classical approach
which we review in Sec. III.

Among the eigenstates |Ψj〉 of the Hamiltonian (1) of
particular interest are the states with minimal and max-
imal energy. For g = 0 the ground state of the system is
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FIG. 1: Energy spectrum of N = 10 (left) and N = 40
(right) bosons against the macroscopic interaction constant
g = UN/2. (The other parameters are J = 1 − g and δ = 0.)
The quantum separatrix is marked by the red dashed line.

a Bose-Einstein condensate with all particles occupying
the symmetric single-particles state,

|Ψ0(g = 0)〉 =
1√

2NN !

(
a†1 + a†2

)N

|vac〉 , (3)

while the upper energy state is a Bose-Einstein con-
densate with all particles occupying the antisymmetric
single-particles state,

|ΨN (g = 0)〉 =
1√

2NN !

(
a†1 − a†2

)N

|vac〉 . (4)

Let us follow these states under variation of g. At each
value of g eigenfunctions are found as an expansion over
the Fock states (2),

|Ψj(g)〉 =

N/2∑

n=−N/2

c(j)n (g)|n〉 , (5)

For j = 0 and j = N the results are shown in Fig 2. It
is seen that the ground state transforms into the frag-
mented condensate [22]

|Ψ0(g = 1)〉 = |N/2, N/2〉 , (6)

while the upper energy state evolves into the NOON state

|ΨN(g = 1)〉 = |NOON〉 ≡ 1√
2

(|N, 0〉 + |0, N〉) . (7)

Next we consider time evolution of the system accord-
ing to the Schrödinger equation,

i
d

dt
|ψ〉 = Ĥ(g)|ψ〉 , J = 1 − g , (8)
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FIG. 2: Squared absolute values of expansion coefficients
Eq. (5) of the ground (left) and upper energy (right) states
against the macroscopic interaction constant g.
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FIG. 3: Panel (a): Squared absolute values of expansion co-
efficients over the Fock basis as the function of g = νt for the
adiabatic passage with ν = 0.1. Panels (b) and (c) compares
final state of the system for ν = 0.1 and ν = 0.025.

with the interaction constant g growing linearly from 0
to 1 during the time interval T = 1/ν. In Fig. 3(a) we
present the results of numerical simulations of the sys-
tem dynamics for |ψ(t = 0)〉 = |ΨN(g = 0)〉 and ν = 0.1.
Shown are squared absolute values of the expansion coef-
ficients cn(t) = 〈n|ψ(t)〉. One can see in Fig. 3(b) that the
final state |ψ(t = T )〉 does not ideally coincide with the
target NOON state Eq. (7). With a smaller ramp rate,
however, the result is almost perfect, see Fig. 3(c). In the
next sections we analyze the discussed adiabatic passage
in more detail and quantify the final state |ψ(t = T )〉. To
pay credits to other works we mention that adiabatic pas-
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sage for the ground state of the attractive Bose-Hubbard
model was considered earlier in Ref. [20, 42] and a differ-
ent adiabatic passage, which involves the rising potential
barrier which separates a Bose-Einstein condensate into
two parts, was analyzed in Ref. [14, 15, 19, 24].

III. PSEUDO-CLASSICAL APPROACH

To get a deeper insight into the discussed adia-
batic passage we resort to the pseudo-classical approach.
This approach borrows its ideas from the semi-classical
method in single-particle quantum mechanics to address
the spectral and dynamical properties of the system
of N interacting bosons, with 1/N playing the role of
Planck’s constant [43–46]. Formally, the creation and
annihilation operators are substituted with C-numbers

as âl/
√
N → al and â†l /

√
N → a∗l , which also implies

rescaling of the Hamiltonian as Ĥ/N → H . For the
two-site Bose-Hubbard model this leads to the classical
Hamiltonian [11]

H =
g

2
I2 − J

2

√
1 − I2 cosφ , J = 1 − g , (9)

where g = UN/2 is the macroscopic interaction constant.
Fig. 4 shows the phase portrait of the system (9) at four

different values of g: 0, 0.4, 0.7, and 1. By using the re-
lation I = sin θ phase portraits of the system can be also
drawn on sphere of the unit radius. In this representation
the line I = 1 (I = −1) reduces to single point – the north
(south) pole of the sphere. For g = 0 the phase portrait
contains two elliptic points at (I, φ) = (0, 0) (minimal en-
ergy) and (I, φ) = (0, π) (maximal energy), see Fig.4(a).
As g is increased above gcr = 1/3 the latter elliptic point
bifurcates into two elliptic points at (I, φ) = (±I∗, π),
where I∗ is a function of g. With a further increase of
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FIG. 4: Phase portraits of the classical Hamiltonian (9) for
(a) g = 0, (b) g = 0.4, (c) g = 0.7, and (d) g = 1.
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FIG. 5: Comparison between the classical (left panel) and
quantum (right panel) dynamics. Parameters are δ = 0, ν =
0.1, and N = 100.

g the island around the point (I, φ) = (0, 0) vanishes
while the islands around (I, φ) = (±I∗, π) monotonically
grow, finally leading to the phase-space portrait shown
in Fig.4(d).

The depicted phase portraits suffice to find the en-
ergy spectrum shown in Fig. 1 by using the semiclassi-
cal quantization rule, where the phase volume encircled
by a trajectory is required to be a multiple of the effec-
tive Planck constant h = 1/N . Then the central island
around the point (I, φ) = (0, 0) gives energy levels be-
low the quantum separatrix while two symmetric islands
around (I, φ) = (±I∗, 0) give degenerate levels above the
quantum separatrix. The details are given in Ref. [45],
where it was demonstrated that the pseudo-classical ap-
proach provides an accurate approximation to the exact
spectrum even for N = 10.

Let us now study dynamics of the classical system
(9) when both g and J vary in time as g = νt and
J = 1 − g. As the initial condition we take an ensemble
of particles with the probability distribution given by the
two-dimensional Gaussian centered at the elliptic point
(I, φ) = (0, π). For comparison with quantum dynamics

the width of the Gaussian is adjusted to σ =
√
N . The

left panel in Fig. 5 shows the evolution of the classical
distribution function ρ(I, t) for N = 100. (We stress one
more time that the latter parameter determines only the
width of the initial distribution.) The left panel in Fig. 5
should be compared with the right panel showing the
quantum evolution. The observed agreement underlines
the classical phenomenon behind the quantum results
discussed in the previous section. Classically, the parti-
cles are captured into the upper and lower islands emerg-
ing after bifurcation of the elliptic point (I, φ) = (0, π)
and then transported towards I = 1 and I = −1, respec-
tively. The phenomenon of capturing into (and releasing
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FIG. 6: Same as in Fig. 5 with δ = 0.01.

from) an elliptic island was considered earlier in Ref. [47]
in a different context. It involves the crossing of instanta-
neous separatrix that, in turn, was analyzed in Ref. [48].

To conclude this section we discuss the effect of non-
zero δ. For δ 6= 0 the emerging islands have different
size, which makes ρ(I, t) asymmetric with respect to I →
−I. To characterize this asymmetry we introduce the
population imbalance

G =

∫ 1

0

ρ(I, T )dI −
∫ 0

−1

ρ(I, T )dI . (10)

If δ is increased the population imbalance (10) grows
monotonically, approaching |G| = 1, see Fig. 6. Impor-
tantly, the imbalance also grows if ν is decreased and for
any finite δ the imbalance is unity in the limit ν → 0.

IV. LANDAU-ZENER TUNNELING AND

FIDELITY TO THE NOON STATE

In the previous section we explained the quantum re-
sults depicted in Fig. 2 by using the pseudo-classical ap-
proach. The quantum-mechanical explanation of these
results is based on the notion of Landau-Zenner tun-
neling. Due to this phenomenon several energy levels
become populated as we follow the upper most level in
Fig. 1 with a finite sweeping rate. This is illustrated in
Fig. 7(a) which shows the populations of the instanta-
neous energy levels Pj(t),

Pj(t) = |〈Ψj(g = νt)|ψ(t)〉|2 , (11)

for ν = 0.1 and N = 30. Notice that only even levels are
populated because of different symmetry of eigenstates
of the Hamiltonian (1) with odd and even index j. To
quantify the effect of Landau-Zener tunneling we intro-
duce the fidelity

F = |〈NOON |ψ(T )〉|2 , (12)
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FIG. 7: Populations of the instantaneous energy levels for
N = 30, ν = 0.1, and δ = 0 (upper panel) and δ = 0.0001
(lower panel).

which characterizes how close the final state is to the
target NOON state. In the limit ν → 0 it is enough to
take into account only the nearest high energy level of the
same (even) symmetry, which alone determines fidelity
of the final state through the celebrated Landau-Zener
equation

F = 1 − exp

(
− π∆2

2|α|ν

)
. (13)

In Eq. (13) ∆ is the energy gap between the upper most
level and the next level of the same symmetry, ν = 1/T
the sweeping rate, and α is determined by the angle at
which two levels approach each other. Since the energy
gap ∆ and |α| scales algebraically with 1/N , we expect
that the evolution time T has to be increased proportion-
ally to the number of particles to insure a given fidelity.
Direct numerical simulations of the adiabatic passage for
different N confirm this hypothesis, see Fig. 8(a). It is
interesting to discuss the depicted result with respect to
the recent laboratory experiment [34] which studies the
parity-symmetry-breaking phase transition for N ≈ 4500
attractively interacting atoms in a double-well potential.
Taking J/h = 40Hz and the evolution time ∼ 1s we get
N ≈ 30 and this number can be easily increased by one
order of magnitude by relaxing the fidelity to F = 0.9
and using a time-dependent sweeping rate ν = ν(t) that
optimizes the adiabatic passage. We stress that the above
estimate is obtained under the assumption of negligible
decoherence processes which we shall discuss in Sec. V.

Next we analyze the effect of non-zero δ ≪ J in
the Hamiltonian (1) from the quantum-mechanical view-
point. Non-zero δ breaks the reflection symmetry of the
system, so that eigenstates of the Hamiltonian (1) at
g ≫ J are given by the Fock states |N/2−n,N/2+n〉 and
|N/2 + n,N/2− n〉 but not their symmetric or antisym-
metric superpositions. (In particular, |ΨN ≈ |N, 0〉 and
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FIG. 8: Left panel: Minimal evolution time T insuring fidelity
F = 0.99 versus the number of bosons N . Right panel: Pop-
ulation imbalance |G| (dashed line) and fidelity F (solid line)
as the function of δ for N = 40 and ν = 0.025.

ΨN−1 ≈ |0, N〉.) This drastically changes Fig. 7(a) – now
both odd and even instantaneous energy levels become
populated during the adiabatic passage, see Fig. 7(b).
For the considered extremely small value of δ this differ-
ence simply reflects a change of the basis and, physically,
both Fig. 7(a) and Fig. 7(b) describe the same process,
which results in the NOON state as the final state of the
system. However, for a larger δ we see considerable devi-
ation from the NOON state, see Fig. 8(b). In particular,
in full analogy with the classical result, the population
imbalance |G| approaches the unity if |δ| is increased.

V. DECOHERENCE EFFECTS

The result depicted in Fig. 8(a) proves that, at least
in principle, one can create arbitrary large cat state by
simply increasing the duration of the adiabatic passage
proportionally to the number of particles N . This, how-
ever, implicitly assumes the absence of any decoherence
process [21] and precision control over the system param-
eters, in the first place, over parameter δ. In this section
we discuss decoherence caused by fluctuations of δ, which
are unavoidable in a laboratory experiment.

In the presence of fluctuations the fidelity(12) should
be redefined as

F = 〈NOON |R(T )|NOON〉 , R(t) = |ψ(t)〉〈ψ(t)| ,
(14)

where the bar denotes the average over fluctuations. To
be specific, we assume that δ(t) is the white noise with

vanishing mean value, i.e., δ(t)δ(t′) = δ20δ(t − t′). Then
the density matrix R(t) is easy to show to obey the fol-
lowing master equation [49]

dR
dt

= −i[Ĥ,R] − δ20 [n̂, [n̂,R]] , (15)

where n̂ = n̂1 − n̂2. We solve Eq. (15) for the adiabatic
passage discussed above. Fig. 9 shows fidelity (14) as
the function of the noise amplitude δ0 for three system
sizes N = 10, 20, 40, where we proportionally decreased
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FIG. 9: Fidelity (14) as the function of the noise amplitude
for N = 10 and ν = 0.1 (solid line), N = 20 and ν = 0.05
(dash-dotted line), and N = 40 and ν = 0.025 (dashed line).
Insets show the initial density matrix for N = 20 (lower-left
conner) and final density matrices for δ0 = 0 and δ0 = 0.1/N
(upper-right conner).

the sweeping rate ν to insure fidelity F ≈ 1. One strik-
ing feature of the depicted functions is a rapid decay of
fidelity to F ≈ 0.5 in the interval 0 < δ0 < δ∗0 where
δ∗0 = δ∗0(N). In this interval the off-diagonal elements of
the density matrix R(T ) gradually vanish. On the other
hand, the diagonal elements of the density matrix remain
essentially unaffected. Clearly, this result illustrates the
usual quantum-to-classical transition due to a decoher-
ence process [49–51]. Notice that the larger system is,
the more it is sensitive to decoherence. Numerical re-
sults depicted in Fig. 9 indicate that δ∗0 decreases with
N faster than 1/N .

Next we briefly discuss decoherence due to particle
losses. In the case of not conserved number of particles
the master equation on the system density matrix reads

dR
dt

= −i[Ĥ,R]−γ
∑

l=1,2

(â†l âlR−2âlRâ†l +Râ†l âl) , (16)

where γ denotes the decay rate (see recent review
Ref. [52]). The value of γ in Eq. (16) crucially depends on
the sign of interatomic interactions. For example, in the
already sited experiment [35] with attractively interact-
ing atoms the decay rate was γ ≈ 0.1 atoms per second,
which make impossible generation of the NOON state
even for N ∼ 10 atoms. On the other hand, it is known
that a Bose-Einstein condensate of repulsively interact-
ing atoms may have life-time up to few hours that as-
sumes γ ∼ 10−4. The negligible decoherence rate due to
particle losses is our main reason for considering the adi-
abatic passage for the upper energy state of repulsively
interacting atoms instead of that for the ground state of
attractively interacting atoms. In all other aspects there
is no conceptional difference between the adiabatic pas-
sage for the ground and upper states.
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FIG. 10: Populations of eigenstates of the Hamiltonian (1) as
the function of time. (Note that for g = 0 the eigenstates of
(1) are given by |N − n, n〉 where n now denotes the number
of particles in the antisymmetric single-particle state.) Pa-
rameters are N = 40, g = 0, J = 1, ω = J , δ0 = 0.05 (left
panel) and N = 40, g = 0, J = 0.01, δ = 1 (right panel).

VI. PREPARATION OF THE EXCITED STATE

Finally, we discuss a method to excite the system of
non-interacting bosons (g = 0) into the highest energy
state. A way to do this is to drive the system by pe-
riodically changing parameter δ as δ(t) = δ0 sin(ωt),
where the frequency ω coincides with the transition fre-
quency between the symmetric and antisymmetric single-
particle states uniquely determined by the parameter J .
If δ0 ≪ J (the latter condition justifies the rotating-wave
approximation) the problem can be solved analytically
and leads to the Rabi oscillations, see Fig. 10(a). Thus,
to excite the system in the upper state, we need to drive
it for one half of the Rabi period.

Another, perhaps even simpler way to obtain the ex-
cited state (4) is to quench the system into the parameter
region δ ≫ J by suddenly tilting the double-well. Then
the time evolution of the expansion coefficients is approx-

imately given by c
(j)
n (t) = exp(i2δnt)c

(j)
n (0) and after one

half of the period TB = π/δ (which can be interpreted as
the Bloch period) the state (3) transforms into the state
(4), see Fig. 10(b).

VII. CONCLUSIONS

We suggested a method for creating the NOON state
of Bose atoms, i.e., coherent superposition of two states
in which all particles are in the same well of the double-
well potential. Unlike to previous studies, which almost
exclusively focused on the case of attractive interactions
[53], we considered the repulsively interacting atoms that
avoids the problem of particle losses. The scheme pro-
tocol consists of two steps. First, by setting the inter-
atomic interactions to zero we transfer the system from
the ground state to the upper excited state. Second,
adiabatically increasing the interaction strength and si-
multaneously decreasing the hopping rate we transform
this excited state to the NOON state. In the Fock space
the latter stage can be viewed as splitting of the initially
localized wave packet into two packets [54]. This pro-
cess was shown to have a pseudo-classical counterpart
and some of quantum results, for example, the popula-
tion imbalance G can be obtained by using pure classi-
cal arguments. Of course, the classical approach cannot
address phase coherence between the packets, which is
characterized by the fidelity F .

Formally, the suggested scheme allows us to create an
arbitrary large cat state. However, any experimental re-
alization of the scheme protocol imposes fundamental
limitation on the number of atoms due to decoherence
processes present in a laboratory experiment. Here, we
analyzed the decoherence caused by fluctuation of the
parameter δ (the energy mismatch between the left and
right wells of the double-well potential) that appears to
be crucial for the system dynamics. It was shown that
there is a critical value for the fluctuation amplitude
δ∗0 ∼ 1/N above which the final state of the system be-
comes ‘classical NOON state’, i.e., incoherent superposi-
tion of two states in which all particles are in the same
well of the double-well potential. Thus to get the NOON
state with a large number of atoms every effort to reduce
fluctuation of δ should be taken.
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[19] L. Pezzé, L. A. Collins, A. Smerzi, G. P. Berman, and A.
R. Bishop, Sub-shot-noise phase sensitivity with a Bose-

Einstein condensate Mach-Zehnder interferometer, Phys-
ical Review A 72, 043612 (2005).

[20] Chaohong Lee, Adiabatic Mach-Zehnder interferometry

on a quantized Bose-Josephson junction, Physical Review
Letters 97, 150402 (2006).

[21] Y. P. Huang, and M. G. Moore, Creation, detection, and

decoherence of macroscopic quantum superposition states

in double-well Bose-Einstein condensates, Physical Re-
view A 73, 023606 (2006).

[22] E. J. Mueller, T.-L. Ho, M. Ueda, and G. Baym, Frag-

mentation of Bose-Einstein condensates, Physical Re-
view A 74, 033612 (2006).

[23] R. Gati and M. K. Oberthaler, A bosonic Josephson junc-

tion, Journal of Physics B: Atomic, Molecular and Opti-
cal Physics 40, R61 (2007).

[24] A. I. Streltsov, O. E. Alon, and L. S. Cederbaum, Role

of excited states in the splitting of a trapped interacting

Bose-Einstein condensate by a time-dependent barrier,
Physical Review Letters 99, 030402 (2007).

[25] N. Teichmann, and C. Weiss, Coherently controlled en-

tanglement generation in a binary Bose-Einstein conden-

sate, Europhysics Letters 78, 10009 (2007).
[26] J. Esteve, C. Gross, A. Weller, S. Giovanazzi, and M. K.

Oberthaler, Squeezing and entanglement in a BoseEin-

stein condensate, Nature 455, 1216 (2008).
[27] Y. Khodorkovsky, G. Kurizki, and A. Vardi, Decoher-

ence and entanglement in a bosonic Josephson junction:

Bose-enhanced quantum Zeno control of phase diffusion,
Physical Review A 80, 023609 (2009).

[28] T. J. Haigh, A. J. Ferris, and M. K. Olsen, Demonstrating

mesoscopic superpositions in double-well Bose-Einstein

condensates, Optics Communications 283, 3540 (2010).
[29] G. Mazzarella, L. Salasnich, A. Parola, and F. Toigo, Co-

herence and entanglement in the ground state of a bosonic

Josephson junction: From macroscopic Schrödinger cat

states to separable Fock states, Physical Review A 83,
053607 (2011).

[30] M. A. Garcia-March, D. R. Dounas-Frazer, and L. D.
Carr, Macroscopic superposition states of ultracold bosons

in a double-well potential, Frontiers of Physics 7, 131
(2012).

[31] L. Dell’Anna, Analytical approach to the two-site Bose-

Hubbard model: From Fock states to Schrödinger cat

states and entanglement entropy, Physical Review A 85,
053608 (2012).

[32] J. Javanainen, and H. Chen, Ground state of the double-

well condensate for quantum metrology, Physical Review
A 89, 033613 (2014).

[33] T. J. Volkoff, Optimal and near-optimal probe states

for quantum metrology of number-conserving two-mode

bosonic Hamiltonians, Physical Review A 94, 042327
(2016).

[34] A. Trenkwalder, G. Spagnolli, G. Semeghini, S. Coop,
M. Landini, P. Castilho, L. Pezzé, G.Modugno, M. In-
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