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Simple Mathematical Model of Conducting Nanopore
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A simple model of conducting nanopore is presented in the paper. The model does not require solution
of the Poisson equation for the potential. This model is intended for use in simulation of transport
phenomena of charged particles in conducting nanopores by the method of molecular dynamics. The
model can be easily applied to an arbitrary shape nanopore.
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Introduction

Nanopores are pores with a diameter in the range of nanometers. Channels of this size can
be now manufactured artificially. There is great scientific interest in nanopores due to their
importance and possible applications [1, 2]. Artificial nanopores can be used to imitate some
of the functions of biological nanopores. They also have interesting applications in the field of
nanofluidics [3]. Among these applications are desalination, ion sieves [4], sensors for biological
agents and sequencing of DNA or RNA [5].

Various shapes of artificial nanopores have been developed with the use of various manufac-
turing techniques, such as ion-track-etching, laser, electron beam technologies, anodic oxidation
method etc. [6]. There are five types of nanochannels: cylindrical, hourglass, cigar-like, bullet-like
and conical [7].

Various types of nanopores and nanochannels have attracted significant interest in recent
years. We focus our attention on conducting nanopores. For example, such nanopores can be
manufactured by integrating carbon structures into a proper nanoporous material. Multi wall
carbon nanotube can be fabricated inside the pore and at the surface of anodic aluminum ox-
ide membrane by chemical vapor deposition method [8]. Aligned metallic single walled carbon
nanotubes were grown on a silicon wafer by chemical vapour deposition [9]. Synthesis of con-
ducting carbon tubules inside the pore of anodic aluminum oxide membrane was considered [10].
These structures may be of interest in terms of fabricating electrically-switchable permselective
membranes.

The purpose of this paper is to present simple model of a conducting nanopore. For the sake
of simplicity cylindrical nanopore is considered. This model is intended for use in fundamen-
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tal studies of transport phenomena of charged particles (ions and charged protein residues) in
conducting nanopores.

In Section 2 of the paper we briefly consider problem formulation in the context of continuum
electrostatics. A simple model of conducting nanopore that does not require solution of the
Poisson equation for the potential is presented in Section 3. In Section 4 we verify the accuracy
of the proposed model by calculating the self-capacitance of conducting cylindrical shell and
comparing it with the reference data. Simulation of interaction of singly charged ions with some
conducting nanopore is presented in Section 5. In section 6 we summarize our results and make
some conclusions.

1. Problem formulation

Let us consider a membrane with a nanopore. The membrane is modeled as a uniform
dielectric slab of width L located between z = 0 and z = L. A nanopore is a cylindrical hole of
radius a and length L. It is convenient to set up a cylindrical coordinate system (z, ρ, θ) with
the origin located on the symmetry axis of the nanopore at z = 0.

Consider the ion transport problem in the context of continuum electrostatic model. Suppose
that an ion is located at an arbitrary position r∗. The electrostatic potential φ(z, ρ, θ) inside and
outside the nanopore satisfies the Poisson equation

∆φ = − 1

4πεε0

N∑
n=1

qnδ (r− r∗n) ,

r = (z, ρ, θ) ,

(1)

where ∆ is the Laplace operator, qn is the ion charge, N is the number of ions, δ(.) is the Dirac
delta function. Equation (1) should be solved over all space except the domain {0 6 z 6 L, ρ > a}
with the following boundary conditions:
1) φ(z, a, θ) = u,
2) φ(z, ρ, θ) → 0 at ρ → ∞, z → ±∞,
3) normal to the surface of dielectric components of electric displacement field are continuous,
where u is the specified voltage. Considering the transport phenomena of charged particles, we
are interested in the force acting on an ion from the conducting nanopore that is expressed as
f = −q∇(φ(r∗)).

Solution of equation (1) with the specified boundary conditions presents a difficult problem.
The problem becomes even more complicated if we consider other nanopore shapes than cylin-
drical shape. Next we present a simple and universal model of conducting nanopore that does
not require solution of the Poisson equation for the potential.

2. Mathematical model of conducting nanopore

Let us approximate the electric field from the nanopore surface charge with the electric field
from fictitious point charges distributed on the surface of the nanopore. The fictitious charges are
positioned in specified locations on the nanopore surface. Values of these charges are determined
from the potential specified at charge locations. Fictitious point charges gk, k = 1, . . . ,K, are
located at points rk. Then potential at the point rn, n = 1, . . . ,K is
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φ (rn) = u =
1

4πεε0

K∑
k ̸=n

gk
|rn − rk|

+
1

4πεε0

M∑
m=1

qm
|rn − rc,m|

,

where qm is the charge of external charged particle, and rc,m is the position of external charged
particle, m = 1, . . . ,M . Vector of fictitious point charges g = (g1, . . . , gK) satisfies the system of
linear equations

Ag = b, (2)

where

A = {ank} , ank =
1

4πεε0


1

|rn − rk|
, n ̸= k

0 , n = k
,

b = {bn} , bn = u− 1

4πεε0

M∑
m=1

qm
|rn − rc,m|

.

Matrix A is nonsingular matrix (see Appendix for proof).
The electric field of a charged particle approaching a conducting surface causes redistribution

of surface electrons in a region closest to the charged particle, in order to screen the field induced
by the charged particle. When the distance between charged particle and the nanopore surface
is comparable with the average distance between fictitious point charges gk one can introduce
additional fictitious point charges p = (p1, . . . , pJ). They are located on the nanopore surface
at points rp,l , l = 1, . . . , J , where J is the number of charged particles that are close to
the nanopore surface. Points rp,l are determined from the normal projection of coordinates of
corresponding charged particles rc,m on the nanopore surface. Additional fictitious charge pl is
introduced only when

min
k

|rp,l − rk| > 0.3min
k,n

|rn − rk| . (3)

Then instead of system (2) we have the following system

A (g + g∗) + Sp = b,

ST (g + g∗) = d,
(4)

where g∗ is the adjustment to main fictitious charges, and matrix S and vector d are

S = {slk} , slk =
1

4πεε0

1

|rp,l − rk|
,

d = {dl} , dl = u− 1

4πεε0

M∑
m=1

qm
|rp,l − rc,m|

.

From the first equation of system (3) we obtain

g∗ = −A−1Sp.

Upon substituting this relation into the second equation of system (3), we obtain the system of
linear equations for additional fictitious charges(

STA−1S
)
p = STg − d. (5)

Upon solving system (4), we determine main fictitious charges

g + g∗ = A−1 (b− Sp) . (6)
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3. Validation of the model

To verify the accuracy of the proposed model we calculate the self-capacitance of conducting
cylindrical shell of radius aand length L, and compare it with the reference data [11]. Then
b = ue, e = (1, . . . , 1) in system (2), and capacitance is

C =
1

u

K∑
k=1

gk = 4πεε0eA
−1e. (7)

Let us position fictitious charges at points (zn, a, θm), where

zn = (n− 1)
L

N − 1
, n = 1, . . . , N,

θm = (m− 1)
2π

N − 1
, m = 1, . . . , N.

(8)

Then K = N2. The results of calculations are presented in Tab. 1 for 5 6 L/a 6 20 and
N = 10, . . . , 80. Reference value of the capacitance is denoted as C0, and discrepancy between
calculated and reference value of capacitance is d = |C − C0| /C0. The results presented in Tab. 1
show that when L/a > 8 discrepancy is less than 13% for N = 20 and discrepancy is less than
5% for N = 80. Hence one would expect that when L/a > 8, N > 30 parameters of interaction
of charged particles with a conducting nanopore are determined with an error less than 10%.

4. Interaction of ions with a conducting nanopore

If ion approaches a conducting nanopore its energy of interaction with the nanopore at the
point r is given by

U (r) =
qion
4πε0ε

K∑
k=1

gk
|r− rk|

, (9)

where qion is the charge of ion. Electric field produced by the nanopore at the point r is

E (r) =
1

4πε0ε

K∑
k=1

gk
r− rk

|r− rk|3
. (10)

Then the force acting on an ion from the conducting nanopore at a point r is f(r) = qionE(r).
Let us consider conducting cylindrical nanopore of radius a = 20 Å located between z = 0

and z = L = 200 Å, and apply the proposed model to simulate interaction of ions with the
nanopore. Let us calculate energy of interaction (9) and electric field (10) at the location of an
ion for positive and negative singly charged ions in vacuum (ε = 1) and in water (ε = 80). We
suppose that ions move along the nanopore axis.

Fictitious charges are positioned at points (zn, a, θm) that are given in (8) and N = 50. The
nanopore is set at an electric potential of 1V .

Results of computations are shown in Figs. 1 and 2.

Conclusions

A simple model of a conducting nanopore is presented in this paper. The proposed model
takes into account polarization of a conducting nanopore due to electric field produced by a
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Table 1. Capacitance of conducting cylindrical shell

N L/a 5 6 7 8 9 10 11 12

10
C/2πεε0a 2.076 2.171 2.658 2.661 2.979 2.996 3.137 3.281
d,% 22.6 15.7 31.0 22.1 28.2 21.6 20.6 20.0

20
C/2πεε0a 1.830 2.104 2.079 2.419 2.605 2.752 2.891 3.029
d,% 8.1 12.1 2.5 11.0 12.1 11.7 11.2 10.8

30
C/2πεε0a 1.891 1.858 2.152 2.330 2.473 2.672 2.807 2.944
d,% 11.7 1.0 6.1 6.9 6.4 8.4 7.9 7.7

40
C/2πεε0a 1.805 1.979 2.140 2.267 2.479 2.633 2.764 2.900
d,% 6.7 5.5 5.5 4.1 6.7 6.8 6.3 6.1

50
C/2πεε0a 1.737 1.996 2.128 2.465 2.426 2.614 2.737 2.874
D,% 2.7 6.4 4.9 13.1 4.4 6.1 5.2 5.1

60
C/2πεε0a 1.792 1.933 2.119 2.292 2.435 2.630 2.720 2.856
D,% 5.9 3.0 4.5 5.2 4.8 6.7 4.6 4.4

70
C/2πεε0a 1.763 1.945 2.115 2.267 2.403 2.516 2.707 2.843
d,% 4.2 3.6 4.2 4.1 3.4 2.1 4.1 4.0

80
C/2πεε0a 0.793 1.467 2.119 2.252 2.412 2.540 2.697 2.833
d,% 53.2 21.8 4.5 3.4 3.8 3.1 3.7 3.6
C0/2πε0a 1.692 1.877 2.029 2.179 2.324 2.464 2.601 2.735
L/a 13 14 15 16 17 18 19 20

10
C/2πεε0a 3.424 3.564 3.701 3.835 3.965 4.093 4.217 4.339
d,% 19.5 19.1 18.7 18.3 18.0 17.6 17.2 16.8

20
C/2πεε0a 3.167 3.304 3.437 3.569 3.699 3.826 3.951 4.075
d,% 10.6 10.4 10.3 10.1 10.0 9.9 9.8 9.7

30
C/2πεε0a 3.081 3.216 3.349 3.480 3.608 3.735 3.860 3.984
d,% 7.5 7.5 7.4 7.4 7.3 7.3 7.3 7.3

40
C/2πεε0a 3.037 3.171 3.304 3.434 3.563 3.689 3.814 3.937
d,% 6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0

50
C/2πεε0a 3.010 3.144 3.276 3.406 3.535 3.661 3.786 3.909
d,% 5.1 5.1 5.1 5.1 5.2 5.2 5.2 5.3

60
C/2πεε0a 2.992 3.126 3.258 3.388 3.516 3.642 3.767 3.890
d,% 4.4 4.5 4.5 4.5 4.6 4.6 4.7 4.8

70
C/2πεε0a 2.979 3.113 3.245 3.374 3.502 3.629 3.753 3.876
d,% 4.0 4.0 4.1 4.1 4.2 4.3 4.3 4.4

80
C/2πεε0a 2.969 3.103 3.234 3.364 3.492 3.618 3.743 3.866
d,% 3.6 3.7 3.7 3.8 3.9 4.0 4.0 4.1
C0/2πεε0a 2.865 2.993 3.118 3.241 3.361 3.480 3.598 3.713

charged particle. The model is intended for use in the method of molecular dynamics simulations.
This computational method is based on Newton’s second law. Knowing the force on each atom,
integration of the equations of motion yields a trajectory that describes the positions, velocities
and accelerations of the particles as they vary with time. If additional fictitious charges are not
introduced then to determine the force acting on a charged particle from a conducting nanopore
one need first to solve system of equations (2) at each instant of time. Only left-hand side
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Fig. 1. Energy of singly charged ion moving along the nanopore axis; 1 — cation in vacuum, 2 —
cation in water, 3 — anion in vacuum, 4 — anion in water

Fig. 2. The z-component of the electric field at the location of an ion moving along the nanopore
axis; 1 — cation in vacuum, 2 — cation in water, 3 — anion in vacuum, 4 — anion in water

of system (2) depends on time so matrix of the system can be factorized into a product of
matricesof special types only once. Then these matrices are used to efficiently solve system (2)
at each instant of time. If additional fictitious charges are introduced then one can compute
the inverse matrix of system (2) only once and use it in subsequent calculations. In this case to
determine the force acting on a charged particle from a conducting nanopore one need first to
solve systems (2), (5) and to use relation (6) at each instant of time. Matrix of system (5) varies
with time so the system can not be solved efficiently. However, taking into account condition (3),
the size of this matrix in many cases will be relatively small.

The proposed model can be easily applied to an arbitrary shape nanopore.
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Appendix

Interaction energy of a system of charges gk is W = 1/2(gAg). If matrix A is singular matrix
then there exists nonzero vector g such that W is equal to zero. Let us form another vector g∗

that is based on components of vector g. Vector g∗ contains all combinations of pairs of charges,
that is

g∗ = (g1, g2, ..., g1, gK , ..., gn, gn+1, ..., ...gn, gK , ..., gK−1, gK) .

Then W = 1/2(g∗A∗g∗), where A∗ is the block-diagonal matrix. Blocks are 2 by 2 matrices of
the form

1

4πεε0


0

1

|rn − rm|
1

|rn − rm|
0

 ,

n = 1, ...,K − 1; m = 1, ...,K and m > n.

It is obvious that matrix A∗ is nonsingular matrix because (A∗)2 is diagonal matrix with positive
elements. Then for any nonzero vector g∗ we have A∗g∗ ̸= 0, and there is no nonzero vector g∗

that gives zero interaction energy. Therefore, matrix A is nonsingular matrix.
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Простая математическая модель проводящей нанопоры
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Россия

В статье предлагается простая математическая модель проводящей нанопоры. Расчёт потен-
циала проводящей нанопоры не требует решения уравнения Пуассона. Модель предназначена для
моделирования транспорта заряженных частиц в проводящих нанопорах методом молекулярной
динамики. Предлагаемая модель может быть легко применена для проводящей нанопоры произ-
вольной формы.

Ключевые слова: проводящая нанопора, транспорт ионов, молекулярная динамика.
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