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Abstract. A new exact solution of the equations of free convection has been
constructed in the framework of the Oberbeck—Boussinesq approximation of the
Navier — Stokes equations. The solution describes a joint flow of an evaporating viscous
heat-conducting liquid and gas-vapor mixture in the horizontal channel. In the gas
phase the Dufour and Soret effects are taken into account. The consideration of
the exact solution allows one to describe different classes of flows depending on the
values of the problem parameters and boundary conditions for the vapor concentration.
A classification of solutions and results of the solution analysis have been presented.

The effects of the external disturbing influences (of the liquid flow rates
and longitudinal gradients of temperature on the channel walls) on the stability
characteristics have been numerically studied for the system HFE7100-nitrogen in the
common case, when the longitudinal temperature gradients on the boundaries of the
channel are not equal.

In the system both monotonic and oscillatory modes can be formed, which
damp or grow depending on the values of the initial perturbations, flow rates and
temperature gradients. Hydrodynamic perturbations are the most dangerous under
large gas flow rates. The increasing oscillatory perturbations are developed due to the
thermocapillary effect under large longitudinal gradients of temperature. The typical
forms of the disturbances are shown.
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1. Introduction

At present advanced technologies and experimental investigation methods of the features
of joint convective liquid flows and cocurrent gas fluxes at normal and microgravity have
actively been developed. The improvement of the existing techniques and development
of new experiments are based, in many ways, on theoretical results obtained using the
mathematical modeling of two-layer flows with interfaces. The media flow rates, their
thermophysical properties, type of a thermal load on the flow domain boundaries and
linear scales influence the character of the convective flows (Lyulin and Kabov 2013,
2014). The high accuracy of the experimental measurements of different thermodynamic
properties of a fluid allows one to study the velocity fields near the interface, to define the
dominant character of various factors and to compare the experimental and theoretical
results.

Two-layer flows can be used for thermostabilization and liquid cooling of electronic
devices. The efficiency of heat pipes, film (membrane) evaporators, two-phase cooling
systems depends on the velocity of the evaporation from the free surface. In practice, the
investigation results of the two-layer flows with evaporation can be used in developing
a compact high-performance cooling system of electronic equipment and in the drying
process, coating application technologies and in distillers. Precisely forecasting the fluid
dynamics in thin layers requires the comprehensive analysis based on modeling the two-
layers flows with evaporation. It is important for the identification of the mechanisms
of possible critical phenomena.

Mathematical models to investigate the convective flows with the mass transfer at
the interface require a correct formulation of the boundary conditions. The conditions
at the interface are deduced on the basis of some hypotheses on the interface and
physical processes, which guarantee the fulfillment of the conservation laws (Prosperetti
1979, Margerit et al 2003, Das and Ward 2007, Kuznetsov 2010, Frezzotti 2011,
Kuznetsov 2011, Goncharova 2012a). The convective flows accompanied by evaporation
or condensation at the interface were studied in (Oron et al 1997, Shklyaev and Fried
2007, Kuznetsov and Andreev 2013, Kabova et al 2014, Goncharova and Rezanova 2014a,
Goncharova et al 2014c, Goncharova and Rezanova 2015¢) analytically and numerically
using the mathematical models constructed based on the long-wave approach of the
governing equations and boundary conditions. Mathematical models based on the
Navier-Stokes equations and relations at the interface, which generalize the dynamic,
heat and kinematic conditions allow one to obtain the results being in agreement with
the experiments of convection under the heat- and mass transfer through the interface
(Iorio et al 2007, Celata et al 2008, Lyulin and Kabov 2013, 2014). Similar problems of
the convective flows with evaporation are studied in (Iorio et al 2009, 2011) in the full
statements of the problem.

Recently special attention has been paid to the construction and investigation of an
exact solution describing the convective flow and taking into account the mass transfer
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at the interface, in particular, due to evaporation. The analysis of the properties of
the exact solutions allows one to investigate the effects of different factors on the flow
topology, evaporation intensity at the interface and stability characteristics of the basic
flow. The theoretical results provide an opportunity to predict a possible outcome of
the experiments (Iorio et al 2007, Celata et al 2008, Lyulin and Kabov 2013, 2014,
Lyulin et al 2015) and to create fundamentally new practical techniques. One of the
first exact solutions describing the flows in the two-layer systems with the mass transfer
was presented in (Shliomis and Yakushin 1972) for a “fluid-fluid” system. The papers
(Goncharova et al 2013, Goncharova and Rezanova 2014b) present an exact solution
for studying the two-layer flow with evaporation at the thermocapillary interface in a
“fuid-gas” system and with the Dufour effect in the gas phase. The solutions studied
in (Goncharova et al 2013) satisfy the additional condition of a closed flow, whereas in
(Goncharova and Rezanova 2014b) the exact solution of the stationary problem for the
given gas flow rate were obtained. A comparison of the analytical results obtained with
the help of the above mentioned exact solutions with the experimental ones was made
in (Goncharova et al 2015b).

It is necessary to ensure the stability of the basic state of the working fluid in the
experiments and equipment using the fluid technology where evaporation is significant.
If to take into consideration the expenses on the experiments, then one of the most
important aspects of the preliminary theoretical investigation is the identification and
analysis of the conditions ensuring the stability. The main part of the studies concerns
the problem of the stability of thin liquid films which are most sensitive to evaporation,
and stability of the liquid equilibrium (Burelbach et al 1988, Oron 2000, Sultan et al
2005, Shklyaev and Fried 2007, Klentzman and Ajaev 2009, Liu and Kabov 2012).

In the present paper the exact solutions of the Oberbeck — Boussinesq equations
describing the two-layer fluid flows in a horizontal layer are investigated. In the basic
equations the effects of thermodiffusion and diffusive heat conductivity are additionally
taken into consideration. The analysis of the flow characteristics formed under the
influence of inhomogeneous factors allows one to understand the physical mechanisms
of the studied processes and to estimate the degree of the interaction of several effects.
The properties of the periodic finite-amplitude perturbations of the main flow and the
effects of the problem parameters on their structure and mechanisms leading to the
change of the flow patterns are investigated.

The aim of the paper is to perform the analysis of the exact solutions of the
equations of natural convection as well as to analyze the influence of the type of the
boundary conditions for the vapor concentration, and the physical effects on the solution
properties and to define the typical forms of the arising perturbations at an example of
one of the constructed solutions.



2. Basic assumptions and statement of the problem

Let a liquid and a gas-vapor mixture fill an infinite horizontal channel with solid
impermeable immovable upper y = hy and lower y = —h; walls. The coordinate system
is chosen so that the gravity vector has the coordinates g = (0, —g) (figure 1). The
thermocapillary interface I remains to be undeformed during the motion and it is given
by y = 0. The tangential forces act along I and the surface tension ¢ depends linearly
on the temperature o = oo + &(T — Tj), where & < 0, @ is the temperature coefficient
of the surface tension, T is an initial temperature value. In addition, the mass transfer
due to evaporation is taken into account at the interface.
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Figure 1. Flow region.

2.1. Governing equations

The flow in a two-phase system is described by the Oberbeck — Boussinesq approximation
of the Navier —Stokes Equations, including the terms which correspond to the Dufour
and Soret effects (De Groot 1956, Gebhart et al 1988, Andreev et al 2012, Andreev
and Sobachkina 2012, Ryzhkov 2013) in the upper layer (see Goncharova et al 2015b).
The Dufour effect is the appearance of the temperature gradient due to the presence
of the concentration gradient. It is well known that this effect can reach a few degrees
of Celsius in gases and less than a thousandth in fluids (De Groot 1956, De Groot and
Mazur 1962). In the monographs (De Groot and Mazur 1962, Gebhart at al 1988)
the importance of taking into consideration the effects of diffusive heat conductivity
was emphasized. The influence of the Soret effect on the fluid flows was considered in
(Andreev et al 2012).

The equations of the motion and heat transfer have the form
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The vapor is a passive admixture. The vapor diffusion in the gas is described by the
equation
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which is a result of the Fick law. The Fick laws were consistently confirmed by

experiment (Umov 1950) in the studies of low concentration solutions (Putilov 1963). In
Putilov’s monograph the comprehensive substantiation of the formal equivalence of the
Maxwell’s formulae (Maxwell 1890) for the vapor concentration and the Fick’s equation
is provided as well as additional ideas concerning the peculiarities of their use are also
presented. These laws are also valid for the interdiffusion of various gases (Sivukhin
2005).

The underlined terms in (2), (4) and equation (5) are taken into account in modeling
of the gas-vapor mixture flow in the upper layer. Here, u, v are the projection of the
velocity vector on the axes Ox and Oy, respectively, p is the modified pressure, the
deviation from the hydrostatic one, T is the temperature, C; is the vapor concentration.
The physical characteristics of the media p, v, x, D, B, v (density, coefficients of
kinematic viscosity, heat diffusivity, vapor diffusion in the gas, heat- and concentration
expansion, respectively) are constant. The coefficients § and « characterize the Dufour
and Soret effects (Gebhart et al 1988, De Groot 1956). The Soret effect has been studied
well enough, including the experimental investigations of the Soret coefficients for some
media (see, for instance, (Mialdun and Shevtsova 2011)). According to (De Groot and
Mazur 1962; Gebhart et al 1988) the coefficients § and « in the gases take on values of
the orders § ~ 107¢ — 107 K, o ~ 107° — 1073 K.

In general, the Soret and Dufour coefficients depend on physical parameters of the
gas-liquid systems, on temperature and concentration of the mixture components. In
our paper, as in the cited monographs (Andreev et al 2012, Andreev and Sobachkina
2012, Ryzhkov 2013), these coefficients are assumed to be constant. This assumption is
valid under moderate drops of temperature and concentration.

2.2. Form of the exact solution

According to (Napolitano 1980, Goncharova and Rezanova 2014b) the system of
equations (1)-(5) admits the stationary solution

uj =u;(y), v; =0, p;=pi@y),
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T‘j = (ajl + a%y)x + ﬁj(y% Cs = (bl + b2y)$ + qb(y), (6)

where the variables and parameters with the index 7 = 1,2 (subscript or superscript)
relate to the phases filling the lower and upper layers, respectively. The solution (6) is
a generalization of the well known Ostroumov-Birikh solution (Ostroumov 1952, Birikh
1966), which describes the unidirectional convective flow in the horizontal layer. The
group nature of the solution (6) and its possible generalizations in the three-dimensional
case were systematically studied in (Pukhnachev 2000).

Substitution of (6) into the system (1)-(5) leads to the following polynomial
relations:

i (y) = Liy* + Ly + dy* + dy + ¢,

Ty (z,y) = (o] + aby) x + NIy" + N§y® + Niy*+

+N{y* + Niy® + N§y? + chy + d,

pi (w,y) = (& + dhy + dy?) o + Ky® + Ky + K{y'+ (7)
+KLy + Kiy' + Kjy®* + K3y + K{y + d,

Cs (z,y) = (bi + bay) x + Sry” + Sey® + Ssy° + Say* + Ssy°+

+S5y” + cry + cs.

Note that some coefficients of the polynomials (7) depend on the Dufour and Soret
parameters. The evaporation intensity also depends on these parameters.

The coefficients ¢/, (m = 1,..,6), c7, cs are the integration constants, L7, L}, N,
KJ, S;(i=2,.,7,m=1,.,8) and d (i = 1,2,3) in the polynomials (7) are expressed in
terms of the physical parameters of the problem such as v, x, p, D, (3, 7, g, longitudinal
temperature and concentration gradients a?, b; (i = 1,2), and integration constants.
The boundary conditions would impose possible relations between af and b; and allow

one to calculate the integration constants ¢ , ¢z, cs.

2.3. Boundary conditions

At the boundaries of the channel y = —h; and y = hy the no-slip conditions

Uy (—hl) =0, 1w (h2) =0, (8)
and the linear temperature distribution with respect to the longitudinal coordinate

Ty (z,—hy) = A1z + Tyg, Ta(x, hy) = Asx + Ty (9)

are to be valid. The constants A;, Ay, T1g, Ty are taken to be known.

Two types of the conditions for the vapor concentration C; can be considered.
Assume that the condition of the absence of the vapor flux at the upper boundary
y = ho is satisfied

oC,
dy y=hs

~0. (10)
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Instead of (10) the boundary condition of the zero vapor concentration can be set on
y = ho

Cs =0. (11)

y=ha

It is interpreted as a condition characterizing the property of the upper boundary to
instantly absorb the vapor or as a condition defining the condensation (Goncharova et
al 2013, Goncharova et al 2015b). In the last case a crucial question is an assumption
on a constant character of the concentration at the solid boundary instead of taking
into account its temperature dependence. However, we consider condition (11) to be
physically plausible in the moderate temperature range.

At the interface y = 0 the kinematic and dynamic conditions should be satisfied.
Since the mass transfer is not considered in the kinematic condition, this condition holds
automatically due to the form of the exact solution (6). The projections of the dynamic
condition on the tangential and normal vectors to the interface can be written as follows

(Andreev et al 2012, Goncharova and Rezanova 2014b):
du1 dUQ or
Pr=p2, P dy p2v2 dy + e (12)

The conditions of continuity of the longitudinal velocities and temperature are also
imposed at the interface

Uy = Ug, Tl = Tg. (13)

Because of the last relation the equality of the coefficients ai=a? = A should hold.
The heat transfer condition with the diffusive-type evaporation at the interface

y = 0 has the form (Andreev et al 2012, Goncharova and Rezanova 2014b)
0Ty 0T, 0C;

k1—— — ky—=— — 0k = —LM. 14

Yoy oy 9y ly=o (1)

Here, L is the latent heat of evaporation, M is the evaporation mass flow rate, ki, ko

are the heat conductivity coefficients. The evaporation effects are taken into account
only in the heat transfer condition at the interface. The convective mass transfer is
not considered; only the diffusive mass flux at the interface is assumed. The heat
consumption for vaporization is taken into consideration in the heat balance condition
(Shliomis and Yakushin 1972, Kuznetsov 2010). The evaporation mass flow rate should
satisfy the expression of the mass balance at the interface, including the Soret effect in
the gas phase:

aais ). (15)

The condition (15) is single out for computational convenience and for

n o7,
ai
y=0 dy

M = —Dps(

y=0

determination of a relationship between the thermal and mass balance conditions at
interface. At the same time, in calculations it allows one to show M that is an additional
quantitative characteristic of the flow and is interesting for comparison with experiments.
The form of the solution allows one to realize the case of linear dependence of M on
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the longitudinal coordinate. However, in constructing the solution we realize exactly
the case with the constant evaporation mass flow rate M. An interest to this situation
has been dictated by comparison of the quantitative flow characteristics obtained in the
experiments (Goncharova et al 2015b). At present the experimental data are presented
as the trendlines (Lyulin and Kabov 2013, 2014).

In the case when the upper layer of the system is filled by a one-component medium,
the concentration of the admixture (of vapor) in the liquid is taken to be equal to 1. The
saturated vapor should be above the surface of such a liquid (Shliomis and Yakushin
1972). The saturated vapor concentration is found using the relation

Csly=o = Ci[1 + e(Ta|y=0 — To)], (16)

that is a consequence of the Clapeyron—Clausius equation P = Py exp|(Luo/R*)(1/To—
—1/T)] and the Mendeleev — Clapeyron equation for an ideal gas p, RT' = poP. A similar
approach to derive the relation for the vapor concentration at the interface was used
in (Ghezzehei et al 2004, see also Shliomis and Yakushin 1972, Gatapova and Kabov
2008). Here, Py, Ty are the functions describing some initial state, R* is the universal
gas constant, i is the molar mass of the evaporating liquid, € = Lyuo/(R*T¢), C is the
saturated vapor concentration at Ty = Tg (T is equal to 20° in (Shliomis and Yakushin
1972, Goncharova and Rezanova 2014b)), p, = Cpy. If C5 = 1 in the liquid layer and
the exact balance condition of the vapor mass is considered, then the value of the mass
rate of evaporation will be determined as follows (Nakoryakov et al 2003, Haut and
Colinet 2005, Gatapova and Kabov 2008, Kuznetsov 2010, Goncharova 2012a):
Dpy ,0C, 0T,

1—6’5(671 +a8n)'

Equation (16) is obtained, given the smallness of the parameter (¢7%) for moderate
temperature variations (Goncharova et al 2103, Goncharova and Rezanova 2014b). Here,

M=—

T, is the typical value of a temperature drop. Note that the exact mass balance
relation requires using the coefficient D, equal to the diffusion coefficient divided by
(1 —C) instead of D in (15) (Nakoryakov et al 2003, Haut and Colinet 2005, Gatapova
and Kabov 2008, Goncharova 2012a). According to the previous assumptions on the
moderate values of the temperature and its variations the condition of smallness of the
parameter (C,eT,) is valid so that we can make a conclusion that D, = D/(1 — C).

The influence of the Soret and Dufour effects on the evaporation velocity was
investigated in (Maciev and Stasenko 1987, Maciev et al 1987).

The relation should be included into the problem statement, which determines the
mass flow rate of the gas R in the upper layer:

R = /P2U2 (y) dy. (17)

In the strict sense, solution (6) can not be called an exact one and applied for
studying real fluid flows, in particular, because of the infinite domain of the flow. But
this was confirmed in experimental and numerical studies by Kirdyashkin A.G. and
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co-authors (see, for example, Kurdyashkin et al. 1983) for the channel with the finite
length. The flows, which can be described by the solution, are unidirectional ones and
they are realized in experiments investigating the properties of the convective flows with
evaporation (Lyulin and Kabov 2013, 2014, Lyulin et al 2015).

An analytical study of the presented exact solutions allows one to estimate the
degree of the influence of different factors on the flow character and evaporation
dynamics and also, to forecast the experimental results.

3. Analysis of the exact solution. Classes of flows

3.1. Analysis of taking into account the Soret effect in mathematical modeling

The solution given by (6) seems to be simple, but the construction of the solution
requires a carefully elaborated algorithm of finding the integration constants (see (7)).
In order to find the constants it should be specified what problem parameters are given.
An assumption should be made defining the physically correctly given parameters of the
problem.

The investigation of the exact solutions (6) in the case with the constant evaporation
mass flow rate M allows one to estimate the extent of the influence of various effects on
the flow character, including the Soret and Dufour effects. The degree of the influence is
found to depend on the type of the boundary condition for the vapor concentration on
the upper solid wall y = hy. Let the vapor concentration on this wall be equal to zero (the
condition of vapor absorption (11)). In this case a relation is established between the
coefficients A, A; and Ay. The coefficients define the longitudinal temperature gradients
which should be maintained on the channel boundaries (see, for example, Goncharova
et al 2015b). The given thermal conditions on the solid walls (9) are imposed by the
form of the exact solutions. Other types of the conditions for the temperature on the
solid boundaries can also be satisfied (Goncharova 2015a).

If one of the temperature gradients on the channel boundary, for example, Ay, is
set, then the values of other longitudinal gradients are determined:

A A N
A= - kOé 1 7 A2: hll(ga/—l—cg) ‘
1 R 1 K2
220 (s — 1 20 (s — 1
a+ I le e(ad — 1) a+ I le e(ad — 1)

If the Soret effect is not taken into consideration (o = 0), then the temperature
gradient along the interface should be taken to be equal to zero A = 0. Thus, modeling
of the thermocapillary convection will be impossible in this case. Upon specifying one
temperature gradient on the solid boundaries, for example, A; as earlier, one obtains
another gradient Ay based on the heat transfer condition:

A2 - —Alff.

The exact solution (6) imposes the peculiar compatibility conditions between
the coefficients defining the longitudinal temperature gradients A, A; and Ay, and
concentrations by, bs.
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Let condition (10) be imposed on the boundary y = hy, which is usually used
in the investigations of the problems with the evaporation at the interface (Gatapova
and Kabov 2008, Nakoryakov et al 2003, Goncharova and Rezanova 2014b). If the
Soret, effect is taken into account, then the equality of all the longitudinal temperature
gradients A = A; = A, should hold. If the Soret effect is neglected in the mathematical
modeling of the two-layer flows using the exact solution (6), then two of the three
temperature gradients on the boundaries y = 0, y = —hy, y = hy can be given,
for example, A and A;, but the value of the third temperature gradient should be
in agreement with the known values:
ho k1
hyky’

If A, Ay, Ay are known, then a) and a3 (see (6)) can be calculated.

The analysis results of the Soret effect on the peculiarities of the fluid flows

A2:A+(A—A1)

connected with modeling the thermal boundary regimes are presented in Table 1. The
analysis of the constructed solutions shows the impact of the thermodiffusion effect (the
Soret effect) not only on the temperature and vapor concentration profiles and values
of the mass rate of evaporation, but also on the velocity profile.

Let (u;(a,y), Tj(a,y), pjla,y), Cs(a,y)) denote solution (7) of equations (1) -
(5) constructed taking into account the Soret effect (o # 0). Let also (u;(0,y),
T;(0,v), pj(0,y), Cs(0,y)) be the solution (7) of equations (1) - (5) without taking
into consideration the thermodiffusion effect in the upper layer, which are written
at @ = 0. The limiting transition (u;(a,y), Tj(a,y), pi(a,y), Cs(a,y)) — (u;(0,y),
T3(0,v), pj(0,v), Cs(0,y)) takes place at o — 0.

The algorithms for determining the integration constants for some boundary value
problems are described in detail in (Goncharova and Rezanova 2014b, Goncharova et al
2015b).

The exact form of the coefficients L7, L3, Nij7 KJi,S;(i=2,.,7, m=1,.,8) and
@ (i =1,2,3) can be found in (Goncharova et al 2016).

7

3.2. Classes of flows

The solutions of special type (6) were constructed and studied in (Goncharova et al
2013) to investigate the two-layer fluid flows with evaporation which are subject to the
Dufour effect in the gas phase and under additional conditions implying the closeness of
the flows in both liquid and gas-vapor phases. Under the condition of the given gas flow
rate (17) a solution was constructed in (Goncharova and Rezanova 2014b, Goncharova et
al 2015b); the solution describes the flows with evaporation at the interface, if conditions
(10) (see (Goncharova and Rezanova 2014b)) and (11) (see (Goncharova et al 2015b))
are satisfied in the upper solid boundary. In (Goncharova et al 2015b) the results
of mathematical modeling of the two-layer flows are presented with and without the
Soret and Dufour effects in the upper layer. In the same paper the examples of the
velocity and temperature profiles are presented for the system “HF7100-nitrogen” with



11

Table 1. Analytical investigation results of the Soret effect on the fluid flow features

under constant evaporation mass flow rate M, depending on the temperature regime

and vapor concentration on the boundaries

Flow 1: Condition of
the zero vapor concen-
tration (11) and tak-
ing into account the
Soret effect (o # 0)

Flow 2: Condi-
tion of the zero
vapor concentra-
tion (11) with-
out considering

Flow 3: Con-
dition of the va-
por flux absence
(10) and taking
into account the

Flow 4: Condi-
tion of the vapor
flux absence (10)
without consid-
ering the Soret

the Soret effect | Soret effect (a # | effect (v = 0)
(a=0) 0)
A calculated: A =|1A=0 (A=A = A = Ay | given
ady by (given)
Wk, |~ @ 2 &
o+ T b we(ad — 1) *
Ay given given A = A = Ay | given
(given)

A, calculated: As = | calculated: e A = A, = A, | calculated:
Ai(a+ Cie) Ay = _Alﬁil (given) Ay = A+ (A—
hl k2 hl kQ hg kl

a+ —-=Cie(ad — 1) | (consequence of —Ay)
h2 k’l hl k2
the heat transfer
condition)
bl bl = C*EA (bl = bl =0 (bl = bl :C*€A bl —C*€A
= —bohs) = —bohs)
C,eA

bQ bgz— c b2:0 (bgz bQZO (bg— b2:O

ha _ M| A4
B hy | ho

consequence of
the mass balance
condition)

different values of the gas flow rates and longitudinal temperature gradients A, A;. The

analytical and experimental results of the liquid evaporation at the thermocapillary

interface are compared in (Goncharova et al 2015b); the qualitative, and in some cases,

the approximate quantitative coincidence of the results was found.

The key novelty of the present work is the detailed analysis of the exact solution

(6), depending on the inclusion/exception of the Soret effect and the boundary condition

type for the vapor concentration function. We have also explained the limiting transition

from the presented solution with the Soret effect into the earlier studied solution without

this effect. This problem is not so evident because of the consideration of the possibility

to control the flows (the types of the flow patterns) relative to the thermal boundary
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regimes and, at the same time, relative to the possibility of determining the interface as a
thermocapillary boundary. And finally, we suggest some classification of flows admitted
by the considered exact solution, depending on the boundary condition for the vapor
concentration function and value of the Soret parameter (see Table 1).

The structure of the Ostroumov - Birikh solution allows one to describe various
types of flows appearing in the two-layer systems (Andreev and Bekezhanova 2010,
Sanochkin 1989). The two-phase flow can be controlled if the linear thickness of the
working media, values of the longitudinal temperature gradients and gas flow rates
change. Furthermore, it is possible to choose such values of controlling actions that the
liquid velocity should be equal to zero and the liquid be at rest (see the analysis of the
Ostroumov — Birikh solution in the problem on the two-layer flow without evaporation,
Andreev and Bekezhanova 2010).

The typical distributions of the velocity, temperature and concentration in the
system of media HFE7100—nitrogen for Flow 4 (a« = 0 and the condition of the vapor
flux absence (10)) under different thermal loads on the outer walls of the channel, gas
flow rates and linear sizes are shown in figures 2 and 3. For all the cases, the gas flow
rate R, sizes of the layers hj, values of the longitudinal temperature gradients A;, As,
A and mass velocity of the evaporated/condensated (if M < 0) liquid M are given. The
applied values of the physical parameters of the media are presented in Table 2.

According to (Napolitano 1980) we single out the flows with the Poiseuille’s velocity
profile (figures 2a, 2c, 3a), purely thermocapillary (figures 2b, 3b) and mixed (figure 3c)
profiles, depending on dominant effects. In the first case the flows have a structure close
to the Poiseuille’s distribution (figures 2a, 3a) in each layer. The flows with the return
motions near the channel walls in one of the layers (figure 2c) can also be attributed to
this flow type. In this case the thermocapillary effect in the liquid phase is suppressed
by gravity; however, in one of the layers the reverse flows can be formed in the wall area.
The velocity of the return flow increases with increasing the intensity of the thermal
load on the channel walls, but the Poiseuille’s structure of the velocity distribution is
kept. The pressure function has a complex structure and it increases downstream in the
medium where the near-wall return flow arises. In the second medium the viscous effects
are dominant. These factors result in the formation of these types of the velocity profiles.
Similar flows appear also in the analogous problem with the additional condition of the
closed flux which defines the appearance of zones of the return flows (Goncharova et al
2013). Furthermore, the near-wall reverse flow is formed if the following conditions are
satisfied simultaneously: the non-zero gas flow rate is given, the zero liquid flow rate is
set and the temperature gradients on the channel walls have opposite signs (Goncharova
and Rezanova 2014b).

The flows with the purely thermocapillary profile are the flows with only return
motion in the liquid phase (figures 2b, 3b). These flows appear due to the
thermocapillary effect. This type of the velocity distribution arises in the system with
small thicknesses or at rather large A; > 0 (i. e. the walls heated up in the direction
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Parameter HFE-7100 | Nitrogen
Density p, kg/m? 1.5-103 1.2
Kinematic viscosity v, | 0.38-107¢ | 0.15-10~*
m? /s

Thermal expansion coeffi- | 1.8-107% | 3.67 - 1073
cient 3, K1

Temperature coefficient of —1.14-107*

the surface tension o7,

N/(m-K)

Diffusion coefficient D, 0.7-107°

m? /s

Latent heat of evaporation 1.11-10°

L, (W-s)/kg

Heat conductivity coeffi- 0.07 0.02717
cient k, W/(m-K)

Heat diffusivity coefficient | 0.4-1077 | 0.3-107%
X, m*/s

Concentration expansion —0.5
coefficient

Saturated vapor concen- 0.45

tration C,

Dufour coefficient §, K 1075

of stream axis) when the fluid moves from the hot pole to the cold one. In this case
it is clearly visible that the minimum temperature is reached near the interface due to
the presence of the evaporation effects. The flows with the mixed velocity profile are
characterized by the velocity “delamination” near the interface, but inside the layers the
flow topology is defined by non-zero pressure gradient (figure 3c). If A;, A are positive,
the reverse flow is formed near I', and if A;, A are negative, the appearance of a “wedge”
is due to the co-directional action of the thermocapillary mechanism and shear stresses.

It should be noted that the thickness of the liquid layer does not affect the vapor
concentration field which considerably depends on the values of the gas flow rates and
temperature gradient.

4. Non-dimensional variables and parameters

Thus, the exact solution (6) can describe different types of flows. Further investigations
will be carried out for Flow 4 on condition that T5y = 179 = 20 °C.

We introduce the characteristic values and specify the units of physical parameters
for the coupled problem on the basis of the characteristic values for the vapor—gas
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Figure 2. Distributions of the velocity (solid line), temperature (left) and concentration
(right) for Flow 4: a) — hy = hy = 5 mm, R = 9.6 - 10~ %kg/(m's), 41 = 5 K/m,
Ay = —10 K/m, A = 0.8058 K/m, M = 2.054 - 107 kg/(m?s); b) — h; = hy = 2 mm,
R = 9.6 - 107 %g/(m=s), A] = Ay = A = 30 K/m, M = 7.646 - 107% kg/(m?s); ¢) —
hi = hy =5 mm, R = 9.6 - 10~%kg/(ms), A = —5 K/m, Ay = 10 K/m, A = —0.8058 K/m,
M = —2.054-1077 kg/(m?-s).

mixture. Let the linear size of the vapor—gas layer in the y-direction hs be the
characteristic length, vy/ho, pava/h3, Thy are the characteristic velocity, pressure and
temperature, respectively. Non-dimensional variables have the following form: 7 = x/hs,
& = y/ha, T = 1ot /h%. For any parameters of the medium w;, a non-dimensional analogue
w; = wj/ws is introduced. Thus, the domain —h < ¢ < 0 corresponds to the index j =1
and 0 < ¢ <1 corresponds to j = 2.

The following non-dimensional parameters appear:

3 2
Pr = ﬁ, Gr = 7952,1;20% , Ma = ae;ﬁlhz ,
X2 V3 Vyp2 (18)
h3 D Ah
Ga:g—;,Le:—,Q— 2

- 9
2] X2 T
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Figure 3. Distributions of the velocity (solid line), temperature (left) and concentration
(right) for Flow 4, hy = 1 mm, hs = 5 mm: a) — R = 9.6 - 107 *kg/(ms), 4 = Ay = A =
—5K/m, M = —1.328-10~% kg/(m?:s); b) — R =9.6-10""kg/(m's), A] = Ay = A =5 K/m,
M = 1.328 - 1077 kg/(m?s); ¢) — R = 9.6 - 107 "kg/(ms), A = Ay = A = —5 K/m,
M = —-1.328-10"7 kg/(m?s).

where Pr, Gr, Ma, Ga Le are the Prandtl, Grashof, Marangoni, Galilei and Lewis
numbers, respectively. The sign of the ) parameter defines the character of the thermal
load on the channel walls, the values () < 0 correspond to cooling of the walls in the
direction of the Oz axis, and the values () > 0 correspond to heating.

The concentration is a non-dimensional function, and the non-dimensional velocity
u;, temperature T} and pressure p; are defined as follows:

o / o p2y22 /
TJ - T20Tja b = 72 pj- (19)
2

The primes will be omitted further. Now equations (1) - (5) have the following form

1
—h<&<0: ur + Ui, +viue = _;pln + v (Uryy + Uige)
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1
Vir + ulvln + 1)1?,715 = _;plf + v (Ulnn + Ulf{) + ﬁGl"Tl, (20)

uln + U15 = 0,

Ty +uiTiy +viTie = % (Thm + Thee)

P
0<EE<T: Uy + Uy + Vallog = —Pay + Ugpy + Usge,

Vor + UV + Valoe = —Paog + Vopy + Voge + GrTs + yGaCy,

Uy + Vog = 0, (21)

1 )
71, T2m7 + T2£€ + 7 (Osnn + Cssé) )

T, T: The =
or T Ug Loy + Vol o P Too

Le
Cor +u2Cy + 0205 = 5 (Comy + Cige) -

Conditions (8)—(10) on the boundaries £ = —h, £ = 1 are the following
u (—h) =0, wug(1)=0, Cs(1l)=0,

Tio (22)

A
Tl(n,—h)zlenJr Ty (n,1) = Qn+ 1.

Ty
On the interface £ = 0 conditions (12)—(16) are rewritten as follows
Ma
ur =us, Ty =715, p1=po, prute = Uge + aTn,
) DLpQ
kTye — Toe — — C = ——= (4 , 23
BT Ty el kT leso (23)
Cs = C*[l + 8T20(T2 - Té)]
=0 £=0
The gas flow rate in the upper layer (17) is rewritten
1
[ ua () de = Re, (24)

0
where the non-dimensional parameter Re = R/(pavs) is the flow rate’s Reynolds number.

5. Stability problem

5.1. Linearized equations

Let us introduce new unknown functions
(Uj’ 16377}’6) :(uj7pj7Tj7CS>+(Uj7 Pj’ @j7 0)7 (25)

where u;, p;, Tj, Cs are the solutions (6), U; = (V;,W;), P; = Pj(1,n,§), ©, =
= 0;(r,n,§), C = C(r,n,&) are the small perturbations of velocity, pressure,
temperature and concentration, respectively.
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We consider the problem with condition (10) for the vapor concentration. Under the
assumption that function (25) is the solution of the boundary problem (20)—(24), the
linearization of equations (20), (21) near the stationary solution (7) results in the system
of equations for small disturbances (see, for example, (Lin 1955, Landau and Lifshitz
1959, Betchov and Criminale 1967, Drazin and Reid 1981)). In the general case, when
as, a3 # 0, the derivatives of the known functions (6) depending on 7 and £ are included
in the above mentioned system of equations. In this case the normal mode analysis is
not applicable and the investigation of the solution stability is reduced to the numerical
solving the spatial —temporal problem in terms of “stream function —vorticity”.

Let us introduce the functions (w, ) and (¢, ¥) as usual:

(1, ) (1, )
oc on
(W, Q) = (vy —ue, Viy = Ue) = (0 — e, Vy = Ug) = (—ue, V; — Up),

(u7 U) = (Uv V) = (07 V) =

where ¥ and () are the perturbations of the stream function and vorticity,
correspondingly.

In view of the solution type, 1 does not depend on 7, ¥ = () and w = —u,.
Then, the basic system has the following form:

OYn oy,

Ql’?’ an - wlfain - VAQl + /8Gr91777

3
A‘Pl - —Ql, (26)
O1- + 3 O + by — 85 — Oe—— (977 = (O + Ouee),
ov,
QQT adéQ an — Woe—— a = AQQ + Gl"@zn + szCn,
A\DQ - —QQ, (27)
Oy ov, ov, 1 o
Oor + ¢ Om+0m 55 = by = =5 <(@2nn + Og¢e) + T (Cop + C££)> 7
8¢2 8\112 8\112 Le
C+ 85 077+C77 85 — C¢ 81’] ZE(CUU+C§§)'
The boundary conditions on the outer walls are the following:
o on
06 le—n O leen emmn 0
oV, oV,
il - =0 =0, 28
€ le=1 o le=r e (28)
Ce(1) = 0. (29)
The kinematic condition on I' (¢ = 0) guarantees that the following equalities

should hold
Uy, =Wy, =V, =0.
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Furthermore, the following conditions are to be valid at the interface

v 0w, 0w _ow
O lemo D€ leo 7 I lemo O

The first of these conditions implies the equality of the tangential velocity perturbations,

-,
£=0

and, consequently, the equality of their derivatives with respect to the tangential
direction 1. The presented conditions can be rewritten as Wiz = Wor, ¥ = Wy = 0.
The first of them will be used below in derivation of the normal part of the dynamic
condition in terms of W and  (see (33)). Thus, only conditions

\1’1 - \112 = O (30)

remain and will be used directly.
The conditions of the energy balance and continuity of the temperature field lead
to

kO — Oge — 0 Ce=0, 0O;=0.. (31)
Tso
Due to the form of the solution ¢; = 1;(£) and 1, = 0, and with the help of the
equality Wy = Wy, the tangential and normal components of the dynamic conditions
for perturbations can be written as

Ma
QQ - Vle = H@»ﬂ, (32)
Qoe — vpe + (1 — p)(WeWey + Ver) + 2(VpV1nen — Vapen) = 0. (33)

In derivation of the conditions on I' we have assumed that the interface remains
to be non-deformed, i.e. the perturbations of the desired functions do not lead to
the interface perturbations. Let us note that the most problems with interface are
characterized by small values of the Crispation number Cr = prx/orh (in studied case
Cr = 4-107°). A procedure of a expansion in powers of Cr, was presented in the
review (Puknachov 1989). We suppose that in the first approximation the interface is
the interface of capillary equilibrium. The questions related with interface correction
can be solved, for instance, according to (Zebib A. et al. 1985, Myshkis et al 1987,
Andreev et al 2000).

For numerical calculations the finite region with respect to the n and ¢ directions
is necessary. Let us limit the computational domain on n by length —I" < n < [’
Thus, we suppose the flow domain is limited on the left and right sides with respect
to the longitudinal axis by fully permeable undeformed walls. Then, the basic solution
is interpreted to be the one describing the flow on the working section. It is necessary
to have such a length of the section so that we could observe perturbations with the
wavelength being shorter than the section length. It is known from the normal wave
analysis that the wavelength of the disturbances, leading to instability, is smaller than
2m. Taking into account the accepted non-dimensionalization we have [ > 2mh,. Thus,
it is sufficient to choose the computational domain with [ = 107whsy in the dimensional
variables and with I’ = 107 in the non-dimensional ones.
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The boundary conditions for the perturbations on n = —I’ and n =1’ are
Uy, = Uy, = 0, (34)
Uy =Uy,=0, 0;=0,=0, C=0. (35)
Condition (34) is imposed by the form of the exact solution (v = —¢, = 0).

Conditions (35) mean that the perturbations fade out on the boundaries of the working
area and influence the flow properties inside the computational domain only.

The evolution of the perturbations is investigated on the basis of the systems of
equations (26), (27) for the non-stationary perturbations periodical with respect to
the longitudinal coordinate, which are proportional to exp(ign). Here, ¢ is the quasi-
wavenumber of the perturbations (Ziman 1972).

Taking into account the last assumption the following initial conditions are added
to the obtained system:

Wje(0,m,8) = W (n, &) = £71);¢ - exp(iqn),
U;,(0,n,8) =09, (n,€) = £974,, - exp(iqn),
Q;(0,7,8) = QG (n,&) = +7;'w; - exp(iqn), (36)
0;(0,1,€) = 6 (n,£) = 4] T} - exp(iqn),
C(0,1,8) = C° (n,€) = +7;5C, - exp(iqn),
where overlined notations are the averaged magnitudes, which are defined as follows

1
2Rl

o U
| [ rmeydgan, it =1,
- (37)

1 U
Ti=g5 | [ fn&dedn, itj=2.

0 v

1

for each characteristic f of the basic flow. The quantities ’y;*,’y;,fy;’,fyf,’yj are the
components of the corresponding vector v, and 7 = 0. The behavior of perturbations
in time depends on relations among these components. Furthermore, the relations
among these components are defined by governing equations and boundary conditions.
The corresponding relationships can be found as a result of substitution of the initial
conditions (36) into the problem (26)-(35). Each component of ~y; can have such values
that the amplitudes of the harmonics (36) do not exceed 10% from the magnitude of
the corresponding characteristic of the basic flow ¢, w, T, Cs.

Additionally, let us describe a way of computation of the terms of the equation

AV¥; = —Q;. Having the exact expressions for the velocity components in the terms
0

_ Jmm
= £, - exp(iqn), where the averaged values

of the variables (u,v) we postulate that the initial values \I’?& and U% —are computed

as Ulee = ¥ jee - exp(ign) and W9,
Ve and ;. are calculated according to (37). Then the equation AV; = —€Q; is valid,

if the connection qQ'y;% =7} exists. It should be noted that the use of this way requires
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an additional smoothness of the functions (u,v). The requirement is satisfied for the
considered exact solution.

The method of the problem solution (26)—(36) is based on the algorithms suggested
in (Goncharova et al 2012b, Vozovoi and Nepomnyashchii 1982).

6. Possible regimes. Analysis of the results

For the system HFE-7100—nitrogen a series of calculations have been performed for
the configuration [y = l; = 5 mm and for different values of the gas flow rate R and
gradients A; # A,.

The computations show that in the system both the monotonic and oscillatory
regimes can be formed. These disturbances can damp or grow, depending on -, (which
defines the amplitude of the initial perturbations), gas flow rates R and temperature
gradients A;, A. Depending on the ¢ values, intensity and type of the external
action both the thermocapillary (figures 4 and 6) and hydrodynamic (figures 5 and
7) mechanisms can play a dominant role.

In figure 4 the typical distributions of the thermocapillary pattern are presented.
The rapid monotonic damping of the perturbations of all the characteristics (velocity,
temperature and concentration) is observed even for high amplitudes of the initial
perturbations if R and positive A are small. The appearing transversal rolls fade out
and the velocity disturbances are localized near I' due to the Marangoni effect. The
appearing vortices define entirely the distribution of the concentration perturbations,
which generate concentration “rolls” throughout the thickness of the gas phase. With
time the perturbations fade out and these “rolls” turn into “spots”. The concentration
“spots” drift additionally due to the interaction with the basic flow. The analogous
transition from the “rolls” into “spots” takes place for the thermal perturbations. So,
the thermocapillary effect stabilizes the basic flow at small R and A > 0.

If the temperature gradients remain quite small but the flow rate increases, then
it leads to unstable regimes (figure 5). For each fixed A a critical value of the gas
flow rate R at which the perturbations start growing, can be calculated. If A < 0 or
the initial temperature perturbations in the layers have different signs, the instability
develops more quickly. If A < 0, the action of the Marangoni and shear mechanisms
is co-directional, resulting in the growth of hydrodynamic perturbations, whereas the
thermal and concentration ones damp slowly (figure 5). The most important points in
the different modes of the temperature perturbations in the layers are the type of the
basic flow and the value of the initial velocity perturbations. Only the flows with the
purely thermocapillary profile of the velocity will be stable if v and 7} are small. Thus,
we can select the dominant mechanism. At quite large R the most dangerous are the
hydrodynamic perturbations. The instability has a hydrodynamic pattern, since the
thermocapillary forces are suppressed by shear stresses.
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t=4s.

The increasing values of the gradients and gas flow rates lead to the formation
of the oscillatory modes (figures 6 and 7). They are caused by the influence of the
thermocapillary mechanism and shear stresses. These mechanisms are counteractive.
Under the action of the hydrodynamic perturbations the fluid moves in the direction of

the main flow, but the thermocapillary mechanism forces the particles to move in the
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opposite direction. By increasing |v,| the oscillation frequency grows.

Damping or growing of the oscillatory disturbances are controlled by the values of
the initial disturbances. At quite small |v;| the disturbances attenuate, large vortices
fade out to the small ones and then, these small vortices are merged back into the large
ones, but the sizes of the “pulsating” vortices decrease gradually in the stable regimes
(figure 6) and they persist or increase in the unstable ones (figure 7). The field of the
concentration perturbations responds also to these oscillations of the vortices.

With the increasing pseudowavenumber ¢ the sizes of the appearing structures
change: large-scale structures (vortices and thermal/concentration “rolls”) transform
into small-scale ones. It should be noted that at large gas flow rates R the increasing
q leads to the formation of high-frequency regimes. If R is small, then the increasing
g can result in the transition from the hydrodynamic patterns to the thermocapillary
ones.

7. Concluding remarks

The stationary exact solution of the stationary Oberbeck —Boussinesq equations has
been investigated in detail. The solution describes a joint flow liquid and a vapor-gas
mixture in a minichannel with solid outer walls. Basic equations take into account
the effects of thermodiffusion and diffusive heat conductivity additionally in the gas
phase. The considered solution is the analogue of the Ostroumov— Birikh solution of
the Oberbeck — Boussinesq equations. The solution has a group nature and describes
different classes of flows. A variety of the described types of flows is explained by the
properties of the solution (6). Also, the structure of the solution allows one to use
different classes of boundary conditions for the vapor concentration function C,. The
influence of the boundary conditions and considered effects on the properties of the
solution and, consequently, on the characteristics of the two-layer flows are clarified
based on theoretical analysis. The classification of the flow types has been suggested,
depending on the boundary conditions for the C function and on the given parameters
of the problem.

The stability of one of the classes of the obtained solutions has been studied and
two different types of instabilities have been found. The behavior of the obtained
solutions has been investigated with different values of external actions (gas flow rates
R and longitudinal temperature gradients A;, A). The stability of the basic Flow 4 is
guaranteed only if the values are small.

The suggested approach to study the influence of different mechanisms and
generation of the convective and concentration structures requires further development
since the obtained results can predict only some qualitative and quantitative features of
the joint flows of the evaporating fluid and co-current gas flux. Additional factors such
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a) —t=05s;b) —t=15s¢c)t=3s,d) t=5s.

as thermophysical properties of the working media, linear sizes of the system should
be taken into account when further considering the problem. Furthermore, the critical
characteristics of the stability and influence of the problem parameters require a more
detailed study and specification.
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