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Abstract—We study a partially invariant solution of rank 2 and defect 3 of the equations of a viscid
heat-conducting liquid. It is interpreted as a two-dimensional motion of three immiscible liquids
in a flat channel bounded by fixed solid walls, the temperature distribution on which is known.
From a mathematical point of view, the resulting initial-boundary value problem is a nonlinear
inverse problem. Under some assumptions (often valid in practical applications), the problem can
be replaced by a linear problem. For the latter we obtain some a priori estimates, find an exact steady
solution, and prove that the solution approaches the steady regime as time increases, provided that
the temperature on the walls stabilizes.
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As is known, motion begins in a nonuniformly heated liquid. In applications, we often encounter the
situations when motion is originated in the two or more liquid media that contact one another along
certain interfaces. If the liquids do not mix during their interaction then they form some more or less
visible interfaces. The oil-water system is a typical example of this situation. The need for modeling
multiphase flows, taking into account the differences in physical and chemical factors, arises in the
design of cooling systems and power plants, in studying the growth of crystals and films, or in the
aerospace industry [1—4].

Some exact solutions of the equations of Marangoni convection are known [5—7]. One of the first was
obtained in [8] which is a steady Poiseuille flow of two immiscible liquids in an oblique channel. As a rule,
almost all flows were steady and unidirectional. The stability of these flows was investigated in [9, 10]. As
far as the nonsteady thermocapillary flows are concerned, their study have begun rather recently [11, 12].

The problem of thermocapillary convection of two incompressible liquids in a container separated by
a closed separation surface was studied in [13]. The time-local unique solvability of the problem was
obtained in the Holder classes of functions. The problem of thermocapillary motion of a drop in the entire
three-dimensional space was studied in [14]. Moreover, its unique solvability was established in the
Holder classes with a power-like weight. It turned out that the velocity vector field decreases at infinity
in same manner as the initial data and mass forces, whereas the temperature tends to a constant equal
to the limit of the initial temperature at infinity.

This article is devoted to the study of solutions of the two-dimensional conjugate boundary value
problem which results from the linearization of the Navier—Stokes system of equations supplemented
with the heat transfer equation. Motion is initiated by thermocapillary forces applied along two interfaces
which cause nonsteady Marangoni convection. Such a convection can prevail under conditions of
microgravity or in the movement of thin liquid films.

The aim of the work is to obtain some a priori estimates for the solutions of the above conjugate
problem in the space of uniform convergence. The estimates of the solutions are obtained using special
identities and the Friedrichs Inequality. The main difficulty is encountered in estimating the pressure
gradients which are unknown either.
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8 ANDREEV, CHEREMNYKH
I. STATEMENT OF THE PROBLEM

The two-dimensional motion of a viscid incompressible heat-conducting liquid is described by the
system of equations

1
U + Uty + vuy + ppx = (U + Uyy),
1
vt—l—uvx—kvvy—kppyzv(vm + vyy), (1)

Uy + vy = 0,
@t + U@r + U@y = X(@xx + @yy).
Here u(z,y,t) and v(z, y, t) are the components of the velocity vector, p(x, y, t) is the pressure, O(z, y, t)

is the temperature, p is the density, v is the kinematic viscosity, and x is the thermal conductivity of the
liquid. The quantities p, v, and x are assumed constant.

The system of equations (1) admits a four-dimensional Lie subalgebra (0, 0y, + t0;, 0p, Do) [6]. Its
invariants are ¢, y, and v, and a partially invariant solution of rank 2 and defect 3 should be sought for in
the form u = u(z,y,t), v = v(y,t), p = p(z,y,t), and O = O(z,y,1).

Inserting the exact form of the solution into the first three equations of (1) yields
u=w(y,t)r+ui(y,t), w+ vy =0, wy + vwy +w? = f(t) + vwy,,
f) o (2)

p=d(y,t) — 5 T dy = VUyy — Vg — VVy, Ut + vy +uiw =0

with some function f(t¢) that is arbitrary so far.

Regarding the temperature field, we assume that it has the form
O = a(y, t)a® + a1 (y, )z + b(y, 1). (3)
As we see below, (3) is in good accord with the conditions on the interfaces.

We assume for simplicity that u;(y,t) =0 and a1(y,t) = 0. The latter condition means that the
temperature field has an extremum at = = 0: a maximum for a(y, t) < 0 and a minimum for a(y,¢) > 0.
Let us apply the solution of the form (2), (3) to describe joint motion of three immiscible liquids in the flat
layer 0 < y < I3, considering that the walls y = 0 and y = I3 are solid. Introducing the index j = 1,2, 3,
for the liquids and using (2) and (3), we come to the conclusion that, in their domains, the unknowns
satisfy the equations

Wi + Vjwjy + "LU]2' = VjWjyy + fj(t)7
vjt +VjVjy + djy = VjUjyy,
wj +vjy =0, (4)
aje + 2wja; + vjajy = X;jajyy,
bjt + vjbjy = Xjbjyy + 2X;4;-
At the interfaces y = I,,(z,t) forn = 1, 2, the conditions hold [9]:

wi(l(z,t),t) = wa(li(x,t),t), wa(la(z,t),t) = ws(lo(x,t),t),

vi(ly(z,t),t) = va(ly(x,t), 1), va(la(z,t),t) = vs(la(x, t),t), ®)

he +2wi(l(z,t), e = vi(li(z,1),t), o+ 2wa(la(z,t), 1)y = v2(la(z, ), 1), (6)
a1 (li(z,t),t) = az(li(x,t),1), az(la(z,t),t) = az(la(x, t),t),

o = et Py = "
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THE JOINT CREEPING MOTION OF THREE VISCID LIQUIDS 9

where k; > 0 are the heat conductivity coefficients and n,, = (1 + l,%z)_l/z(—lm, 1) are the normals to
the lines y = 1,,(x,t). The dynamic conditions for y = {,,(z, t) are as follows [9]:

(p1 — p2)n1 + [2paveD(ug) — 2p1v1 D(uy)|ng = 201(01)Kin; + Vo1,

8
(p2 — p3)na + [2psr3D(ug) — 2peveD(ug)ng = 202(02)Kong + Vii0s. (8)

In (8), D is the strain-rate tensor u; = (zw;(y,t),v;(y,t)), whereas Vi; = V — (n - V)n on the right-
hand side designates the surface gradient; K,, = lnm(l —|—l%w) —3/2 are the mean curvatures of the
interfaces y = I,,(z,t); while 01(©1) and 02(02) are the surface tension coefficients depending on
temperature. For most of real liquid media, the dependence o,,(0,,) is approximated well by the linear
function

Un(@n) = 0'2 — 5,0, (9)

where s, > 0 is the temperature coefficients of the surface tension of the lines y = [,,(x,t). They are
assumed constant and determined by experimental methods.

The dynamic conditions (8) have a vector form. Projecting them to the tangent directions 7, =
(1+ 112”)—1/2(17 lne) and using (9) and (2), we obtain

(2D (ug) — p1D(uy)|ny - 71 = =30 V1101 - 11, (10)

[13D(u3) — peD(ug)|ny - 75 = =30V 1102 - 72,

where u; = pjv; are the dynamic viscosity of the liquids. The projections (8) to the normal ny 2 yield

prdi (b (z,t),t) + [pafo(t) — prfr()]a® /2 — pada(li(x,t), 1) + [2u9D(ug) — 2u1 D)y - 1y

= (0’? — [a1(11($,t),t)$2 + bl(ll(az,t),t)])llm(l + l%x)_3/27 (l 1)

pgdg(lg(l’,t),t) + [pgfg(t) — pgfg(t)] IL’2/2 — pgdg(lg(x,t),t) + [2M3D(U3) — 2N2D(u2)]n2 i 1 5]

— (08 = sealas(la(w, t), £)2> + ba(la(w, 1), )] )l (1 + 12,) /7.
The boundary conditions on the solid walls have the form
ul(O,t) = 0, ’ng(lg,t) = 0, Ul(o,t) = 0, Ug(lg,t) = 0, (12)

a1(0,t) = aio(t), az(l3,t) = aso(t)
with some given functions aq(t) and ago(t).
The initial conditions for the velocities are zero (we study the properties of the solution of the problem
simulating the motion only under the action of thermocapillary forces):
ui(y,0) =0,  v;(y,0) =0. (13)
Besides,
lo(2,0) = ln(@),  aj(y,0) = aj(y), (14)
while a? # 0 for at least one of the indices j so that the thermocapillary effect starts at ¢ = 0.

Note several specific features of the formulated problem: This is a nonlinear and inverse problem
since the functions f;(t) are the sought-for. It is easy if we eliminate v;(y, t) from the equations of mass
conservation. Then the problem reduces to the conjugate problem for the functions w;(y,t), a;(y,t)
and l,,(x,t). The problem for b;(y, t) given v;(y, t) and a;(y, t) can be separated; the boundary conditions
forb;(y,t) are analogous to those for a;(y, t). The functions d;(y, t) can be recovered by quadrature from
the second equation (4) up to a function of time. Thus, w;(y,t), v;(y,t), and a;(y,t) are solutions of
nonlinear parabolic equations with boundary conditions (5)—(7), (12) and initial data (13) and (14). The
last two conditions in (5) and the fourth from (12) are the additional conditions on f;(¢).

To simplify (4)—(7), (10)—(14) we introduce the characteristic scales of length and time as well as
functions wj, vj, a;, d;, and f;; namely, the quantities 19, 192 /vy, 51a°19 /11, 322a°19% /1, a°, 3¢1a°19 / p1,
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10 ANDREEV, CHEREMNYKH

and sc1a°/(p11Y) respectively, where I = const > 0 is the average value of thickness of the first layer of
the liquid at ¢ = 0,

a® = max |aso(t) — a19(t)] > 0 or a® = max max |a9(y)| > 0.
t>0 J Y

In the dimensionless variables, some factor appears at the nonlinear terms in (4), the Marangoni
number M = 3¢;a%193 17 'v; . The same applies to the kinematic conditions (6); this time for the
linear terms containing velocities. Assume that the temperature coefficients of the surface tensions are
comparable in their value s¢; ~ 519 and M < 1. The latter holds either in the thin layers or for large
viscosities. Then the nonlinear terms in the equations can be neglected, and the latter become linear.
In particular, the kinematic conditions have the form [,,; = 0, i.e.,l,, = [,,(z) forn = 1, 2.

Let us turn to (11). After transition to the dimensionless variables on the right-hand sides, the Weber
numbers We,, = a7/ (a®19?5¢,) appear instead of 6§ and ¢9. In the real conditions, We,, >> 1 for the most
of liquid media; for example, for the water-air system We ~ 10°. Therefore, for these Weber numbers,
(11) assume the form I,z = 0; i.e., I (2) = o + 12,

We assume later that a,, = 0 and the separation surfaces are the planes y =19 and y =13 > 19,
parallel to the solid walls y = 0 and y = I3; in what follows, the index 0 for I will be omitted.

2. A PRIORI ESTIMATES
Let us present the so-obtained linear problem in its entirety in dimensional form:

Wit :ijjyy+fj(t)7 Jj=123, (15)
’UJj(y,O) =0, (16)
wy(0,t) =0, ws(l3,t) =0, (17)
wi(l1,t) = wa(ly,t), wa(la,t) = w3(la, 1), (18)
poway(l1,t) — prwiy(li,t) = =2s01a1 (11, 1), (19)

/Lg’wgy(lg, t) — /LQwa(lg, t) = —2%2(12([2, t),

15 lo I3

/wl(y,t) dy =0, /wz(y,t) dy =0, /w?,(y,t) dy =0, (20)

0 I I
where 0 <y <liforj=1,11 <y <lyforj=2 andls < y < l3forj = 3. Conditions (19) follow from
(10)since 71 = 1 = (1,0) and V1101 2 - 71 2 = 2a; 22 according to representation (3) for temperature.
The first two equalities in (20) follow from (6), whereas the last is the no-slip condition: v3(l3,¢) = 0.
Let us write the problem for the functions a;(y, t):

ajt = Xj@jyy, (21)

a;j(y,0) = a(y), (22)

a1(0,t) = ayo(t), as(ls,t) = aso(t), (23)
ay(ly,t) = az(ly,t), az(la,t) = as(la, t), (24)

kraiy(li,t) = kaagy(l1,t), koagy(la,t) = kzaszy(l2,1). (25)

t
In order to obtain a priori estimates for w;(y,t) and f;(t) of the solution of (15)—(20), it is necessary
firstly to infer the estimates for the solutions of initial-boundary value problem (21)—(25). We perform
the change of variables:

) = a0+ "N b a6 = a0,
1 aso(t) (26)
aslyt) = asly, )+, 7 (=)
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THE JOINT CREEPING MOTION OF THREE VISCID LIQUIDS 11

The functions a@;(y, t) in their domains satisfy the equations
2x1a10(t) _ ayo(t)(y — 1)

ay = Xlalyy + 12 12 s (27)
i 1
agr = X2a2yyy (28)
. . 2xzaz0(t)  as(t)(y — 1)
G2 = Xaaw ¥ (s —1)? (s—1)* ~ (29

where the prime denotes differentiation with respect to time.
Boundary conditions (23) for a; and as become homogeneous, whereas (24) and (25) preserve their
form. Initial conditions (22) for a1 and a3 change:

,0) = aby) ~ "5 (v~ 1) = (),
" 1(0) (30)
s(y,0) = a3(y) = () (0 = o) = ()
Introduce the notations:
_ 2xaai0(t) _ dio(t)(y —1)? _ 2xsaso(t)  asp(t)(y — l2)?
Ql(y,t) - l% -0 l% ’ 93(y7 ) - (lg . l2)2 - 30(l3 N l2)2 (31)

Let us multiply (27)—(29) by p1c1a1, pacaae, and pscsas and integrate over the segments [0, 1], [I1, l2],
and [lo, I3] taking into account (24) and (25). Then add up the results. We infer that

Iy I3
dA(t) _ - -
gt —i—kl/a%ydy—i-kg/a%ydy—kkg/a%ydy
0 l1 la

l1 l3
qu/m@ﬁ%m0@+m@/%@ﬁ%m0@, (32)
0 l2
I lo I3
1 ~2 1 " 1 ~2
AW = yprer [ @dy+ L paes [ @Byt pscs [y, (33)
0 A I

where ¢; = k;/(p;x;) are the coefficients of the specific heat capacity. Since on the solid walls @ (0,¢)=0
and as(l3,t) = 0, while for @, as, and as the conditions (24) and (25) are fulfilled; therefore,

15 lo I3 51 2 I3
/a%dy+/a§dy+/a§dy§Ml< /alydy+k2/a§ydy+k3/a§ydy>
0 0 Iy 0 h l2
with a positive minimum constant M7 < oo [15]. Hence, the left-hand side in (32) is at least
dA(t) L (X
20A(t o= . 34
o rpA@, o= min () (31)

As for the right-hand side, it does not exceed

l1 ll

1/2 1/2 l3 1/2 , 13 1/2
Plcl< / 9 dy) ( / aj dy) +p363< / 9 dy) < / i3 dy)
0 0 l2 lo
I 1/2 I3 1/2
< [<2p1cl / 9 dy> - <2p363 / % dy>

0 l2

VA() = G(t)VA(®). (35)
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12 ANDREEV, CHEREMNYKH

Thus, from (32) with (34) and (35) we derive dill( ) + 20A(t (t)\/A(t), and so
1 f 2
VA®0) + 5 /e‘sTG( Ydr| e (36)
0

According to (33),

I lo I3

1 0 2 1 ~0 2
plc ) dy + ypaca | (aS) dy + pses [ (a5(y))" dy.
0 I lo

where @ (y) and a3 (y) are given by (30). Then, using (31), we obtain

l1
Ax2a3,(t 1 2
gi(y.t)dy < 11310( )4 < (a1 (®),
1

’ (37)

I3

2a2
/932,(21715) dy < ?23_3?2(;?2 + ; (I3 — o) (abo ().

l2

By the definition of G(t) (see (35)), we have
G(t) < 2\/0101< Xllff}ﬁ \/ll |ato(t |>
1
2xslaso(t)] | 1 /
n 2\//)363(([);3 6130)3/2 + 5 V(s —1y) \a30(t)‘>, (38)

because of \/z2 + 42 < |z| + |y| forall 2,y € R".

Remark 1. If the integrals

(e} (e}

/ e aro (7)) dr, / ld () dr,  k=1,3, (39)

0 0

converge then, by (36)—(39), A(t) tends to zero with time by an exponential law. Physically it means
that the thermal effects are rather small.

In view of (38) for G(t), we see that (36) assumes the form

VAW©) + Ve (f;j [eaontar [ [ e‘”iaaomfh)
0

0

t t 2
2x3 or 3=l [ s —25t
+y/p3c3 <(l3 L) /e laso(T)| dT + \/ = /e |aso(7)|dr || e (40)
0

0

Let us rewrite (27)—(29) as aj; — x;jajyy = 9;(y,t), g2 = 0, square each equation, and multiply by pjc;.
Then let us integrate with respect to time and y in the respective domains and sum up the results. Using
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THE JOINT CREEPING MOTION OF THREE VISCID LIQUIDS 13

the boundary and initial conditions, we arrive at the integral equality

t 15 lo I3
/ [plcl [ @ i) dut e [ \3ah) dut s [ (@4 x335) dy] dt
0

l1 l2

Iy lo I3

ey / a2, () dy + ks / a2, () dy + k3 / a2, (. 1) dy
0 15 la

I lo I3

_k1/a10y( )dy+k2/a20y( )dy+k3/a30y(y) dy
0 A l2

A I3

t t
+plcl//g y,t dydt+p303/ g5y, t) dydt. (41)
0 0 0

Considering (37), we obtain from (41) the estimates

I lo ls

- F(t F(t 5 F(t
2mnd<’ D (@ wny<t  [@2eyw<D  u
k‘l k'2
0 A lo
with the function

A lo l3

2
FO) =k [ (@8,0)) dy-+ ke [ (0,0 dy+ ks [ (@8,0))" dy
0 15 lo
2 t t
+2p101[ ;gl/ dT-l- ll/ alO T]
1o 0
t t
+ 2p3cs3 |: Iy _l2 /a§0 d7'+ (I3 —12) 2/ o (T 2d7’] . (43)
0 0

Remark 2. The convergence of (39) also yields the convergence as ¢ — oo of the integrals in the
expression of F'(t) in (43).

Returning to (26), from (36), (38), (42), (43), and the Cauchy—Bunyakovskii Inequality we obtain
the uniform estimates in y:

1/4
\al(y,t)|<<8i§i)f;1(t)> +hi(B)e (44)
1/4
aatort) < (U)o e (45)
las(y, £)] < (BA()F(£))* ((pacaka) ™/ + (preaky) /2) 2. (46)

Remark 3. Since the integrals (39) converge, we have ajo(1) < h;(1)e™0" and aly(1) < hjl- (1)o7,
whereas

/|hj(7')|d7'<oo, /‘h}(?)‘d?<oo.
0 0
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14 ANDREEV, CHEREMNYKH

The following holds:

Theorem 1. I] the integrals (39) converge then the solution of (21)—(25) tends to zero as
t — oo. Moreover, we have the estimates (44)—(46) for the convergence rate.

Indeed, according to (43) the function F(t) is bounded by a constant, and from (40) A(t) ~ e~2%;
therefore, (44)—(46) prove the theorem.

Let us return to (15)—(20). Note the following identity

1 l2 I3
dE(t
di ) +u1/w%ydy+u2/w§ydy+u3/w§ydy
0 I lo
= 2r1a1 (I, t)wi (L1, t) + 23m0a3(l2, t)ws(l2, 1), (47)

I lo I3
1 1 1
E(t) = 2/)1/10% dy + 202/wgdy+ 2p3/w§ dy.
0 5 I
Observe that, using (26), we have a1 (l1,t) = a1(l1,t) and as(la,t) = as(lz,t) in (47). Now,
I

1/2 l3 1/2
|w1(l17t)| < \/ll (/w%y dy) 5 |w3(l27t)| < \/l3 - 12</w§y dy)

0 l2

and so the right-hand side of (47) is estimated from above as follows: for all e; > 0 and 5 > 0, we have

|2%16~Ll (ll, t)w1 (ll N t) + 2%2&3([2, t)ZU3(l2, t)‘

15 l3
A o .
< e a%(ll,t) + & a%(b,t) + sylieq /w%y dy + (13 —lg)Eg/wgy dy.
0 l2

Choosing ey < p1 /711y and g9 < po /(I3 — l2) and applying (44) and (45), we find from (47) that

ll 15 l3
+ (,ul — %1[161) /w%y dy + Lo /’w%y dy + [/L3 — %2(13 — 12)62] /wgy dy
0 11 l2

1 1 V9 1
=1 <€1 Vpierkr - 9 \/p303k3> VAR)F(t). (48)

dE
dt

Owing to
I I I3 , /b I I3
/w%dw/w%dw/wédyé l;(/w%ydw/w%ydw/w%ydy),
0 I I 0 l ly

we can rewrite (48) as

E 1 - — sp(l3 —
Cilt +46,E < H(t), 5 = 2 min{m %1l1£—:1’ M2’ p3 — 2(l3 — lo)eo }7 (49)
3

P1 P2 P3
where
sl 1 9 1

H(t) =4 4
©) <51 Vpieikr €2 \/pscsks

>\/A(t)F(t). (50)
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By (40), H(t) can be estimated from above as follows:

P2l 1 29 1 >
H(t) <4 + F(t
Q (51 Vpieikr €2 \/psesks V()

X

VA(0) + pier (l?;; /657|6110(T)|dT+\/Z51 /€5T|a/10(7)‘d7>
0

0

t t
2 I3 —1 _
+ /pscs <(13 _ﬁ)g/z/eéwago(ﬂmfﬂ/?’ - 2/65T|ago(7)\d7>]e . (1)
0

0

The function F(t) in (51) is given by (43) and bounded by a constant (see Remark 2).
From (49) we obtain

t
E(t) < ¢4t / N H (1) dr. (52)
0

Hence, we find the estimates of the Ly-norms of w;(y, t) on their respective domains

15 lo I3

[utay< e, [uiay< Be. [uias< B (53)
2 3
0 15 l2

To obtain some analogous estimates for the derivatives w;,,, we carry out the substitution
2%1 aq (ll, t)
i
_ 2%2@2([2, t)

ps(ls —l2)?

In this case, the boundary conditions (19) for w;(y,t) become homogeneous, whereas (17), (18),
and (20) have the same form. In (15) for j = 1 and j = 3, the right-hand sides change:

wi(y,t) = w1 (y,t) + (29° = 3Ly + By),  wa(y.t) = Wa(y,t),
(54)

w3 (y,t) = w3(y,t) [20° = 3(la + 13)y* + (15 + 13 + 4lals)y — lals(la + 13)].

12%11/1@1 (ll, t)
il

~ _ 2%1a1t(l1,t)

fily.t) = f1(t) P (2y® — 3l1y% + I3y) + 2y — L)

= fl(t) +Q1(y7t)7 (55)

~ 2%2a2t(12, t)

By =)+ "0 1260 =30 1)y 4 (B4 6+ dlals)y — lala(la + 13)]

_ 12%2V3a2(l2, t)
ps(ls — l2)?
Initial data (16) are inhomogeneous for j = 1 and j = 3:

B 2%1&1 (ll, 0)
il

2y — (I +13)] = f3(t) + Q3(2).

w1(y,0) = (2y° = 3Liy* + By) = w10(y),

_ 2mas(l2,0) (56)

wg(y, 0) = /Lg(lg N l2)2 [2y3 — 3(l2 + lg)y2 + (l% + lg + 4lgl3)y — lglg(lg + 13)] = @30(3;).
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Multiply the equations for w;(y, t) by pjw;¢ and sum up the results:

Iy l2 I3

m/@%dzﬁpz/@iderps/@%tdy

0 I
151 lo I3
Ty d w2, d L w2 d
Y+ M2 Wy, y+2ﬂ3 Wsy, 4y
0

Iy l2

l1

=p1/Q1(y,t)1E1t dy+p3/Q3(y,t)@3t dy. (57)

0 Iy

From (57) we derive the estimate

l1 l2 l3 l1 lS
1 N 1 N 1 N 1 N 1 _
2#1/wi,dy+ 2#2/w§ydy+ 2us/w§ydy< 2ul/wf0ydy+ 2us/w92,0ydy

0 I lo
t
n / / @y, 7) dydr + / / Ry, 7 dydT] (58)

By the definitions of Q1 (y,t) and Q2(y,t), from (55), (56), and (58) we obtain the boundedness of the
quantities

l1 lo I3

@t dy, / w3, dy, / w3, dy

0 Iy lo
provided that
[awn [aanar a0 (59)
0 0 0 0

converge. The convergence [~ a3(ly,7) dr and [, a3(l2, 7) dr follows from (44) and (46). In order to
demonstrate the boundedness of

o0 o0

/a%T(ll, T)dr, /a%T(lg, T)dr,

0 0

we have to estimate aj(y, t). To this end, it suffices to differentiate (21) and (23)—(25) with respect to .
In result, the problem arises for a;:(y, t) that is analogous to (21)—(25) after replacement of (22) by

ajt(yy 0) = wjyyao ()-

[f, in addition to the convergence of (39), we require the convergence of the integrals

/657|a;-'0(7')| dr, ji=13; (60)
0
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then, using Remark 3, we estimate

IN

1/4
are (9. 8) (&4“051“)) e,

p1ciky

BAL(F O\ (61)
(OO s me

IN

|a3t(y7 t)|

Jaze(y, £)] < (SAL(O)F ()4 ((p2c2ka) ™2 + (preakn) /%) 2.

In(61), Ay (t) ~ e~ and Fy(t) is bounded by some constant.
According to (54) and (59), the following integrals are bounded for all ¢ > 0:

Iy Iy I3
/w%y dy, /wgy dy, /wgy dy.
0 I la
Using these facts together with (53), we find the estimates
wi(y. )] < CLE@)Y oy, )] < Co(BEWO)Y, |ws(y, )] < C3(E@)Y, (62)
uniform on their respective domains of definition, and C; > 0 are constants.

Theorem 2. Let the integrals (39) and (60) converge. Then the solution of (15)—(20) converges
to zero ast — oo, whereas (62) are valid [or the convergence rate, where E(t) satisfies (52).

Theorem 2 and Remark 3 demonstrate that, under these conditions, the deceleration of the liquids
occurs with time due to friction on walls.

Now, let us proceed to estimating f;(¢). To that end, we multiply (15) by y(l; —y) for j =1,
by (y — 11)(la — y) for j = 2, and by (I3 — y)(y — l2) for j = 3; and then we integrate over the respective
domains:

31 31

1
6 Bfi(t) =wn /(ll — 2y)wyy dy + /y(h — y)wy dy,

0 0
) l2 l2
6 (I — 1) fo(t) = 12 /(ll +la — 2y)way dy + /(y —11)(l2 — y)way dy, (63)
l1 ll
1 I3 I3
5 (o= Al = [ 2t by = 2 dy + [ (5= 1)t — e dy.
l2 l2

In order to obtain the boundedness of | f;(¢)|, we estimate fQj wjz»t dy. Make the substitution

wir(y,t) = p(y,1),  fie(t) = fi (D). (64)

Now (15) can be rewritten as @;(y,t) = vjpjyy (Y, t) + f(t). Initial and boundary conditions (16)—(18)
and (20) preserve their form, whereas (19) changes:

popay(l1,t) — pipry(l,t) = —2s0a1(lh, 1), p3psy(l2,t) — papay(la,t) = —230a9:(l2,t).

For the functions ¢(y, t) we obtain some problem that is analogous to (15)—(20). Therefore, using (64)
and (61), we have

5 lo l3

2 2 2
/ wldy < © Ei(t), / wi dy <~ Bi(t), / wi dy < Ey(t). (65)
4 L1 ; P2 ; P3
1 2
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The function E1(t) in (65) can be estimated from above as follows:
t
Eq(t) < 6_461t/e4517H1(7') dr,
' (66)
1 3 1
+ Fi(t)A;(t).
g1 Vpicikr &2 \/p3C3k3>\/ 1(t)A1(2)

Hence, using the Cauchy—Bunyakovskii Inequality together with (54), (58), and (65), it is easy to obtain
from (63) the boundedness of |f;(t)| for all t > 0if (39) and (60) converge. More precise estimates can
be obtained if we use the equalities

H()<4<

ll l2 13

/wly dy = wi(l1, 1), /wzy dy = wa(la, t) —wa(ly, 1), /w3y dy = —ws(l2, 1),
0 15 l2
l1 l2

/yw1y dy = lywy(I1,1), /y’wzy dy = lawsa(la,t) — lywa(ly, 1), (67)
0 Il

I3

/ngy dy = —lglUg(lg,t).

l2

The first three equalities in (67) are obvious, whereas the others are obtained by integrating (20) by parts.
Using (67) and (18), we can reduce the first terms on the right-hand sides of (65) to the form

—Vlll’wl(ll, t), —1/2(12 — ll) (wl(ll, t) + wg(l2, t)), —V3(l3 — l2)w3(12, t). (68)

Hence, if (39) and (60) converge then, using (68) and the Cauchy—Bunyakovskii Inequality together
with (52), (62), (65), and (66), we infer

t

2 / 2 611C A
4011 —261t nta / 4611 —o1t
e*'T Hy ( e - e V"H(T)dr e ,
1A(2) (551010/ i > 13 (0 ™) )

1/2 t 1/4
12 4617 _osit 612(C1 + Cs) / 46,7 o1t
) < ITH d 1 TH(T)d 1
|fa(t)] < (5(l2 A /e 1(7) T) e (o — 1)’ J e (r)dr | e 9t

0
t

t 1/2 b C 1/4
Ifa(t)] < < / eV H (1 ) e 201t _ (13_3123)2 </64617H(7’) dT) e 0t
0
(69)

The functions H(t) and Hy(t) in (69) are estimated from above in (51) and (66). Therefore, in view of
convergence of (39) and (60), together with |a;(y, t)| and |w;(y, t)|, we also have | f;(t)] — 0 as t — oo.

3. STATIONARY SOLUTION

Let us write a stationary solution of the problem (21)—(25) (aj, and a3, take constant values on the
walls y = 0 and y = [3; hereafter, a3, # 0):

ai(§) = ajp[A1€ + 1], 0<¢=y/li <1,
a3(€) = ajo[A1((€ — 1k +1) + 1], 1<&<1/h,
a3(&) = afo[k1ka A1 (€ — l2/11) + a5p/aly], 1/l <& <ly/ly,
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and problem (15)—(20):

s . ll%gag(lg) [1([1 — 1) 2 %1@{([1) ms - .
wl(g) - Lo my (25 - 35 )|:%2a§(l2) - my (ll - 1)]7 0< é. - y/ll < 17
lisepag(le) [31 hih—1
ag(e) = =" [y D 4 g -
%1(1?([1) B m5(l_1 — 1)) 2%1(1?(11) _ :| -
X <%2(I§(l2) my + %2&5([2) (é 1) ) 1< § < 1/lla

s . Qﬂgll%gag(lg) . [2 . 3777/6[1 [2 -2
w3(e) = 2 <£ l_1> [ 4l — 1) (5 " I >

s s ) B _
m2m5(11 1) _ %lal(ll)ll) _ 1:|’ 1/[1 <&< lg/l1,

mimy mlkga‘;(lg
Agljl(l_l — 1) <%1af(ll) ms - > A2U2m5 Agl/gﬂgmﬁ
s - - l - 1 3 s = 5 S = — s
fl mi %2(13(12) m4( ! ) f2 may f3 2(l2 — 1)

where
Ap =hay/(a5o—1)g", As=6sma3(l)ly ny, L=/l b=/l
ky=Fki/ky, ke =kha/ks,  n=pa/pa, 2 = p2/ps,
whereas the constants g, my, ma, ms, my, ms, and mg are calculated according to the available formulas.
Introducing the differences
aj(y,t) = aj(y) —a;(y, 1),  w;(y,t) = wily) —w;(y,t),  g(t) = f7 — f(t)
and carrying out the calculations analogous to those in Section 2, we can prove that the solution of the

nonstationary problem reaches the steady regime a3(y), wi(y), and f; = const under the conditions of

convergence of the second integrals in (39), (60) and the integral fooo eéT‘aZO — ako(r)‘ drfork =1,3.
Let us note that, instead of (39) and (60), it suffices to require that

|lago — aro(t)] < a(t+7)™"
with some constants n > 1, « > 0, and v > 0.

Remark 4. Owing to the a priori estimates in Section 2, the solutions of (15)—(20) and (21)—(25) are
classical:

wi(y,t),ai(y,t) € CHQ)NCHO,T), U =[0,11], Qo=][ll], Q=]

Itis also easy to show the continuity of the derivatives wjy, wjyy, aj, and a;,,. Using the above-obtained
estimates for wj¢, f; and a;, the estimates for wj,,, and a;y, can be found from (15) and (21); therefore,
for example,

Y2

/ Wjyy dy

Y1

<lyr —yo|  max |wjy,

W; ,1) —w; 1) =
Wiy (y1,1) iy (Y2, 1) ye e (0.1]

for all y1,y2 € ;. Hence, the functions wj,(y,t) are continuous on their domains, and the boundary
conditions for the tangent stresses (19) are fulfilled in the sense of continuous functions. The estimates
for a;,, can be obtained by analogy.
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