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Introduction

The problem of summation of functions of a discrete argument is one of the classical problems
of the calculus of finite differences. For example, the sum of the sequence of power of natural
numbers was computed by Bernoulli (1713), and his studies gave rise the development of several
branches of combinatorial analysis. Euler (1733) and Maclaurin (1738) independently found that
required sum is expressed in terms of derivatives and integral of a given function. It was firstly
proved by Jacobi (1834) (see [1,2]).

The problem of summation of functions implies the computation of the following sum

S =0 (1)
t=0

with a variable upper limit x for a given function ¢ (¢). Euler proposed a method which reduces
the problem to solving the difference equation

fla+1) = f(z)=¢(2),

where f (z) is an unknown function.
In this case, sum (1) is expressed in terms of the values of the function f (z) at points 0 and
x + 1 of the segment [0,z + 1]
S(x)=f(z+1)—=f(0). 2)

Function f (x) is called a discrete primitive function of the function ¢ (x) and formula (2) is
called discrete analog of the Newton-Leibniz formula.
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Many works in different branches of the mathematics are devoted to various aspects of the
summation problem and its applications, among the relatively recent works note [3-5].

The summation problem in several variables can be formulated in various ways. Summation of
polynomial of several variables over integer points of the rational convex polytope with variable
faces was studied [6,7]. The multidimensional analogue of the Euler-Maclaurin formula was
obtained.

Summation of arbitrary functions over integer points of a rational parallelotop was studied
[8-10]. Euler approach based on definitions of discrete primitive function and discrete analog of
the Newton-Leibniz formula was used to solve the problem.

1. Formulation of the main result

Let us introduce following notations and definitions.

L ...,a" have integer coordinates a’ = (ajl ...,azn), al € Z, where Z is the set of

Vectors a
integer numbers.

Columns of matrix A contains coordinates of vectors a?:

1 n
ay L. Qg
A=
1 n
[ ¢ ey

Let cone K = {x eR":x =X al +--- + An@" A 2> 0} generated by vectors al,...,a" be
a pointed cone, i.e., it doesn’t contain lines. In this case the system of linear equations At = x
has a finite number of integer non-negative solutions for any « € K and for any function ¢ (t) =
@ (t1,...,t,) we can correctly define the following function

Valz,o)= > o). (3)

At:m,tGZg

If o (t) = 1 then V4 (z;1) is a number of representatives of the vector x by vectors al, ..., a"

© & = tia' + - + tya”™, ie, number of vector partitions. In the case ¢ (t) = e*?) function
Vi (z;eP)) is called vector partition function (see, for example, [7]). Function Va (z;¢) is a
vector partition function ith weight ¢ (t). One can say that the problem of finding vector partition
function (3) is generalization of the problem of summation of function ¢. Indeed, if m =1, n = 2,

A= (1,1) and ¢ (t1,82) = ¢ (t1) then Vi (z50) = > ¢ (h) = = éow(tl) =5 (2).

t1+to=x
If A=(1,1,...,1) then for the vector partition function associated with the weight function
o (t1,...,t,) we obtain Vs (z;0) = > ¢ (t), where ||t| = t1 + - - + t,. Let us denote the left
Ith==

part of this equality by S (x) and formulate the following problem
Find the sum of wvalues of function ¢ (t1,...,t,) over integer points of the simplex
{te RE : [t = z}:

S@= Y el (4)

ltl==,teZy

Let us note that the case ¢ (t) = v (||t]|), where ¢ (7) is a function of one variable was
considered [10].
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Let us introduce linear shift operators on j-th variable: 6;f (t) = f(t1,...,t; +1,...,t,),
§ = (61,...0pn), 0% = 67" ... 6%, The polynomial difference operator W () = > ¢,0° acts on

f (t) in the following way W () f (t) = > cof (t + ).

(e}
Let us consider polynomial difference operator

e |
D |
wE) =[] 6i—d)= : (5)
e .
orto 1

Using formula (5), for n=2 and n=3 we obtain W (d1,02) = 01 — d2 and W (d1,02,03) =
(61 — 92) (61 — 03) (02 — 03) , respectively.

A discrete primitive function f (t) of the function ¢ (t), t € ZY is a solution of the difference
equation

W (6)f(t)=¢(t),t €Zl. (6)
Let m; be a projection operator on the hyperplane ¢; = 0:

ij(t) = f(tl,...,tj_l,o,tj+1,...,tn).

Let us define for n > 2 the Newton-Leibniz operator Wy, as

D L SR s
-1 n—2 n—1
oy 0y T ™
WNL (6, 7T) = H ((;ﬂrj — (5]'71'1') =
1<i<i<n . . .
n—1 n—2 n—1
oy o my ... W

Note that for n=2
WNL ((5, 7T) = (517‘(’2 — (527'('1)

and if f (¢1,t2) is a discrete primitive function of the function ¢ (¢1,ts) then

S(z) = Z @ (t,t2) = Z (f(ti+1,t2) = ft1,ta+ 1)) =

t1+to=x t1t+to=x

=f(z+1,0)—f(0,24+1) =Wy (6,7) f(z,2).

In the general case problem of summation (4) can be solved with the use of the following
theorem.

Theorem 1. If f(t) is a discrete primitive function of the function ¢ (t) then the following
discrete analog of the Newton-Leibniz formula for the vector partition function S (x) associated
with @ holds true

S (SC) = Z ¥ (t) =Wni (57 W) / (t17t27 s tn) |t1:t2:“':tn:z' (7)

lItl|==

2. Preliminary results

To prove the theorem we need some additional results, particularly, the formula for the sum

Sq (r) = Z qt’

t14-t+t, =z, €LY

of the geometric progression
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where ¢ = (q1, ..., qn).

where z is complex variable. If |gxz| < 1,

Let us introduce H (z;q) =
k=1,...,

(I=qz)... (1= gnz)’
n then after expansion in a power series we obtain

o0 o0
(Z qt1 tl) (Z qf;‘zt"> = qu () 2".
tl_O t1:0 =0

pr<mink{|q,;1|} then
1
T / Z q) 71- (8)

Function H (z; q) ,n, and residue at an

infinitely distant pomt is equal to 0. Then by theorem of the total sum of residues [11] we have
from (8) that

7 has poles at points z = 0, 2 = ¢, Ve=1,.

() o)

E resz qEIH

Calculating this residue, we obtain from (9) that

n :1:+n71

=y (10)
= (1— 2) =L @-o)

=Lk Li#
Formula (10) can be obtained in another way. For example, we can find it in [12, Sec. 3.3]
(without proof). The proof can be found in [13,14] as particular case of the more general result

in which arbitrary integer polytope is used instead of simplex.

If g=(q1,...,qn) and W (¢) is a Vandermonde determinant then
N |
o S
W(glk]) =| "v25 V4 L= 10 (4 — qv) -
Qe+1 dk+1 -~ L<p<vsn, g
e I

The following equality holds true

Wi(q) =

Let us consider operators 7, and d,.

following equality holds true

(0p — 0y) mumy f (t) =

Proof of the theorem.

(7m0,
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Using equality (6) and f (t) = 6*f (0), we obtain

Sy =Y et)=> WEft)= Y W@B)FO) = > &|W(©)s0).

lItl|== lItl== lItl|== lItl==
It follows from (10) and (11) that

n r+n—1
6k

S(x) = ™
1 Hj:l,k;éj (0r — 53')

W (9) £(0) =

r+n—1 n
514:

:;H” Gy VT I Ge-a)wek) £

J=Lk#] j=1,j#k

=" (=0 oW (d[k]) 67 £(0).

1
Using (12), we find

W (0[k]) 0 f (0) = [T  Gu-d)sr0=

1<p,vEn,u,v#k

- 11 (7,0 — 76 71 (k] f (2,2, .. @) =

1<p,vn,p,v#k
= Wiy (O[k],7[k]) f (2, ... @).
Thus, expanding determinant Wy, (8, 7) by first column, we obtain
S (@)=Y (=D G W Bk, wlk]) f (.. 2) = Wve (6,7) f (..., ).
k=1
Formula (7) is proved. O

Example. Let us find the vector partition function with weight ¢ (¢1,ts,t3) = (3 — 2t1) 2¢23%
for n=3. Primitive function for ¢ is f (t1, 2, t3) = 1223, According to formula (7) of Theorem
1, sum (4) is equal to S (x) = 3%F2 — 222 — p — 2,

The work was supported by RFFI (grant 18-51-41011 Uzb_t) and by RFBR (research project
18-31-00252).

References
[1] G.Hardy, Divergent series, Oxford University Press, London, 1949.
[2] A.O.Gelfond, Finite Difference Calculus, Moscow, KomKniga, 2006.

[3] A.V.Ustinov, A Discrete Analog of Euler’s Summation Formula, Mat. Notes, 71(2002), no. 5,
851-856.

[4] A.V.Ustinov, A Discrete Analog of the Poisson Summation Formula, Mathematical Notes,
73(2003), no. 1, 97-102.

=507 —-



Evgeniy K. Leinartas, Olga A. Shishkina The Discrete Analog of the Newton-Leibniz Formula. ..

[5] S.P.Tsarev, On the rational summation problem, Programming and computer software,
31(2005), no. 2, 56-59.

[6] M.Brion, M.Vergne, Lattice points in simple polytopes, Journal of the American Mathemat-
ical Society, 10(1997), no. 2, 371-392.

[7] M.Brion, M.Vergne, Residue formulae, vector partition functions and lattice points in ra-
tional polytopes, Journal of the American Mathematical Society, 10(1997), no. 4, 797-833.

[8] O.A.Shishkina, The Euler-Maclaurin Formula for Rational Parallelotope, The Bulletin of
Irkutsk State University, Series "Mathematics", 13(2015), 56-71.

[9] O.A.Shishkina, Bernoulli Polynomials in Several Variables and Summation of Monomials
over Lattice Points of a Rational Parallelotope, The Bulletin of Irkutsk State University,
Series "Mathematics", 16(2016), 89-101.

[10] O.A.Shishkina, The Euler-Maclaurin formula and differential operator of infinite order, Jour-
nal of Siberian Federal University, Mathematics & Physics, 8(2015), no. 1, 86-93.

[11] B.V.Shabat, Introduction to Complex Analysis, Part 1, Science, 1976.

[12] A.G.Khovansky, S.P.Chulkov, Geometry of the semigroup Zn. Applications to combinatorics,
algebra and differential equations, Moscow, MTSNMO, 2006.

[13] A.V.Pukhlikov, A.G.Khovanskii, The Riemann—Roch theorem for integrals and sums of
quasipolynomials on virtual polytopes, St. Petersburg Mathematical Journal, 4(1993), no. 4,
789-812.

[14] A.V.Pukhlikov, A.G.Khovanskii, Finitely additive measure of virtual polyhedra, St. Peters-
burg Mathematical Journal, 4(1993), no. 2, 337-356.

uckpernsbiit anajgor ¢dopmyasl Heiorona—Jleiibanma
B 3aJlave CyMMHUPOBAHUS 110 MeJbIM TOYKAM CHUMILJIEKCA

Esrenunii K. Jleitnaprac

Ouapbra A. llIunmkuna

HNucturyr maremaruku n yHIaMEHTAIbHON NHMOPMATUKHI
Cubupckuii deiepasbHbIil YHUBEPCUTET

Ceobomusrii, 79, Kpacrnosipck, 660041

Poccus

B 3adave cymmuposarus GyHKUUL 1O UYEABM TROYKAM DAYUOHAALHO20 CuMNAeKca daHo onpedeaeHue
duckpemnotli nepsoobpasznoli u Hatiden duckpemmwil ananroe gopmyav, Hotomona-Jletdbruya oan cymamo.

Knouesvie caosa: cymmuposanue @Gyrkuyul, Jduckpemnas mnepeoobpasnas, dopmyaa Horomona—
Jletibruya.

- 508 —



