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The paper aims at coping with the difficult problem of rationally uniting astonishingly huge 
amount of qualitatively different modal logics. For realizing this aim artificial languages of 
symbolic logic and the axiomatic methodology are used. Therefore, the method of constructing 
and studying formal logic inferences within the axiom system under investigation is exploited 
systematically. Inventing and elaborating a hitherto not-considered axiomatic system of 
epistemology uniting normal and not-normal modal logics is the new nontrivial scientific 
result of this work. History of philosophy and systematical philosophy, formal ethics and 
formal aesthetics, philosophical epistemology and analytical theology, philosophy of law and 
philosophy of science are among the important fields of application of the nontrivial abstract- 
theoretic principles demonstrated in this paper. Using the above- indicated machinery the 
author has arrived to the following main conclusion: the famous philosophical principles of 
utilitarianism, hedonism, optimism, pragmatism, fideism, falsifiability, verifiability, “Hume’s 
Guillotine”, “naturalistic fallacies” et al have not absolutely indefinite (unlimited) but quite 
definite (limited) sphere of relevant applicability; the precise formal definition of the border-
line of mentioned sphere of relevance is the axiomatic one submitted and discussed in the 
paper. This general conclusion is instantiated in the text by several particular conclusions 
concerning explication and clarification of specific philosophical ideas and principles, for 
example, the one of kalokagathia. The author concludes that constructing and investigating 
the axiomatic systems of universal philosophical epistemology is indispensable for adequate 
representing human knowledge in artificial intellectual systems, for instance, in autonomous 
AI-robots.
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1. Introduction
Nowadays one had better talk not of logic but of logics as today “logic” is not 

the unique tool for reasonable thinking but a very big box staffed by an infinite set of 
different thought- tools to be used in different conditions for different goals. As there is 
an astonishingly huge amount of qualitatively different patterns of rational reasoning 
the hard problem arises: how can an intelligent agent (thought subject) be an individual 
(i. e. not divided). The absolute split of consciousness can be a hard mental- problem 
for human creatures. How can one make the consciousness division not absolute but 
relative (somehow controlled)? The movement in philosophy of logic aimed at finding 
a reasonable answer to this knotty but very important question is called “Universal 
Logic”. Many logicians in many countries are involved in this movement. For example, 
today one of its well-known scientific investigation centers is in Brasil and one of 
its well-known leaders (recognized all over the world) is J.-Y. Béziau. He and his 
colleagues living in different countries created a new scientific journal called “Logica 
Universalis” and initiated the ongoing process (system) of intellectually respectable and 
representative world congresses called “Universal Logic”. The congresses venues; —  
Montreux, Switzerland (2005); Xi’an, China (2007); Lisbon, Portugal (2010); Rio de 
Janeiro, Brazil (2013); Istanbul, Turkey (2015), Vichy, France (2018). The quite clear 
and well-elaborated answer to the question “What is Universal Logic?” is given in 
(Béziau, 2017). The indicated scientific trend in developing philosophy of logic has 
produced several interesting results but some significant philosophical and technical 
problems still remain not solved. One of them is studied and discussed in this article.

2. Theoretical framework
The article is written within the general conceptual framework called the 

“analytical philosophy” in the wide meaning of the term. Hence accurate analysis of 
natural and artificial language fragments is essential to this research work. Another 
significant aspect of the paper’s theoretical framework is its belonging to the old 
philosophical tradition of studying various modalities which tradition is well-known 
since times of Aristotle. Today modality studies are well-represented by plenty of 
symbolic modal logics (alethic, epistemic, deontic, utilitarian, axiological, et al). The 
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paper deals with the mentioned symbolic modal logics essentially. Also, the article idea 
moves within the theoretical framework of the significant distinction between normal 
and non-normal modal logics which distinction was initially submitted and discussed 
by (Kripke, 1963; 1965). One more theoretical framework within which my thought 
moves in this paper is the old idea of square of opposition (or logic square) developed 
in 20th century by R. Blanché into the hexagon of opposition (Blanché, 1957; 1966). 
Further developing R. Blanché’s conception, J.-Y. Béziau invented a more sophisticated 
octagon of opposition of alethic modalities. The fundamental generalization process 
went on and in result today various N-gons of opposition are invented and discussed in 
different fields of human knowledge and culture in general. This promising scientific 
trend (graphic modeling logical structures of conceptual knowledge systems) headed 
nowadays by J.-Y. Béziau & Colleagues is represented by the ongoing process (system) 
of intellectually respectable and representative world congresses called “Square of 
Opposition” The congresses venues; —  Montreux, Switzerland, in 2007; Corté, Corsica, 
in 2010; Beirut, Lebanon, in 2012; Vatican, in 2014; Easter Island, Chile, in 2016. The 
present article of mine is also located within the Square-and- Hexagon-of- Opposition 
theoretical framework as it submits an option of Squaring and Hexagonizing the 
axiomatic system of universal philosophical epistemology under discussion.

3. Statement of the problem
From the above general introduction, the following particular concrete problem 

follows. The system of rational (a-priori) knowledge of necessary truths is organized by 
the normal modal logic; the system of empirical (a-posteriori) knowledge of contingent 
truths is organized by the not normal modal logic. It is rational to expect that human 
knowledge in general (as a whole) is a consistent union of a-priori and a-posteriori 
knowledge. But simple conjunction of normal and not-normal modal logics makes up a 
logic contradiction. This is a concrete problem to be solved in this paper.

4. Methods
For solving the above- indicated problem in this paper the artificial language of 

symbolic modal logic and the axiomatic deductive method are exploited systematically. 
The distinction between the meta-language and the object- language is used and the 
alphabets are fixed. The notion of well-formed formula is explicated. All meanings 
of novel symbols and all new notions are defined manifestly. Formal proofs of 
theorems and formal deductive inferences from assumptions are represented as finite 
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successions of formulae. Thus, in this paper the syntax method of investigating is 
used. However along with the syntactic constructions and transformations of symbol- 
successions the content- analysis methods (creating philosophical interpretations) is 
utilized as well.

5. Discussion
As in the present paper the main method of investigating is the syntax one let us 

start with manifest precise definitions of meanings of the artificial language symbols 
to be used hereafter. Below the logic symbols →, ↔, &, ∨, ¬ stand for the classical 
propositional logic operations “implication”, “equivalence”, “conjunction”, “disjunction 
(non-excluding one)”, “negation”, respectively. Letters p, q, r, … (belonging to the 
object- language) stand for the elementary propositions. An axiomatic epistemology 
system Ξ to be constructed and discussed in this article contains all formulae, axioms 
and inference- rules of the classical propositional logic. Symbols α and β (belonging 
to meta-language) stand for any formulae of Ξ. Additional formulae of Ξ are obtained 
by the following rule: if α is a formula of Ξ then Ψα is a formula of Ξ as well. The 
symbol Ψ belonging to meta-language stands for any element of the set of modalities 
{�, K, A, E, S, T, F, P, Z, G, O, B, U, Y, J}. Symbol stands for the alethic modality 
“necessary”. Symbols K, A, E, S, T, F, P, Z, respectively, stand for modalities “agent 
knows that…”, “agent a-priori knows that…”, “agent a-posteriori knows that…”, 
“under some conditions in some space-and-time a person (immediately or by means 
of some tools) sensually perceives (has sensual verification) that…”, “it is true that…”, 
“agent believes that…”, “it is provable that…”, “there is an algorithm (a machine could 
be constructed) for deciding that…”.

Symbols G, O, B, U, Y, J, respectively, stand for modalities “it is (morally) good 
that…”, “it is obligatory that …”, “it is beautiful that …”, “it is useful that …”, “it is 
pleasant that …”, “it is joyful that …”. Meanings of the mentioned symbols are defined 
by the following schemes of own-axioms of epistemology system Ξ which axioms are 
added to the axioms of classical propositional logic. Schemes of axioms and inference 
rules of the classical propositional logic are applicable to all formulae of Ξ (including 
the additional ones).

Axiom scheme AX-1: Aα → (�β → β).
Axiom scheme AX-2: Aα → (�(α → β) → (�α →�β)).
Axiom scheme AX-3: Aα ↔ (Kα & (�α & �Sα & �(β ↔ Ωβ)).
Axiom scheme AX-4: Eα ↔ (Kα & (¬�α ∨ ¬�¬Sα ∨ ¬�(β ↔ Ωβ))).
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In AX-3 and AX-4, the symbol Ω (belonging to the meta-language) stands for any 
element of the set ℜ = {�, T, F, P, Z, G, O, B, U, Y, J}. Let elements of ℜ are called 
“perfection- modalities” or simply “perfections”.

According to the above- submitted axiom- schemes, the system of logical 
interrelations among the modalities Kα, Aα, Eα, ¬Aα, ¬Eα, ¬Kα is modeled by the 
following square-and-hexagon (Fig. 1).

In this hexagon: the contrariety relation between Aα and Eα is modeled by the 
upper horizontal line; the sub-contrariety relation between ¬Aα and ¬Eα is modeled 
by the bottom horizontal line; the contradictoriness relations between elements of the 
couples: < Aα, ¬Aα >; < Eα, ¬Eα >; < Kα, ¬Kα > are modeled by the lines crossing 
the square. The relations of logic consequence (entailment) are modeled by arrows. My 
invention of this epistemological interpretation of the square-and-hexagon (Lobovikov, 
2016a; 2016b) was inspired by intellectually respectable and heuristically significant 
works of (Béziau, 2012a; 2012b) and (Blanché, 1957; 1966).

The axiomatic system Ξ is a result of significant complementation, explication, 
generalization and reformulation of the axiomatic system submitted originally in 
(Lobovikov, 2016a). That original system contained the following axioms AX-1 and 
AX-2 which can be derived as theorems in Ξ.

Axiom AX-1: Ap ↔ (Kp ∧�p ∧¬◊Sp ∧�(p ↔�p) ∧�(p ↔ Tp) ∧�(p ↔ Pp) ∧ 
�(p ↔ Fp) ∧�(p ↔ Zp) ∧�(p ↔ Op) ∧�(p ↔ Gp));

Axiom AX-2: Ep ↔ (Kp ∧ (¬�p ∨ ◊Sp ∨¬�(p ↔�p) ∨¬�(p↔ Tp) ∨¬�(p↔ 
Pp) ∨  ¬�(p↔ Fp) ∨¬�(p↔ Zp) ∨¬�(p↔ Op) ∨¬�(p↔ Gp)).

Fig. 1. Synthesizing rationalism and empiricism in one conceptual scheme
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In these axioms p stands for a proposition and ◊p is an abbreviation of ¬�¬p. 
In the present paper using the meta-language symbol Ω has made it possible to make 
formulations of the axiom schemes AX-3 and AX-4 much more simple and compact 
than the corresponding too long and complicated axioms AX-1 and AX-2 of the original 
system.

It is worth mentioning that (�α →α) and (Kα → α) are not provable in Ξ. Instead 
of them, respectively, Aα → (�α → α) and Aα → (Kα → α) are provable in 
Ξ. Moreover, Gödel’s necessitation rule does not belong to the set of inference rules of 
Ξ. Hence the logic underlying the system Ξ is not a normal modal logic [Kripke 1963; 
1965; Priest 1992; 2008; Bull, Segerberg 1984]. Moreover, in general, the inference-
rule of elimination of � does not belong to the set of inference- rules of Ξ. Nevertheless, 
under the condition, that Aα (but not in general) the following inference-rule of 
�-elimination is valid: “If Аα �β, then Аα β”. The below short succession of 
formulae- schemes demonstrates this limited inference-rule.

1) Aα → (�β → β): axiom scheme AX-1.
2) Aα: assumption.
3) (�β → β): from 1 and 2 by modus ponens.
4) Аα (�β → β): 1)—3).
5) Аα �β is given.
6) Аα β: from 4)—5) by modus ponens.
7) If Аα �β, then Аα β: 1)—6).
Moreover it is easy to demonstrate in Ξ that under the condition that Aα (but not 

in general), the following (limited) inference-rule of necessitation is valid: “If Аα 
β, then Аα �β”. The following inference is a demonstration of this rile.

1. AX-3.
2. Aα: assumption.
3. Kα & �α & �¬Sα & �(β ↔ Ωβ): from 1 and 2 by propositional logic.
4. �(β ↔ Ωβ): from 3 by the rule of &–elimination.
5. (β ↔ Ωβ): from 4 by the (limited) rule of �–elimination.
6. Аα (β ↔ Ωβ): by 1–5.
7. Аα (β ↔ �β): from 6 by substituting � for Ω.
8. Аα β is given.
9. Аα �β from 7 and 8 by propositional logic.
10. If Аα β then Аα �β: by 1–9.
Within Ξ it is possible to prove the following meta-theorem (scheme of theorems).
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META-THEOREM: For any elements Φ and Σ of the set of perfection- modalities 
ℜ the formula- scheme (Аα → (Φα ↔ Σα)) is a scheme of theorems. The following 
succession of formula- schemes is proving this meta-theorem in Ξ.

1. AX-3.
2. Aα → (Kα & (�α & �¬Sα & �(β ↔ Ωβ)): from 1 by elimination of ↔.
3. Aα: assumption.
4. (Kα & (�α & �¬Sα & �(β ↔ Ωβ)): from 2 and 3 by modus ponens.
5. �(β ↔ Ωβ): from 4 by elimination of &.
6. (β ↔ Ωβ): from 5 by elimination of �.
7. (α ↔ Σα): from 6 by substitution (α for β, and Σ for Ω).
8. (α ↔ Φα): from 6 by substitution (α for β, and Φ for Ω).
9. (Φα ↔ α): from 8 by commutative-ness of ↔.
10. (Φα ↔ Σα): from 9 and 7 by transitive-ness of ↔.
11. Aα → (Φα ↔ Σα): from 1–10 by introduction of →.
From the purely technical viewpoint the proof of this meta-theorem is not interesting 

(too simple). But from the philosophical- content-analysis viewpoint this meta-theorem 
is very interesting and nontrivial one. Various specific instances (particular cases) 
of this meta-theorem are well-known as fundamental philosophical principles. For 
example:

1) Аp → (Gp ↔ Bp): the principle of kalokagathia represented by Socrates, 
Xenophon, Plato, Aristotle (Lobovikov 2016c);

2) Аp → (Bp ↔ Up): the principle of beauty of useful.
3) Аp → (Gp ↔ Up): the principle of utilitarianism ethics (Bentham, Mill);
4) Аp → (Gp ↔ Yp): the principle of hedonism in ethics (Aristippus, Epicurus);
5) Аp → (Bp ↔ Yp): the principle of hedonism in aesthetics;
6) Аp → (Gp ↔ Tp): the principle of ethic optimism (Malebranche, Leibniz);
7) Аp → (Tp ↔ Pp): the principle of rationalistic epistemology optimism 

exemplified by Leibniz, Hilbert (Lobovikov 2016d);
8) Аp → (Pp ↔ Zp): the principle of mechanistic (algorithmic) epistemology 

optimism (Lull, Leibniz);
9) Аp → (Tp ↔ Up): the principle of pragmatism in Peirce- James- Dewey theory 

of truth (Lobovikov 2017a);
10) Аp → (Tp ↔ Fp): the principle of fideism in theory of truth;
11) Аp → (Tp ↔ Bp): the principle of beauty as a criterion of truth;
12) Аp → (Рp ↔ Bp): the principle of beauty as a criterion of proof;
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13) Аp → (Tp ↔ Op): the principle of normativity of truth;
14) Аp → (Pp ↔ Op): the principle of normativity of proof;
15) Аp → (Bp ↔ Op): the principle of normativity of beauty;
16) Аp → (�p ↔ Op): the Natural- Law principle of equivalence of alethic and 

deontic modalities (Lobovikov, 2016b; 2016e; 2017b; 2017c);
17) Аp → (�p ↔ Gp): the Natural- Law principle of equivalence of alethic and 

axiological modalities (Lobovikov, 2016b; 2016e; 2017b; 2017c);
18) Аp → (�p ↔ �Gp): the principle of Natural- Law represented by Aristotle, 

Ulpian, Paul, Aquinas (Lobovikov, 2016b; 2016e; 2017b; 2017c);
19) Аp → (�p ↔ �Op): the principle of Natural- Law represented by Cicero, Kant, 

Kelsen (Lobovikov, 2016b; 2016e; 2017b; 2017c).
20) Аp → (�Op ↔ �Gp): the principle of Natural- Law.
21) Аp → (Op ↔ Gp): the principle of Natural- Law.
The list of such fundamental philosophical principles is open. However, it is 

important to emphasize that according to this paper all these principles have precisely 
defined significantly limited domain of relevant application, namely, they are adequate 
under the condition that Аp. Under the condition that Ep these principles are not valid. 
Thus in Ξ there is a room for the world as a totality of facts (=contingent truths), i. e. 
the world of “Tractatus” (Wittgenstein, 1994). Moreover in Ξ there is a room for the 
falsifiability principle of scientific (empirical) knowledge (Popper, 1989; 1992) which 
principle is represented by the disjunct ¬�α in the axiom- scheme AX-4.

If one concentrates entirely on the E-corner of the above logic square the one easily 
comprehends philosophical doctrines by the empiricist- minded thinkers, for instance, 
(Locke, 1994), (Berkeley, 1994), (Hume, 1977; 1994), (Mill, 1979; 1994), (Mach, 1984), 
(Moore, 2004), (Popper, 1989; 1992), (Kelsen, 1945; 1959; 1974; 1991; 1992; 2002). 
If one concentrates entirely on the A-corner of the above logic square the one easily 
comprehends the rationalistic doctrines of metaphysics by Parmenides, (Plato, 1994), 
(Aristotle, 1994), (Aquinas, 1928; 1994), (Descartes, 1994a; 1994b; 1994c; 1994d), 
(Spinoza, 1994), (Leibniz, 1903; 1952; 1971; 1982). However, if the one looks at the 
above logic square as a whole the one sees that the mentioned outstanding thinkers 
have fulfilled different parts of the work indispensable for mankind culture.

6. Conclusion
Summarizing the above-said I would like to emphasize the following. According to 

outcomes of my investigations any really intelligent autonomous system (either natural 



– 902 –

Vladimir O. Lobovikov. Synthesizing Normal and Non- Normal Modal Logics in Philosophical Epistemology Axiomatic…

or artificial —  it does not matter) has to have two relatively independent subsystems 
of different kinds of knowledge, namely, the metaphysical (a-priori) and the empirical 
(a-posteriori). Under some conditions for some goals the two subsystems operate 
separately but there are relations in which the two subsystems make up the really 
intelligent system as a whole. Consequently, if a system does not have either empirical 
or metaphysical knowledge the system is not really intelligent autonomous one (natural 
or artificial —  it does not matter). In particular, really autonomous AI-robots have 
adequately to operate in both a-priori and empirical knowledge subsystems making up 
their knowledge as a whole. The system of their knowledge as a whole is adequately 
represented by the square and hexagon of opposition. This graphic model represents 
the transcendental unity of apperception, the unity of knowledge of really intelligent 
autonomous system. Thus, the split of knowledge and intelligence into the two different 
parts is not absolute but relative.

Nevertheless, for some goals under some conditions it is effective and convenient 
to reduce the difficulty of knowledge- representation-problems by dividing them into 
isolated parts and solving separately part by part. Applying this effective strategy to 
results of this paper one can see that the difficulties of investigations targeted at human 
knowledge representation in artificial intelligent systems ought to be reduced by dividing 
the investigations into the two independent branches: (1) representation of empirical 
(a-posteriori) knowledge; (2) representation of metaphysical (a-priori) knowledge. It is 
worth taking into an account that nonbeing of success in the branch (2) of investigations 
means nonbeing of success in solving the problem as a whole. Therefore, the problem of 
adequate representing human metaphysical (a-priori) knowledge in artificial autonomous 
systems (for example, in autonomous AI-robots) is to be taken seriously.

Obviously, the human metaphysical knowledge existing in form of texts written in 
natural human languages cannot be represented in artificial intelligent systems directly. 
Nevertheless, it can be represented indirectly by means of constructing adequate discrete 
mathematical models of existing metaphysical systems worthy of being represented. Not 
all details of the history of philosophy but at least all famous metaphysical doctrines 
and noteworthy opinions of prominent philosophers are to be represented at the level of 
artificial language of corresponding discrete mathematical model.
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Синтез нормальных и ненормальных модальных логик  
в аксиоматической системе философской эпистемологии  
моделируемый логическим квадратом  
и гексагоном оппозиции

В. О. Лобовиков
Институт философии и права УрО РАН

Россия, 620990, Екатеринбург, ул. Софьи Ковалевской, 16

Цель статьи —  решение трудной проблемы рационального объединения ошеломляю-
ще огромного количества качественно различных модальных логик. Для достижения 
этой цели используются искусственные языки символической логики и методология 
аксиоматики. Поэтому систематически используется метод конструирования и из-
учения формальных логических выводов в исследуемой аксиоматической системе. 
Новым нетривиальным научным результатом этой работы является изобретение 
и детальная разработка до сих пор не исследованной аксиоматической системы эпи-
стемологии, объединяющей нормальные и ненормальные логики. Важными областями 
приложения нетривиальных абстрактно- теоретических принципов, обоснованных 
в этой статье являются история философии и систематическая философия, фор-
мальная этика и формальная эстетика, философская эпистемология и аналитическая 
теология, философия права и философия науки. Используя вышеуказанные средства, 
автор пришел к следующему основному выводу. Знаменитые философские принципы 
утилитаризма, гедонизма, оптимизма, прагматизма, фидеизма, фальсифицируемо-
сти, верифицируемости, «Гильотина Юма», «анти-натурализм» … имеют не абсо-
лютно неопределенную (неограниченную), а вполне определенную (ограниченную) сфе-
ру уместной применимости; точное формальное определение границы упомянутой 
сферы релевантности является аксиоматическим; оно представлено и обсуждает-
ся в данной статье. Этот общий вывод экземплифицируется в тексте серией част-
ных выводов, касающихся уточнения и прояснения специфических философских идей 
и принципов, например, принципа калокагатии. В заключении автор делает вывод что, 
конструирование и исследование аксиоматических систем универсальной философ-
ской эпистемологии необходимо для адекватного представления человеческого зна-
ния в искусственных интеллектуальных системах, например, в автономных роботах 
с элементами искусственно интеллекта.

Ключевые слова: нормальная, ненормальная, модальная, универсальная, логика, a-priori, 
a-posteriori, знание, аксиоматическая система, квадрат-и-гексагон- оппозиции.
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